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Nadie puede escribir un libro. Para 

Que un libro sea verdaderamente, 

Se requieren la aurora y el poniente, 
Siglos, armas y el mar que une y separa. 


Jorge Luis Borges 


Textbooks, even excellent ones, are a reflection of their times. Form and 
content of books depend on what the students know already, what they are 
expected to learn, how the subject matter is regarded in relation to other 
divisions of mathematics, and even how fashionable the subject matter is. It 
is thus not surprising that we no longer use such masterpieces as Hurwitz and 
Courant’s Funktionentheorie or Jordan’s Cours d’Analyse in our courses. 

The last two decades have seen a significant change in the techniques used 
in the theory of functions of one complex variable. The important role played 
by the inhomogeneous Cauchy—Riemann equation in the current research has 
led to the reunification, at least in their spirit, of complex analysis in one and 
in several variables. We say reunification since we think that Weierstrass, 
Poincaré, and others (in contrast to many of our students) did not consider 
them to be entirely separate subjects. Indeed, not only complex analysis 
in several variables, but also number theory, harmonic analysis, and other 
branches of mathematics, both pure and applied, have required a reconsidera- 
tion of analytic continuation, ordinary differential equations in the complex 
domain, asymptotic analysis, iteration of holomorphic functions, and many 
other subjects from the classic theory of functions of one complex variable. 
This ongoing reconsideration led us to think that a textbook incorporating 
some of these new perspectives and techniques had to be written. In particular, 
we felt that introducing ideas from homological algebra, algebraic topology, 
sheaf theory, and the theory of distributions, together with the systematic use 
of the Cauchy—Riemann 0-operator, were essential to a complete under- 
standing of the properties and applications of the holomorphic functions of 
one variable. 

The idea that function theory can be integrated into other branches of 
mathematics is not unknown to our students. It is our experience that under- 


Vill Preface 


graduates see many applications of complex analysis, such as the use of partial 
fractions, the Laplace transform, and the explicit computation of integrals and 
series which could not be done otherwise. Graduate students thus have a 
powerful motivation to understand the foundation of the theory of functions 
of one complex variable. 

The present book evolved out of graduate courses given at the universities 
of Maryland and Bordeaux, where we have attempted to give the students a 
sense of the importance of new developments and the continuing vitality of 
the theory of functions. Because of the amount of material covered, we are 
presenting our work in two volumes. 

We have tried to make this book self-contained and accessible to graduate 
students, while at the same time to reach quite far into the topics considered. 
For that reason we assume mainly knowledge that is found in the under- 
graduate curriculum, such as elementary linear algebra, calculus, and point 
set topology for the complex plane and the two-dimensional sphere S?. 
Beyond this, we assume familiarity with metric spaces, the Hahn-—Banach 
theorem, and the theory of integration as it can be found in many introductory 
texts of real analysis. Whenever we felt a subject was not universally known, 
we have given a short review of it. 

Almost every section contains a large number of exercises of different levels 
of difficulty. Those that are not altogether elementary have been starred. 
Many starred exercises came from graduate qualifying examinations. Some 
exercises provide an insight into a subject that is explained in detail later in 
the text. 

In the same vein, we have made each chapter, and sometimes each section, 
as independent as possible of the previous ones. If an argument was worth 
repeating, we did so. This is one of the reasons the formulas have not been 
numbered; when absolutely essential, they have been marked for ease of 
reference in their immediate neighborhood. There are some propositions and 
proofs that have also been starred, and the reader can safely skip them the 
first time around without loss of continuity. Finally, we have left for the 
second volume some subjects that require a somewhat better acquaintance 
with functional analysis. 

Let us give a short overview of this volume. Some of the basic properties 
of holomorphic functions of one complex variable are really topological in 
nature. For instance, Cauchy’s theorem and the theory of residues have a 
homotopy and a homology form. In the first chapter, we give a detailed 
description of differential forms (including a proof of the Stokes formula), 
homotopy theory, homology theory, and other parts of topology pertinent to 
the theory of functions in the complex plane. Later chapters introduce the 
reader to sheaf theory and its applications. We conclude Chapter | with the 
definition of holomorphic functions and with the properties of those functions 
that are immediate from the preceding topological considerations. 

In the second chapter we study analytic properties of holomorphic func- 
tions, with emphasis on the notion of compact families. This permits an early 
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proof of the Riemann mapping theorem, and we explore some of its con- 
sequences and extensions. The class S of normalized univalent functions is 
introduced as an example of a compact family. A one-semester course in 
complex analysis could very well start in this chapter and refer the student 
back to selected topics as necessary. 

In the third chapter we consider the solvability of the inhomogeneous 
Cauchy—Riemann equation. As a corollary we obtain a simple exposition of 
ideal theory and corresponding interpolation theorems in the algebra of 
holomorphic functions. We also study the boundary values of holomorphic 
functions in the sense of distributions, showing that every distribution on R 
can be obtained as boundary value of a holomorphic function in C\R. (An 
appendix to this chapter gives a short introduction to the concepts of distribu- 
tion theory.) The Edge-of-the- Wedge theorem, an important generalization of 
the Schwarz reflection principle, is proven. These ideas lead directly to the 
theory of hyperfunctions to be considered in the second volume. We conclude 
this chapter with a totally new approach to the theory of residues. 

In the fourth chapter we develop the theory of growth of subharmonic 
functions in such a way that Hadamard’s infinite product expansion for 
entire functions of finite order is generalized to subharmonic functions. We 
give a proof due to Bell and Krantz of the fact that a biholomorphic map- 
ping between smooth domains extends smoothly to the boundary. This is 
used to prove simply and rigorously properties of the Green function of a 
domain. 

In order to develop fully the concept of analytic continuation, Chapter 5 
has a short introduction to the theory of sheaves, covering spaces and Rie- 
mann surfaces. Among the applications of these ideas we give the index 
theorem for linear differential operators in the complex plane. This chapter 
also contains an introduction to the theory of Dirichlet series. 

In the second volume the reader will find the application of the ideas 
and methods developed in the present volume to harmonic analysis, func- 
tional equations, and number theory. For instance, elliptic functions, mean- 
periodic functions, the corona theorem, the Bezout equation in spaces of 
entire functions, and the Leroy—Lindeldf theory of analytic continuation 
and its relation to functional equations and overconvergence of Dirichlet 
Series. 

This being a textbook, it is impossible to be entirely original, and we have 
benefited from the existence of many excellent monographs and even un- 
published lecture notes, too many to give credit to all of them in every instance. 
The list of references contains their titles as well as those of a number of 
research articles relevant to the subjects we touched upon. In a few places we 
have also tried to steer the reader into further lines of study that were naturally 
related to the subject at hand, but that, due to the desire to keep this book 
within manageable limits, we were compelled to leave aside. 

Almost everything that the reader will find in our book can be traced in 
one way or another to Ahlfors’ Complex Analysis. When it appeared, it 
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changed entirely the way the subject was taught. Although we do not aspire 
to such achievement, our sincere hope is that we have not let him down. 

Finally, we would like to thank Virginia Vargas for the excellent typing and 
her infinite patience. A number of our friends and students, among them, F. 
Colonna, D. Pascuas, A. Sebbar, A. Vidras, and A. Yger, have gladly played 
the role of guinea pigs, reading different portions of the manuscript and offering 
excellent advice. Our heartfelt thanks to all of them. 


Carlos A. Berenstein Roger Gay 
Bethesda, Maryland Saucats, La Brede 
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CHAPTER 1 


Topology of the Complex | 
Holomorphic Functions 


lane and 


$1. Some Linear Algebra and Differential Calculus 


The complex plane C coincides with R? by the usual identification of a 
complex number z = x + iy, x = Rez, y = Imz, with the vector (x, y). As such 
it has two vector space structures, one as a two-dimensional vector space over 
R and the other as a one-dimensional vector space over C. The relations 
between them lead to the classical Cauchy-Riemann equations. 

Let &p(C, R) be the space of all R-linear maps from C into R. These maps 
are also called (real) linear forms. It is clear that #,(C, R) is an R-vector space. 
Moreover, since {1,i} forms an R-basis for C, the pair of linear forms 


dx:ht>+Reh and dy:hhImh 


constitutes a basis for #,(C, R). 

Let &g(C) denote the space of all R-linear maps of C into itself. It is a vector 
space of dimension 4 over R and dimension 2 over C. One way to see this is 
the following. The inclusion R < C allows us to consider &,(C,R) as an 
R-linear subspace of #p(C). We can decompose a form Le Y,(C) as L = 
Re L + ilm L. Hence, as real vector spaces 


LA(C) = LR(C, R) iL,(C, R), 


and we see immediately that dimyp#,(C) = 4. Moreover, any R-basis of 
L£(C, R) is a C-basis of #p(C) and, conversely, any C-basis of “p(C) consist- 
ing of real-valued mappings is an R-basis for #,(C, R). In particular, the pair 
{dx,dy} is a C-basis for Hp(C). 

We shall consider now the complex subspace ¥-(C) of Yp(C) consisting 
of those linear forms which are C-linear. Observe that a linear form L = 
Pdx + Ody &€ £#,{C) is C-linear if and only if 
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L(ih) = iL(h) 
foreveryhe C. Writingh = h, + ih,,h,,h, € R, wefindih = —h, + ih, and 
L(ih) = — Ph, + Qh,, 
while 
iL(h) = i(Ph, + Qh.) = iPh, + iQh,. 
Therefore, L ¢ &,(C) if and only if Q = iP. Define the linear form 
dz := dx + idy, 


dzé £-(C) and L = P dz whenever Q = iP. In particular, #.(C) has complex 
dimension 1 and real dimension 2. 

Finally, let us denote by &,(C) the subspace of #p(C) of C-antilinear 
transformations. That is, L(ah) = «L(h) for every a,h € C. The involution z > Z 
can be extended from C to #,(C), and it exchanges the subspaces ¥,(C) and 


LC) = LC) ® LC). 


The linear form dz = dx — idy is in &,(C and it is usually denoted dz. It 
is immediate to vertify that {dz,dz} is also a C-basis of Zp(C). 

As an illustration of this, let us consider the formulas for the change of 
basis. When we write an element L €¢ #&,(C) in terms of those two bases we 
have 


L=Pdx+Qdy = Adz + Bdz, 
where P, QO, A, Be C are related by the equations 
A= 7(P—iQ), B= (P + iQ) 
P=A+B, O = i(A — B). 
The transformation L is C-linear, ie., L e &-(C), if and only if B = 0. This is 


the familiar Cauchy-Riemann condition found earlier: 


I 
P= —Q. 
I 


When we identify C to R’, then L correpsonds to a 2 x 2 real matrix oe , 
; , b d 
related to the preceding representation by 


P=a-+ ib, Q=c + id. 


The Cauchy-Rieman condition takes the more familiar form of the pair of 
equations: 
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Thus, the C-linear transformation of multiplication by P = a + ibe C has the 
a —b 
matrix representation ; | 
a 


It is also clear from these computations that (C) M7 La(C, R) = {0}, ie, 
the only real-valued C-linear transformation of C is the identically zero map. 

We denote by @(R* x R*,C) the complex vector space of the alternating 
R-bilinear mappings from R* x R? into C. 

Recall that if h = (h,,h,)e R*, k = (k,,k,)¢ R*, and Be @(R* x R?,C) 
then h— B(h,k) and k— B(h,k) are R-linear and B(h,k) = — B(k,h). An 
example of such a map is: 


k 
Bth,k) = det hy ky =h,k, — hyky. 
hy k, 


We can generate other R-bilinear maps by the following procedure: If 
¢,0 € £p(C), then we define the wedge product (or exterior product) ¢ ” 0, 
as the element in @(R* x R?,C) given by 


p(h) O(h) 
P(k) O(k) 
In this notation the previous example is simply dx A dy. 

Let us see that {dx ~ dy} is a C-basis for @(R* x R’,C) and hence, 
dim A(R? x R?,C) = 1. It is evident that dx ~ dy # 0. Moreover, elemen- 
tary calculation shows that for any B e @(R* x R*,C) we have 

B= Ble,,e,)dx a dy, 
where e, = (1,0) and e, = (0, 1). 
One verifies that the mapping 
F(T) x LC) —> B(R? x R?, C) 
(~, A)r> pb AO 


is also R-bilinear and alternating. This proves the distributivity of the wedge 
product with respect to the sum and shows ¢ A ¢ = O for every ¢ € #a(C). In 
particular, 


(@ A 8)(h, k) = det( = o(h)O(k) — d(k)O(h). 


dx A dx =dy a dy =dz a dz = dz a dz = 0, 


dx A dy = —dy a dx, 
and 


dz A dz = —dz n dz = —2idx vn dy, 


which shows that {dz ~ dz} is also a C-basis for @(R* x R?,C). 

Let Q be an open subset of C and E a normed space defined over R. A 
mapping f:Q-—- E is said to be differentiable at ae Q if there is a linear 
transformation L € &,(C, E) (the space R-linear transformations from C into 
E) such that for every h € C of absolute value sufficiently small we have 
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I{a + h) = f(a) + Lh) + |hle(h), 


where lim e(h) = 0. If such an L exists, it is unique and one calls it the derivative 
h-O 
of f at the point a. It is denoted Df(a). 
If f is differentiable at every point aeQ we can define a function 
Df: Q—> Le(C, E) by ate Df(a). 
Recall that %,(C, E) is also a normed space with the norm 


ul] = sup |lu(h)|lz, 
[A] <1 


where ||-|, is the norm in E. Since every R-linear map u: C — E is continuous 
due to the finite dimensionality of C, it follows that |lul| is well defined for 
every ue £2(C, E). 

It is easy to see that if f:Q— E is differentiable (everywhere in Q) it is 
continuous. One says that f is continuously differentiable, or f is C! (or 
fe C'(Q)), if f is differentiable and Df is continuous. One says that f is twice 
differentiable if f is differentiable and its derivative Df: Q —- £,(C, E) is also 
differentiable. It is clear that if f is twice differentiable then it is C'. One says 
that f is twice continuously differentiable, or f is C*, if Df is itself C'!. These 
notions can be recursively extended to any integer k > 1, and even k > 0 if 
one agrees to say f is C° when f is continuous. One says f is C®, or infinitely 
differentiable, if f is C* for every k > 0. 

Let f:Q—- E, a= a, + ia,EQ. We say f has a partial derivative with 
respect to x at the point a if the function f(x) := f(x, a,) is differentiable, as 


7) 
a function of the real variable x, at a,. Denote by Ja the R-linear trans- 
formation D( f*)(a,). In the same way we can define the partial derivative 
0 
with respect to y. One has: Ja Ee £,(R, E) and ~ of yd) e ¥,(R, E). We can 
x 


identify #,(R, E) to E, and with this identification in ind one can verify that 
if f is differentiable at the point a, then it admits both partials at a and 


0 0 
Df(a) = Ja odx + Sa o dy 


= 2 (ads + 5 (addy 


where we allow the multiplication of the vectors in E by (real) scalars to take 
place also on the right. The reader should recall that a sufficient condition for 
the function to be differentiable at a is that both partial derivatives are 
continuous at the point a. 


EXERCISES 1.1 
1. Write down the 2 x 2 real matrix corresponding to the C-linear transformation 
zr+ez (8 € R). Compute its determinant. 
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3 
2. Let f:C > C be defined by (0) = 0, f(z) = — for z # 0. Show f is C! and find the 
points where Df is C-linear. 2 


3. Is the function f(z) = z°|z|~* (z ¥ 0), f(0) = 0, continuous at z = 0? Is it differenti- 
able at z = 0? 


§2. Differential Forms on an Open Subset Q of C 


1.2.1. Definitions 


1. A differential form of degree 0 and class C* inQ(k € N vu {00})is a function 
f:Q— C which is C* in Q. We will denote by &7(Q), for simplicity &,(Q), the 
set of all differential forms of degree 0. If k = co we will omit it from the 
notation. 

2. A differential form of degree 1 and class C* in Q is a function 
w:Q2—- L»(C) of class C* in Q. We denote by &{ (Q) the set of these differential 
forms, omitting the index k if k = oo 

A differential form of degree 1 in 0 can be written in a unique way as 


w= Pdx + Qdy = Adz + Bdz 


where P, Q, A, and B are complex-valued functions in Q of the same class as w. 
3. Let f:Q—-C be a differentiable function. One denotes by df, the differ- 
ential of f, the differential form of degree 1 given by 
of of 


df = 3, ox + ayy 


If we express df in terms of the basis dz, dz, its coefficients will be denoted 


0 0 
© and z by analogy with the previous expression: 


af =F aes Faz, 


The elementary calculation of change of basis mentioned in §1 gives the 
relations 
of _1(a af 
dz 2\éax i dy 


%1(4 2) 
dz 2\dx i dy 


are not partial derivatives of f with respect to the 


Note that a and 7 
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@_1/d 10 @ 1fa@ 14 
6z 2\éx i dy)’ 6F  2\dx iéy/] 


One verifies easily the following relations (all the functions appearing here 
are assumed to be differentiable): 


operators. 


7) Ou av O(Au) Ou 
a = ate =), LEC 
gg t= 5 + a az az (Ae O), 
C Ou , nat Ou 
a5 (u-v) = un. + De (u") = nu 45 (ne 2), 
Cu Ov 


0G 4 
all of which hold when 3, is replaced by 55° Similarly, 
Z Z 


d(u + v) = du + dp, d(u-v) = udv + udu, 


where {:92 > C and g:Q' + Q are differentiable, Q and ’ are open subsets 
of C, and g = g, + ig,. Furthermore, one has 


C 
d(fog)= (To a)aa + (%>0)aa 


Writing € = € + iy as the variable in Q’ and z = x + iy the variable in Q, and 


; O 0 oe ; , 
using dg, = I —- dé + —— Pe yin and a similar expression for g,, one can also write 


0e 
of y \ 091 o g \°92 
of 6g, (of O92 
* me +) an” ( 9 *) an 
of of og 
d(fog)= (2 ° a) aC + (2 oa) eae 
of of  \eg)\ 3 
+ (2 0 a) z + (7 a) 4 at. 


and 
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Occasionally we will need to use the relations 
du Oi ad du du 
az dz 6z az 
4. A differential form of degree 1, type (1,0), and class C* in Q, is a function 
w:Q-~— £,(C) of class C*. The space of these forms is denoted &}:°(Q). The 


differential forms of type (0,1) are the functions w:Q— ¥,(C). The corre- 
sponding space is denoted &?''(Q). We evidently have 


Ey (Q) = EQ) ® Ey (Q). 


Every element we &j°°(Q) (resp. &2°1(Q)) can be written as w= Adz 
(resp. @ = Bdz) with A, B complex-valued functions of class C* in Q. 

5. A differential form of degree 2 and class C* in Q is a mapping 
w:Q—- B(R* x R?,C) of class C*. The space of all these forms will be denoted 
&(Q) (omitting k when it is 00). By the preceding remarks, a differential form 
of degree 2 and class C* can be written in a unique way 


@ = Cdx a dy = Ddz a dz, 


where C, D:Q—>C are functions of class C*. 

Later on we will consider differential forms with coefficients less regular 
than continuous. For instance, one can speak about differential forms with 
coefficients that are locally integrable (with respect to the Lebesgue measure) 
in Q. We will denote these spaces (Li,,.(Q))°, (Li,.(Q))', (LEQ) (LEQ)? 
(Lj,.(Q))*. In other cases we will use corresponding notations without further 
comments. 

We have already introduced the differential form df, the differential of a 
differentiable function f. The differential defines, for k > 1, a mapping: 


d: 8y(Q) > &-,(Q) 
fr df, 
which can be decomposed into the sum of two mappings 


0: E2Q) > 6}:2°Q) 


and 
6: &2(Q) > €2:4(Q) 


~ O 
fredofi= D az 
0z 
so thatd = 6 + 6. 


One extends to the space of 1-forms of class C* the operation of wedge 
product 
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&,(Q) x &(Q) > EQ) 
(1,@)r>w, NW, 


where (w, A w)(z):= w,(z) A @,(z) for all ze Q. If m@, = P,dx + O,dy = 


CW; A C5 — (P,Q, _ P,Q,)dx A dy = (A, B, —_ A,B,)dz AN dz. 


One can also introduce the exterior differential, or differential for short. It 
is a mapping, still denoted d, d: &{(Q) > &}_,(Q) (k > 1) defined by 


dw := dP a dx + dO a dy, 


if = Pdx + Qdy. Since @ can also be written as Adz + BdzZ we have the 
relations 


d OP OB CA 
dw =dA A dz+dBa dz = (2 — =| dx A dy = ( —~- ) ae A dz 


Ox oy Oz = 0z 
and, for any function f of class C*, 
d( fw) = df a w+ fdo. 
Let us also consider here operators 0, 6 for which d = 6 + 6, where: 
0: 6; (Q) > &,(Q) 


CB 
oOredAnNdz+eBa dz == — dz A dz 
Zz 


and 


6: &(Q) > &%(Q) 


wréeA a dz+ 6B a dz = oa: A dz. 
For k > 2 it makes sense to consider the composition of the mappings: 
B2(Q) > &j1(Q) 4 E29) 
One has d? = dod = O since 
(dod)\(f) = dd) = a( dx + . iy) = (<7 _ ot) dx a dy 
which is zero by the theorem of Schwarz on the identity of the mixed partials. 


Therefore, a necesssary condition for m = Pdx + Ody € &}_,(Q) (k > 2) 
to be of the form w=df for some fe &?2(Q) is that dw = 0 (that is, 


C oP ae 
"Q 3 = 0). This condition is not sufficient as shown by the well-known 
OX TV 
| xdy — ydx dz 
example: Q = C\{0} and w = ae (or (Do ) See Exercise 1.2.6 
x y Z 


herein. 
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6. Let w € &1(Q) (j = 1,2, and k > 0). A differential form « € &175(Q) such 
that w = da is called a primitive of w. 

7. A differential form w € &;(Q) (k > 1) such that dw = 0 is called a closed 
form. A form admitting a primitive is called on exact form. The previous 
remarks indicate that every exact 1-form of class C’ is closed. 

Recall that an open set 1s called star-shaped (with respect to the origin) 
if for every z € Q the line segment [0,z] = {tz: te R,0 <t < 1} is completely 
contained in Q. 


1.2.2. Propositon (Poincareé’s lemma). Let Q be a star-shaped open set. We have: 
(a) every w € &{(Q) (k > 1) that is closed is exact. 
(b) every a € &7(Q) (k > 0) is exact. 


PROOF. (a) Let @ = Pdx + Qdy and define 


1 


f(x,y) = «| P(tx,ty)dt + y |. O(tx, ty) dt. 


It is legitimate to take derivatives under the integral sign due to the differenti- 
ability hypothesis assumed on w (hence on P and Q). One obtains 


0 ' ' OP ‘9 
of (x,y) = P(tx,ty)dt+x | — (tx, ty)tdt + y 0 vx, ty)t dt. 
Ox 0 9 Ox 9 Ox 
7) oP 
Since dw = 0 means that og = —-, we have 
Ox oy 


é ; 1 OP oP 
Dey. y= P(tx, ty) dt + x2 — (tx, ty) + y—(tx, ty) | t dt. 
Ox Ox Oy 


0 0 


i, d 
The expression in brackets can be rewritten as 4, (Ps ty)). Therefore 


Tx y= | P(tx, ty) dt + | | © (Plex, ty)) de 


x 0 o d 
which we can simplify by integrating by parts the second integral, so 


(x y= | P(tx, ty) dt + (tP(tx, ty))6 — | P(tx,ty)dt = P(x, y). 


0 0 


One shows in the same way that = = Q. This proves (a). Note the essential 


way the geometric hypothesis on Q was used to define f. 
(b) Let «a = Cdx a dy, set 


1 1 
O(x, y) = (-» | tC(tx, ty) a) dx + (x | tC(tx, ty) i) dy. 
0 


0 
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We can again differentiate under the integral sign and obtain 


| : | * ,éC 
d@(x, y) = (2 | tC(tx,ty)dt + x | t* ——(tx, ty) dt 
0 0 OX 
r 0C 
+ | ay dt dx a dy 


i 1 d 
= (2 | tC(tx, ty)dt + | r= (Cltx, iat) dx a dy 
0 | 


0 


1 1 
={2 | tC(tx, ty)dt + (t*C(tx, ty))6 — 2 | tC (tx, ty) i) dx n dy 
0 
= C(x, y)dx a dy = a. C 


We will return to the problem of deciding when a closed 1-form is exact in 
§1.9 later. 

We shall now define the pull-back or inverse image of a differential form by 
a differentiable mapping. For simplicity, we will always assume the mapping 
to be of class C~. In order to proceed we need to consider the notion of a 
differential form on an open subset U of R. A differential form of degree 0 and 
class C* is simply a function f: U > C of class C*. A differential form of degree 
1 and class C* is a function w: U > Y,(R,C) of class C*, where 4(R, C) is 
the space of R-linear transformations of R into C. The space %,(R,C) is a 
complex vector space isomorphic to C. In fact, it has the basis {dt}, dt(s) = s 
forse R. A differential form @ of degree 1 can be written m = gdt,g: U -~C 
of class C*. An example is the differential df = f’(t)dt of a differentiable 
function f on U. 

We consider three separate cases in order to define the inverse image of a 
differential form. 


1.2.3. Inverse Image: The case of a Mapping y:Q, ~ Q, 
of Class C® Between Two Open Subsets of R 


The inverse image by y of a differential form of degree 0, g:Q, - C, is the 
form of degree 0: 


y¥g:Q,-C 
y*gi=goy. 


The inverse image by y of a differential form of degree 1, m = g dt, is the 
differential form of degree |: 


yo := (goy)dy =(goy)-y'dt 


defined in Q,. Note that if (a, h> denotes the action of the map « on the vector 
h, then for he R, 
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Cy*a(t),h> = Ca(y(D) (A>. 


If g is of degree 0 and class C*, k > 1, one verifies that 


y*(dg) = d(y*q). 


1.2.4. Inverse Image: The Case of a Mapping y: 2, ~ Q,, Q, 
Open Set in R, Q, Open in C, y of Class C 


For a differential form of degree 0, g:Q, — C, the definition is the same as in 
§1.2.3, y¥g=goy. If ow = Pdx + Ody, then its inverse image by y is the 
differential form of degree 1 in Q, given by 

y*o i= (Po y)d(x oy) +(Q 0 y)d(y ° 9). 


If y = (v1, 2) = ¥1, + iy. we then have 


prow = ((P° yy, + (Q 0° y)y2) dt. 
One can also verify that d(y*g) = y*(dg) for g:Q, > C of degree 0 and class 
C* (k > 1). One also has forhe R 


CyFa(t),h> = Caly()), yO (A). 


1.2.5. Inverse Image: The Case of a Mapping y:Q, ~ Q, 
of Class C®, Where 0,, Q, are Open Subsets of C 


We continue defining y*g = go y for g:Q, >C a differential form of degree 
0. For a 1-form m = Pdx + Qdy we have 


y*o@ i= (Po yjd(x oy) + (Qo y)d(yo y) 


oy oy oy 
=| (Povo + (Oey) ae dé + | (Poy) + (O07) Jan 
og On on 
where y = y, + iy, and € = € + in denotes the variable in 0,. A formula 
similar to that in §1.2.4 can be obtained if we represent w by Adz + Bdz (see 
Exercise 1.2.3). 
For a differential form w of degree 2, @ = Adx a dy, y*q@ is defined by 
Oy, OYz Oy, Oy2\ 
*oi=(Aoy)d dy, =(A0o} — d dy. 
y"@ i= (Ao yp) dy, A dy = ( (2: an on oe cA dn 
One can see that if J(y) denotes the Jacobian determinant of y, as a map 
R* — R?, then 


ya = (Ao yJ(y)de a di. 
It is now possible to verify that if the degree of w is 0 or 1 then 


d(y*w) = y*(da). 
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It is also true that if m has degree 1 and h, k are two vectors in R’, then 


Cad) h> = <a). 7 CAD, 


where y’ is the derivative of y. If m has degree 2, then <y*w(C),(h,k)> = 
Kaly(C)), (y'() (A), y'(O) (k))>. In the same vein, it is not hard to see that 


y*(W, A Ws) = yp*w, A y*as. 
As an example, let us verify d(y*w) = y*(dq@) for a form @ = Pdx + Qdy of 
degree 1. We assume the distributivity of the inverse image with respect to 


the wedge product and that the formula has been verified for degree 0. 
We have: 


d(y*w) = d((P 0 y)dy, + (Q © y)dya) 
=d(P oy) a dy, +(Poy)d*y, + d(Qoy) A dy, + (O07) d*y, 
= d(y*P) A d(y*x) + d(y*Q) a d(y*y) 
= y*(dP) a y*(dx) + y*(dQ) a y*(dy) 
= y*(dP , dx + dO a dy) = y*(dw). 
In summary, the inverse mapping y* is a linear transformation between 


differential forms of the same degree, which commutes with the operations of 
exterior derivative d and wedge product. 


1.2.6. Example (Polar Coordinates). Consider Q, = ]0,oo[ x R as an open 
subset of R* with variables denoted (p, 6), Q, = C* = C\ {0}. Let y:Q, —Q, 
be given by 


¥,(p, 8) = pcosé and y2(p, 0) = psin9@, 


hence y(p,6) = pe’. We remind the reader that if z = x + iy = pe’, then 


argument of z. When we can choose @ € |—2z,2[, we denote it by Argz, the 
principal value of the argument. 
xdy — ydx 
For @ = ae we have 
x" + yy 


y*¥uy = dé and d(y*a@) = 0. 


1.2.7. Remark. The notion of inverse image makes sense for forms of class C* 
if y is of class C’,j > k. 


1.2.8. Definitions. 1. Let 2 be an open subset of C. A path in Q is a continuous 
function c:[0,1]— ©. The point c(O) is called the starting point of the path. 
The point c(1) is the endpoint. 

2. The set of all paths in Q is the set @([0, 1], Q) of all continuous functions 
in [0,1] with values in Q. 
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3. We say a path c is piecewise-C/ (j > 1) if there is a partition ¢:0 = 
to <t, <-*'<t,=1 of the segment [0,1] such that all the functions 
c, = c|[t,-1,¢t,] are of class C’. (This means that all the derivatives in ]t,_,,¢,[ 
extend continuously to [t,_,,¢,]. Equivalently, there is a C/ function in an 
open interval which restricts to c, in the closed interval.) 

4. Let w € & (Q) and let c be a piecewise-C’ path in Q(j > 1). Then we can 
define the integral of w along c by: 


| o= 2 \" C(O) = . \" Cca(c(t)), e,(t)> dt. 


k-1 k-1 
One can verify without any difficulty that the value thus obtained is indepen- 


dent of the chosen partition o of c. In fact, by introducing an extra point 
te |t,_,,t,[ we have 


fie t tk 
) cE(@) = | ce(@) + | cE (@). 
bp 4 te-1 t 


If o, and o, are two partitions associated to c, one compares the value 
associated to each of them with the value corresponding to the partition 
0, UO». 

5. A path can also be defined as a continuous (or piecewise-C’) map 
c:[a,b]+Q. A change of parameterization is a strictly increasing C! map 
pe: [c,d] — [a,b]. We obtain a new path y*c whose image in Q, starting point, 
and endpoint coincide with those of c. Clearly we can define the integral of a 
form w along c in the same way as earlier and we find without difficulty that 


| O= | O, 
c p*c 
that is, the value of the integral is independent of the parameterization. 


1.2.9. Proposition (Barrow’s Rule). Let c be a piecewise-C! path in Q and 
f € &2(Q). Then 


| df = f(c(1)) — f(c(O)). 


ProorF. Let us choose a partition a :0 = ty <--: < t, = 1 such that the corre- 
sponding c, = c|[t,_,,t,] are continuously differentiable. We have 


| a y | d= ¥ \" d( fo cy) 


t<k<n Ji,- L<k<n Jy 


I 


x | (fogs (od 


C 


if 
— 
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Let c be a piecewise-C! path in Q. We recall that such a path is rectifiable 
and its length /(c) is given by 


f(c) = |. le'(t)| dt. 


The parameterization of c such that |c’(s)| = 1, s € [0, #(c)], 1s called the are 
length parameterization. The integral of a function g defined on the image of 
c using arc length parameterization is denoted indistinctly by 


f{c) 
| ads | g\dz| =| g{c(s)) ds. 
c c 0 


With this notation we have /(c) = | |dz|. 


Let now w € &(Q). For each z € Q denote |{w(z)i| the norm of the linear 
map w(z)¢ Y,(C). The following simple inequality will have very important 


applications: 
| © 


In fact, let o :0 = ty <t, <-+:<t, = 1 be a suitable partition for the path c. 


We have 
tk 
w ce ( 
c L<k<n the-i 


<¢(c): sup |a(c(d)) I. 


O<t<l 


sd * Kole(),¢’(0)>| de 


ahs Ee-1 


< sup jotele 5 | * Je'(Qldt 
= Sup lately ¢ é(c). 


EXERCISES 1.2 
1. Let Q be an open connected subset of R*, f ¢ C'(Q) such that df = 0. Show that 
f is a constant. 


2. In the situation of §1.2.4, verify that if@ = Adz + Bdz, then 

ya = (Ao y)dy + (Bo y)dy = ((Ao p(y + 2) + (Bo ry — i772) at. 
3. In the situation of 1.2.5, compute p*w when w = Adz + Bdz. 
4. In the situation of 1.2.5, verify that if @ = Bdz a dz, then 


y= (@Bon((F) - 2] ae nd 
OG a6 


2 


5. Let y(p, @) = (pcos 6, p sin 8) as in Example 1.2.6. Show that if f is a differentiable 
function in C*, then 
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af) -1(+% *)., 


ip p\ ax 
fon _(,F_ a), 
66 dy ° Ox} 
0 g 6 ° 
<- (p08 8p sin ) = cos 8" (Fe De, gy sin! v ip 8), 
x 
0 4) 0 
and find corresponding formulas for of oF, o oy, and * oy. 
oy Oz 02 
, , xdy — ydx 
6. In this exercise we show that the form w = yy is not exact in C*. In fact, 
x y 


if w = df for some f € C'(C*), show that fo y = 0 +c, for some constant c e€ C. 
Conclude from this that f cannot be continuous. Find another proof that w is not 
exact using Proposition 1.2.9. 


(x — y)dx +(x + y)dy 
(x? + y)" 
values of « is w closed? For which values of « is w exact? 


7. Let a > 0 be a parameter, Q = C* and w= . For which 


8. Let Q be an open subset of C, f ¢ &°(Q), « = df, and suppose «(z) # 0 for every 
zéQ. For we &7(Q) solve the equation 


an p=o 


with B e €'(Q). 
a) 7) , 
9. Let ne Z, compute 3, (2") and a5 2"), where z # Oifn < 0. 
Z Z 
10. Compute d|z|? and dlog?|z| (where z # 0). 


0 0 
11. Let m,ne N, compute —(z"z") and —(z™2"). 
Oz Oz 
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One can easily verify that the function @ defined on the real line by 


o = fexe(— —12)) if|t| <1 
v= V0 if|t| > 1, 


is of class C@ in R, even, and strictly positive on ]— 1, If. 

Let us denote supp /, the support of a continuous function f (Le., supp f = 
{x: f(x) # 0} = the closure of the set of points where f is different from zero). 
Then we see that supp 9 is exactly the compact set [ — 1, 1]. 
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Consider the function @ defined in R” by 


( ) k, exp( 1/1 ix |}7)) if || | < 1 
x)i= 
if |x| = I, 


where k, is chosen so that | O(x)dx = 1. (Here x = (x,,...,%,), [|x] = 


Rn 
A 1/2 
(Six) is the Euclidean norm.) It is a C” function in R", radial (e., 
1 


depends only on ||x/||), nonnegative, has integral 1, and its support is contained 
in the closed unit ball B(O, 1). A function 0 with these properties will be called 
standard. In that case, for ¢ > 0 we will denote by 0, the function given by 
0.(x) = 6-"0(x/e). This new function will have the same properties as 6 except 
that its support will be contained in B(0, e). 

Let Q be an open set in R”, we will denote @(Q) the complex vector space 
of all C” functions in R” with compact support contained in Q. The existence 
of standard functions shows this space is nontrivial. 


1.3.1. Proposition. Let Q be an open set of R” and @ a basis of open sets in Q. 
There is a sequence (U,),.., of open sets in B such that 


(1) UU; =2 


j>i 


(2) For every compact set K in Q the set {j: K AU, # @} is finite. 


The first condition means that (U,),,, is an open covering of Q. The second 
means that this covering is locally finite. 


Proor. Let (K,);.-, be an exhaustion of Q by compact sets, where K_, = 
K, = @ for convenience. That is 


(i) K;S Kj; forj > 1, 


fol 


Consider W. := K,4,\K,-2, V.:= K,\K,_, for r > 1. Hence, each W, is 


open, each V, is compact, V, © W,, andQ = |) ¥,. 
r>1 
For every xeéV, there is U,,¢@ such that xe U,, & W.. Since FV, is 
compact, there exist finitely many points x, ,,..., X,,,, € V, such that 
vyc VU ULL SW. 
l<i<k, 
The collection (U, , )ro1,1<i<x, 18 countable and satisfies (1) and (2) since 
any compact K in Q intersects only a finite number of W,. CJ 


1.3.2. Proposition (C® Partition of Unity, I). Let Q be a nonempty open subset 
of R". Let (Q;);., be an open covering of Q. There exists a sequence (a,);, of 
elements a, € BQ) such that 
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(1) for every j = 1 there is ani = i(j)e€1 such that suppa, [= Q;. The family 
(supp «;);., is locally finite. 
(2) 0< a, < 1 for every; > I. 
(3) S a(x) = 1 for every x €Q. 
jel 
This sequence (a;);., is said to be a C™ partition of unity subordinate to the 
covering (Q;); <1. 


Proor. For every x € Q there is r, > O such that B(x,r,) S Q; for some i, € 1. 
The family # of all the balls B(x,r), x €Q,0<r<r,, is a basis of open sets 
of Q. Therefore, there is a sequence B(x,,r;),j => 1, satisfying the properties (1) 
and (2) of Proposition 1.3.1. For j > 1 we have 
B(x;,7)) S B(x;,7)) S Quy, 

where we have set i(j) = i,,. Let @ be a standard function and define functions 
B, ¢ BQ) by B(x) = 6,(x — x;). The family (supp f;);.; 1s locally finite by 
construction. Hence the function 


s(x) = X B(x) 


is a C™ function in Q. Furthermore, s(x) > 0 everywhere in Q. Let a; = B;/s. 
This sequence has the desired properties. O 


1.3.3. Corollary. Let K be a compact subset of an open set Q in R". Let V be 
an open neighborhood of K, V © ©. There is a function @ € GV) such that 


(1) 0<qg <1, 
(2) » = 1 ina neighborhood of K. 


Proor. For ¢ > 0, denote V(K,«) = {x € R": dist(x, K) < e}. Choose «> 0 
so that K ¢ V(K,¢) © V(K, 2e) S V. We apply §1.3.2 to the covering of Q 
consisting of the two open sets Q, = V(K, 2s) and Q, = Q\V(K, «), and define 


i= » mj, 
J 


where the prime indicates the sum takes place over only those indices j for 
which suppa; = Q,. The function ¢ is clearly in Z(Q), and its support is 
contained in V(K, 2¢). It is also identically equal to one on a neighborhood of 
K, since if the index k does not appear in the sum defining @ we must have 
supp a, £ 2,. Therefore supp a, & Q,. It follows that «, = 0on V(K, ¢). Hence 


Jol 


o|V(K,e) = ( y 2K) = |. 
This ends the proof of the corollary. C] 


Such a function q is called a plateau function. 
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1.3.4. Proposition (C~ Partition of Unity, I]. Let (U;);.,; be a covering of an 
open set Q by nonempty open sets. For every ie I there is a, € €(Q) such that 
O<a; < | andsupp a; is arelatively closed subset of U,. Furthermore, the family 
(supp @;);., is locally finite and Ya; = 1. 


tel 


ProoF. We already know that there is a sequence (f,),., © BQ) with the 
properties (1), (2), and (3) of §1.3.2. For every ie J let I; = {j:i(j) =i} and 
define 


a; = » B;. 


jel; 


The family (supp B;);., 1s locally finite, hence it follows that a, € &(Q), 
O<a; <1, and suppa, ¢ supp f; is a relatively closed subset of Q con- 
tained in U,. yeti 

We need to show that (supp «,);.., 1s also a locally finite family. In fact, each 
z€Q has a neighborhood V, such that 


E = {jeN*:supph,aV, # O} 


is finite. Let i(E) = {i(j):j € E}. Ifi¢ i(E), then one must have supp a, OV, = @, 
otherwise there is a j with i(j) = i such that supp 8B, 0 V, # @. This implies 
that j € E and hence i € i(E). Therefore, # {i: suppa, 1 V, # @} < #(i(E)) < 
#(E) < cw. 

Finally, it is clear that 


X a= 5(5 f,) = X Bp = 1. C 


In the sequel to this volume, we will need more precision on the behavior 
of the derivatives of the function @ obtained in Corollary 1.3.3. This precision 
is given by the following proposition originally due to H. Whitney. The reader 
can safely skip its proof for the moment. 


*1.3.5. Proposition. Let O #F COCR", F closed and Q open. Define 
d(x) := max {d(x, F), d(x, Q°)}. There is a C® function ¢ in R" such that 


i) p=I1onF, 
(11) supp@ © Q, and 
(111) for some constants c, > 0 (independent of F and Q), any derivative of of 
order k satisfies the estimate 


k 


ax? < c, d(x)" 


p(x) 


everywhere. (Here ae N*, a = (a,,...,¢,), a) =a, +o +a, =k.) 


Moreover, if F is compact then @ can be taked in G(R"). 
If Q = R", replacing d(x) by a positive constant, the same statements hold. 


§3. Partitions of Unity 19 


Proor. First note that one can easily verify that d(x) > 0 everywhere and 
|d(x) — d(y)| < ix — yl. 

Using Zorn’s lemma we can now construct a maximal sequence of 
points x,, in R” such that the balls B(x,,,75d(x,,)) are pairwise disjoint. We 
claim that the balls (B(x,,,44(x,,)))m>, form an open covering of R’, ie., 


an integer m such that 


B (xa ipdls=)} OB (xo. a(x0)) # YO. 


Otherwise the sequence (x,,),, Would not be maximal. Let y be a point in the 
intersection. Then 


I I 
[Xo — Xmll < [Xo — ll + My ~ Xmll < 75 a0) + 75 dm) 


i 2 l 2 
= {9 4%) — d(X_,)) + 9 1m) Ss 10 XQ — Xml] + {9 1m): 


Hence 5x5 — X»ll < d(x,,) and Xp € B(x,,,Gd(x,,)) S B(x,,, 44(x,,)). A for- 


tiori, the balls of center x,, and radius $d(x,,) also form a covering of R”. Let 
us verify that the number of such balls that can have a common point x, 1s 
bounded by a constant that depends only on the dimension n. Namely, let us 
consider M = {m: xo € B(x,,,54(x,,))} be nonempty. Then for m € M we have 


1 
A(X_) = d(X_) — A(Xo) + A(X) SF |1Xq — Xmll + d(Xo) S 5 1 %m) + d(Xo), 


hence 
A(X) < 2d(Xo), 
and therefore 


B (xm. dl) S B(Xo, 2d(xy)). 


The same reasoning shows that 


3 
(x9) <5 d(%q) (*) 


| 2 
B (xa. 754¢*=)} >B (xa 554lx0)). 


The disjointness of the balls B(x,,,/5d(x,,)) (me M) implies that the sum of 
their volumes cannot be bigger than the volume of B(x,, 2d(x,)), whence the 
inequality 


and therefore 
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2 " | 
#(M) (3540s) < (2d(Xxo))’, 


or 
#(M) < 30". 


The last property of these balls that we will need is that no B(X ns 4d(x,,)) can 
simultaneously intersect F and 0. In fact, if there are x, € B(x,,,54(X,)) OF 
and xg € B(x,,,5d(X%_)) OQ, then 


Alms F) < Xo — Xml <5 dln) 


and 


| 
(Xp, 2) < [1X5 — Xmll S 540%) 


which contradicts the definition of d(x,,). 
Let 6 be a standard function and consider the function 


W(x) = | | Bs 2{x — y)dy. 
yl. 


(This function is in fact the convolution product of the characteristic function 
of the ball B(0, 1.5) and @,,..) Itis easy to verify that y e G(R"), ¥ = 1 on B(O, 1), 
suppW © B(0,2), 0 < w < 1, and we have some constants c, > 0 such that 


gia 


=a VQ) 


Sc, (k= |a)). 


Now we adapt the function w to the balls B(x,,,4d(x,,)) introducing the 
functions 


4(x — x,,) 
= TT NV. 
It is clear that 0 < w,, < 1, y,, = 1 on B(x,,,4d(x,,)), supp W,, & B(Xm.4d(X,))s 
and that for x e supp y,,, the following inequalities hold: 


Ala 
ox? Win(X) 


< c4*d(x,)7* < cf 12kd(x)*, 


The last inequality is a consequence of the above inequality (*). Finally, for 
every x € R", 
1< P(x):= > ¥,,(x) < 30". 
m> 1 
The lower bound is a consequence of the fact that (B(x,,,4d(X,)))m>1 iS @ 
covering of R"; the upper bound, from the bound on the number of balls of 
radius 4d(x,,) intersecting at a single point. 
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Let My = {m: B(Xms4d(Xm)) OF # @}. We define the required function ¢ 


by the formula 


p(x) =( d, dnl) "CS 


It is easy to verify that og has all the properties stated in the proposition. 


CI 


EXERCISES 1.3 


1. 


*3 


*5. 


Let ¢, w be functions in AR), with supp ¢ and supp w contained the interval [a, 5]. 
Let a = \- o(x)dx, B = ve dx. Show that the function 


x(x) = -.{ w(t)dt — an p(t) dt 


is also in A(R), supp(y) & [a, 6]. 


. Let f € L},.(Q), Q open in R”. Show that if 


| fodx =0 


for every 9 € AQ), thenf = 0 ae. in Q. (Hint: Show first that for every hypercube 
0.0 < 0, one has | fdx =0.) 

Q 
(Borel’s Lemma). Let (a,),> 9 be an arbitrary sequence of complex numbers. Show 


that there is a C® function f in R such that f(0) = a,, n = 0, 1, 2,.... (Hint: Let 
go € Y(|—1,1[) such that p(x) = 1 ina neighborhood of 0. Let a, be a conveniently 


oO x" 
chosen increasing sequence, «, — 00. Define f(x) = ) a, — (a, X).) 
n=O n. 


. Let f be a C” function defined in an open set Q < R? such that the differential 


df(z) # 0 for every ze Q. Let S = {z €Q: f(z) = 0}. Show that 
(i) For every ze S there is an open set V.¢Q and a C® diffeomorphism 
o:V,7]—1,1[ x ]—1,1[ such that (fo p')(u,v) = v. 
(ii) If g is a C™ function in the square ]—1,1[ x ]—1,1[ which vanishes on the 
axis v = 0, then there is a C® function h such that g(u, v) = vh(u, v)in the square. 
(ii) If G e &(Q), G = 0 on S, then there is H € &(Q) such that G = fH in Q. 


The goal of this exercise is to construct, without appeal to Zorn’s lemma, the 
maximal sequence {x,,},,>, found in the proof of Proposition 1.3.5. We keep the 
notation from that proposition. Pick an arbitrary point x, € R” and proceed by 
induction. Assume you have already found the first m — 1 points x,,..., x,—; of 
the sequence, and let us try to find the point x,, as follows: 

(i) Show that the set 


= {x € R": B(x, d(x)/10) 0 B(x,, d(x,)/10) = @,j = 1,...,m — 1} 


is not empty. 


22 1. Topology of the Complex Plane and Holomorphic Functions 


(ii) Let r,,:= inf{||x — x,||:xeE,,}. Prove there is a point x,,¢ E,, such that 
| Xn ~ X4|| = Tine 
(iii) Show that that sequence of positive real numbers {r,,},,> 2 is unbounded. 
Deduce that the sequence {x,,},,>; 18S maximal for the property that the balls 
B(x,,, €(X,,)/10) are pairwise disjoint. 


6. Show that a compact subset K ofan open set Q is the support ofa function g € BQ) 
if and only if K = K. 


*7. Show that every closed subset F of an open set Q ¢ C coincides with the set of 
zeros of a function of class C® in Q. 


§4. Regular Boundaries 


1.4.1. Definition. Let Q be an open subset of R?. We say that Q has a regular 
boundary of class C* (k > 1) if for every p € 0Q there is a neighborhood U, of 
p and a diffeomorphism g, of class C* from U, onto a neighborhood V, 
of 0 in R? such that ¢,(p) = 0, 9,(U, 0Q) = Vn F(x, y)€ R*:x < 0}, and the 
Jacobian determinant J(,) is > 0 in U,,. 

One can assume without loss of generality that Y= ]—-1,1L x ]-LIL 
and that @, is still a diffeomorphism in a neighborhood of U,. 


Figure 1.1 


1.4.2, Remarks. (1) If g, = (p,,6,) then the function p,: U, > R is such that 
U,VQ = {Ce U,:p,(f) <0} and U,NdQ= {le U;: p,(C) = 0}. Further- 
more, W,:= 6 J(u, 7 6Q): U, AN 0Q—> V, A {(x, y) é R?:x = 0} is a homeo- 
morphism onto ]—1,1i[ such that y, ? -]—1,1[ -Q is of class C*. Let [= 
(€,7) and y = ¥,(C). Since p, o wy, =0in ]—1,1[ one sees that the vector 


grad p,(C) = ( ae (Co), see ) ) is orthogonal to (y,')(y), the tangent vector to 
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the curve U, 7 6Q. parameterized by y,*. As we mentioned earlier, we can 
suppose that ¥,' is a homeomorphism of the closed interval [—1,1] onto 
w, ‘([—1,1]) S éQ. Moreover, the conditon det J(g,) > 0 means that the 
basis of R* given by {grad p,(¢), (Ww, ‘)'(y)} is a basis defining the usual orienta- 
tion of R?. 


(2) If U, 1 U, # © for two points p, q € 0Q, then the map 


Pp ° Q le (U, CY U,) . p,(U, -Y U,) md p(U, CY U,) 


is a diffeomorphism of class C*. 


Figure 1.2 


(3) There is a map p:R*-—R of class C* such that Q = {C: p(C) < 0}, 
6Q = {f: p(f) = 0} and, furthermore, dp(C) # Oif € € dQ. To see this, consider 
a covering of 0Q by open sets U, (p € 6Q) as those obtained earlier and let 
(Bo, B,,%,: p € OQ) be a C™ partition of unity subordinate to the covering 
{Q, R?\Q, U, (p €6Q)} of R?, as given by Proposition 1.3.4. Hence, supp By SQ, 
supp 8, © R?\Q, and suppa, & U,. Set 


p(S) = — Boll) + Bi) + da, (0) ,(6), 


which is evidently of class C*. By (1) if C € 6Q all the dp,{C) for which a,(¢) # 0 
are different from zero and proportional to each other with a positive constant 
of proportionality. It follows that dp(¢) # 0 for every € € dQ. It is clear that if 
¢€Q then p(f) < 0. Conversely, if £ ¢ Q one can easily see p(C) > 0. 

One can also see without difficulty that, given p : R* > R of class C* (k > 1) 
such that when Q is defined by QO := {€: p(€) < 0} one has dp(¢) # Ofor € € AQ, 
then Q is an open set with regular boundary of class C*. We remark that if p, 
and p, define the same Q, then p, = hp, for some strictly positive function h 
(see Exercise 1.3.4). 

Finally, we note that one can also consider an open subset w of an open 
set ©, and say that wm has a regular boundary relative to Q, if the relative 
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boundary Cg is regular in the preceding sense. Since we are only going to 
use this for w relatively compact in Q, the two notions coincide. 


1.4.3. Proposition. Let Q be a relatively compact, open set with regular bound- 
ary. Then, the number of connected components of 6Q is finite. 


Proor. Let us suppose that the set (C;);., of connected components of GQ is 
infinite. Choose z; € C;. The family (z;);., admits an accumulation point z € dQ. 
By definition of regular boundary, we can choose a neighborhood U, of z such 
that (OQ ~ U, is a connected set. Therefore z cannot be an accumulation point 
of (Zier. LJ 


1.4.4, Proposition. Let Q be a relatively compact, open set with regular boundary 
of class C* (k > 1). Every connected component T of 0Q is a Jordan curve of 
class C*. 


*Proor. Let us recall that a subset K of C is said to be a Jordan curve 
(resp. of class C") if there is a continuous (resp. C*) map o:[0,1] > € such 
that |[0,1[ is injective, g(0)= e(1) (90) = p(1), O<j<k), and 


p([9, 1]) = 
Let p be a C* function defining Q. Since 6Q is regular, we know that I can 
be represented as the finite union of a family of open arcs T,,..., Py, N > 2, 


of the form I; = g; (]—1, 1[), where each @; is the restriction to ]—1, I[ of an 

injective function, still denoted ¢,, g,:[—1,1] >I which is not surjective. 

Moreover, for any t e [—1, 1], the pair (grad p(¢,(t)), g;(t))} is an orthogonal 

basis of R* with the canonical orientation. We can also assume that 

i, ¢ J Y;(1 <i < N)and that every p eT has a neighborhood U, such that 
j#i 


ifp eT, then 
U,0T, = U, nT. («) 


We shall show by induction on N that I is a Jordan curve of class C*. 

Consider first the case N = 2. Then T = I, UT; the connectedness of 
implies TP, 11, #4 @. Thus gy; '(1,) is a nonempty open proper subset of 
J—1,1f. Theretore @, '(F) is a countable union of disjoint, nonempty open 
intervals, pg; '(I,) = U Ja,, 5,0. 


Supposea, > — 1. "We Shall show that b, = 1. Since neither ¢, (a,) nor ¢, (b,) 
belongs to I’,, we have that o, (Ja,, b,[) = @; ((a,,b,]) OT >. Hence ¢, (ja,, 6,1) 
is a Closed subarc of F,. If b, < 1, then @,(Ja,,b,[) would also be open in r,,, 
whence I’, = ¢,(Ja,,5,[). It would follow that [, <¢ T,, which is impossible. 
This argument shows that b, = 1 when a, > —1. A similar argument shows 
that if b, < 1, then a, = —1. We conclude that gj! (I) is the union of at most 
two disjoint nonempty intervals ]—1,5[, Ja, 1[, with b < a. The set o/'(F,) 
is relatively open in [ — 1,1] and both points g,(—1) and g,(1) belong to i 
Therefore gy; '(T,) must have exactly two components. 


$4. Regular Boundaries 25 


Clearly we also have that g7'(I,) is the union of two disjoint intervals 
]—1,6[ and Ja, 1[, with —1 < B <« <1. Therefore, T, AT, is the disjoint 
union of the arcs ¢,(]—1,b[) and (Ja, 1[), and it is also the disjoint union 
of the arcs g,(]—1, BL) and ¢,(]«, 1[). We claim that 


@i0—-1lo6D=@,0%11T and 9,0a41D =¢,(1]—-1, Bf). 


Otherwise, ~,(]—1,5[) = g,(]—1, BD and 9, (Ja, 11) = g(a, 1[). Hence 
(2° ° @, is a diffeomorphism from ]—1,b[ onto ]—1,f[, and from Ja, If 
onto Jo,1[. This function is strictly increasing because its derivative is 
positive. In fact, for te ]—1,b[ U Ja, 1[ and s = p5'(@,(t)), we have that 
{grad p(¢,(t)), p;(t)} and {grad p(@,(s)), @3(s)} are bases of R? with the same 
orientation. Since @,(t) = @,(s), this implies that g(t) = (gy! © @,Y (t)@5(s) is 
a positive scalar multiple of ~3(s), i.e, (py! o @, y(t) > 0. 

By continuity, we obtain 9,(—1) = @2(—1), (1) = (1), 9,(b) = ,(B), 
(~ (a) = ~2 (a). A quick look at Figure 1.3 will convince the reader that this is 
a contradiction with the assumption (*) at the point p = g, (b). 


Figure 1.3 


_ In conclusion, 9,(]—1,b[) = ¢,(]a,1[) and 9,(Ja,1[) = 9,(]—1, BD. 
Moreover, since yz" o g, is strictly increasing, g,(—1) = ~2(a), (db) = ¢,(1), 


(,(a) = ~,(— 1), and @,(1) = @,(B). From Figure 1.4 we see now that T is a 
Jordan curve. 


Now it is not difficult to show that I is a C* Jordan curve. For that purpose 


9, (b) = o(1 ) j 


04(-1) = 65(a) 


Figure 1.4 
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we will reparameterize I’, and T, using arc length parameters in such a way 
that we can patch these parameterizations into a C* map defining a C* Jordan 
curve. 

First consider s,, the arc length parameter for T,, defined by 


s0=| | py (x)| dx. 
1 
Then s,:[—1,1]—- [0,7, ], where 
1 
Oy =| 191 (x)| dx = (1). 
1 


Let t, be the inverse of s, and w, :[0,7, ]—- TV given by w,(s) = ¢,(t,(s)). 
We also consider the arc length parameter for I’,, defined by 


S,(t) = | | p2(x)| dx; 
B 


s,:[—-1,1] > [45,25], where 
—1 1 
(= | Ipz(x)|dx <0 < fy = | | pz (x)| dx. 

Let t, be the inverse of s, and w,:[7,,03]—-T be given by W,(s) = @,(t2(s)). 

Denote 7; := s,(@), 7, = s,(a), and 7) = s,(b) (cf. Figure 1.4). Observe that 
wif, +5),¢;, —¢, <s <0,and w,(s), 7, <s < 0, are both arc length param- 
eterizations of the arc g,([a, 1])= @,([—1, B]), with v,¢,)= 9,0) = @,(f)= 
w,(0). Therefore, these two parameterizations must coincide. Hence ?, — 7, = 
f, and w,(¢?, +s) = w,(s), for 7, <s <0. A similar argument shows that 
fy =, —¢,and y,(s)=v,(¢, +s), forO<s < fp. 

Define now L = 7, + 7, anda map Y:[0,L]->C by 


(i (s) f0<s<?, 
Ww = 
(s) we —f,) iff, <s<L. 


This map is of class C*, ¥|[0, L] is injective, ¥(0) = PL) for 0 <j <k, 
and ‘P([0,L]) =T-. 

Consider now the case N > 3. Then g, (1) eT, u--: UT). After relabeling, 
if necessary, we can suppose that ¢,(1) eT. 

By the previous reasoning we know that o;‘(I,) (resp. g7'(IT,)) is the 
union of at most two disjoint intervals of the form ]—1,b[ and Ja, I[ (resp. 
]—1, BE and Ja,1[). This time one of them must be necessarily empty. 
Since 9, (l)eT,, ]b,1[ # @. The argument given for N = 2 shows that 
01(1b,1D = e.11—-1,2[), o,(6) = ¢2(— 1), and 9, (1) = @2(a). If ]—1, al were 
not empty, it would follow that [, UT, is a Jordan curve. Since T 47, UT5, 
there is i# 1, 2 such that [,n (0, UT,)# @ and T, €T, uT,. Consider 
an are y, © IT, o(l, UT,), one of its extreme points p belongs to I;. This 
contradicts (*) (see Figure 1.5). 

Therefore, using the same method as in the case N = 2, we can construct 
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Figure 1.5 


an injective C* function ¥, ,:[—1,1] +I suchthat ¥, ,]J—-1Lip=T, Jl, 
and {grad p(‘P, »(t)), ‘¥{.2(¢)} is an orthogonal basis of R* with the canonical 
orientation for every te [—1,1]. Applying now the inductive hypothesis to 
lr, oT,,T;,..., Fy, we conclude that I is a C* Jordan curve. Oo 


1.4.5. Remark. If o:C—R is a function of class C* defining Q and if 
o:[0,1] — C is a parameterization of a component I of 6Q of class C* (i.e., 
~\|[0, 1[ injective, p(0) = o(1), 0 <j < k), then one can choose ¢ so that 
for every point p € I the pair {grad p(p), o'(@ *(p))} is an orthogonal basis of 
R? with the canonical orientation. This determines an orientation for T, 
independent of the choice of p and @. 

We also note that Proposition 1.4.4 does not really use that Q is relatively 
compact. 


1.4.6. Definition. An open subset Q has a piecewise regular boundary (of class 
C*, k > 1) if, for every point p € 6Q, there is a neighborhood U, of p and a 
diffeomorphism @, of class C* from U, onto J—1,1[ x ]—1,1[ such that 
Py{p) = 0, J(@,) > 0, and ¢,(U, 0 Q) is one of the following sets: 

(1) p,(U, 0 Q) = J—1,0] x ]-1, iL 

(2) 9,(U, 0 Q) = J—1,0] x J—1,0] 

(3) 9,(U, .Q) = (J-Lif x J—1, 1D\Q9, IL « 79, 1[) 

1.4.7. Proposition. Let Q be a relatively compact, open subset of C with piece- 
wise regular boundary (of class C* > 1). There is only a finite number of 


connected components of 0Q and each of them is a Jordan curve (piecewise C*). 


ProoF. The proof is analogous to the proofs of 1.4.3 and 1.4.4. 0 
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1.4.8. Remark. One can give an orientation to 0Q in the case of Proposition 
1.4.7 in the same way as it was done for a regular boundary. 


§5. Integration of Differential Forms of Degree 2: 


The Stokes Formula 


1.5.1. Definition. Let Q be an open subset of C, w a (Lebesgue) measurable 
subset of Q and a = fdx a dy a 2-form in Q with measurable coefficient /f. If 
f is integrable over w (with respect to the Lebesgue measure dm) we define the 
integral of « over w as the complex number given by 


) x= | fdm. 


1.5.2. Proposition. Let o:Q, — Q, be a diffeomorphism of class C' between 
two open subsets of C such that J(g) > 0, let w; be open subsets of Q,(i = 1, 2) 
such that p(@,) = @,, and let a = fdx a dy be a 2-form with f measurable on 
Q, and integrable over w,. Let o(C,n) = (x, y), then p*(a)=(f° p)J(o) dé a dy, 


(f° @)J(@) is measurable on Q,, integrable over w,, and o*(a) = O. 


Oy; 2 


ProorF. In fact, the formula of change of variables for the Lebesgue integral 
becomes here 


| fdm = | (fo p)J(p) dm, 


which can be translated into 


| 1=| (p* (a). CJ 


1.5.3. Proposition (The Stokes Formula). Let Q be an open subset of C, and w 
a relatively compact, open subset of Q with piecewise regular boundary. Let y 
be a 1-form of class C' in Q. We have the relation 


[o-[. 
@ Ow 


where | y represents > | y, the T, being the connected components of 0m, 
ow Tr; 


<icn 


canonically oriented. 


PRroorF. For each p € 0 we can find an open neighborhood U, of p in Q and 
a diffeomorphism ¢, of U, onto ]—1,1[ x ]—1,1[ = V such that 9,(U, 4 @) 
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is of one of three types indicated in §1.4.6. We can find a finite number of 
points p,,..., py so that U, ,..., U,, is a covering of dw. Hence the family of 


open sets Q\ a, w, U, ,..., U,, is a covering of Q. Let («;);., be a C™ partition 
of unity subordinate to that covering. We have y = 2, a,y and dy = 2, d(a;7). 


In order to compute Rac y) we need to consider ‘three cases. 


(1) First case: supp a, ‘c w. We have here | d(a;y) -| d(a;y). If ay = 
Pdx + Qdy, one can write o c 


_[ (@0 oP 
|, aem= | (Geog) 
J (eo UE a)enn 


since P, Q are C' functions of compact support. Therefore, in this case, have 


0= | d(a;y) = | aj), 
@ Ow 


since the form a,;y vanishes on da. 

(2) Second case: there is an index k such that suppa, ¢ U,,. 

There are three subcases depending on the type of ¢, (U,, ~ @) according 
to §1.4.6. 

(1) 9,,(U,, 0 @) = ]—1,0] x J—1, 1[ = V’ (see Figure 1.6). 

We have 


| d(a;y) = | d(a;y) = [. (p,,')*(d(a; m= | d[(@,,")*(a;7)]. 
w Up Ow ¥' 


y Op, (Supp 04) 


Figure 1.6 
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Writing (¢,,')*(a,;y) = Pdx + Q dy, the preceding expression becomes 


‘(9 (ag oP 
[aom- J A Ge a)eye 
7 1 0 dQ 0 1 GP 
~Fheete- haere 


“ | — Q(0,y)dy. 


If y denotes ,* restricted to {0} x ]—1,1[, one has 
yr*(aj7((U,, 0 0@)) = QO, y) dy 


and hence 


1 1 
| ay = | W*(a;y|(U,, 0 0@)) = | Q(0, y) dy. 
Up, ew —t —1 


| dao) = | aL 7) -| a;7). 
a Up, ew Cw 


(2) @, (U,, 1 @) = ]—1,0] x J]—1,0] = V" (see Figure 1.7). 
Here we have 


| d(a;) = | dai) = | (pp, *(d(a;y)) = | dl (@,,)*(a,y)]. 
a Up, Vv" vy" 


Again writing (@,,')*(a;y) = Pdx + Q dy, this expression becomes 


° 1° fa oP 
aco- |S a) 


Therefore one has 


Figure 1.7 
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0 0 G 0 0 oP 
“| (ele Le) 


0 0 
= | Q(0, y)dy — | P(x, 0) dx. 
—1 —1 
If y denotes g,*|{0} x ]—1,1[ and 6 denotes g,'|]—1,1[ x {0}, then 
w*(a;y|(U,, A 6@)) = Q(0, y) dy and O*(a;y|(U,, 0 Ow)) = P(x,0)dx. Therefore 


[ 010. »)dy— | Px, 0)dx = | aj), 
—4i 1 oo 


as shown earlier. 
(3) ¢,,(U,, 0) = V\(J0,1[ x JO, 1[) = Vv" (see Figure 1.8). 
We leave this subcase to the reader. 
(3) Third case: supp «, © Q\@. Here we immediately have 


| aL) -| d(a;y) = 0. 


Therefore, in every case we have the identity | d(x;y) = | ay. The prop- 
osition follows by summation over j. @ Ge O 


1.5.6. Corollary (Ostrogradski’s Formula). Let z++ A(z) = (A,(z), A2(z)) be a 
C'-vector field on an open set Q in C (i.e., the coordinates A,(z) of the vector 
A(z) are functions of class C'). Let w be a relatively compact open subset of Q 
with piecewise regular boundary of class C‘. One has the relation 


| div Adxdy = { (A(z)|n(z))|dz\|, 


Figure 1.8 


32 1. Topology of the Complex Plane and Holomorphic Functions 


OA, 
where div A = = + “ay is the divergence of the vector field A, n(z) denotes 


the exterior unit normal to Ow at the point z € dw, and (A\n) denotes the scalar 
product of the two vectors. 


If the component of Cw is parameterized near z by g :[0, 1] > Q, then one 
has that n(@(t)) can be identified to the complex number —ig’(t)/|g’(t)], 
|dz| = |p'(t)| dt, and 


(A(e())In(e())) = 


A,(g()- Im g(t) — A2(e@)) Re g'(d) 

le"(0)| 
Also note that n(z) is well defined with the possible exception of finitely many 
Z€ 0M. 


Proor. If (1), -;., is the family of connected components of dw, and ,; = 

J/i<jsn y p J 
x, + iy; is their piecewise-C* parametric representation (with the canonical 
orientation), one has 


| (A(z)|n(z))|dz| 


>, | (A(e,(t))in(@,(¢)))| dz(p,(0)| 


2 yy | (A (a) yD — Arl@(t))x;(0) dt 


an (A, dy — A,dx) = | Y> 
ae, do 


where we have introduced the 1-form y = A, dy — A, dx. This form has the 


A A; 
property that dy = & : “ *)ax A dy. Therefore, by Stokes’ formula, 
y 


| div Adxdy = | dy -| =| (A(z)|n(z)) |dz|. a 
o ao Cw Cw 


1.5.7. Corollary (Green’s Formula). Let Q be an open subset of C and f, 
g € &,(Q). For any w relatively compact open subset of Q with piecewise regular 
boundary of class C', we have the identity 


| (aAf — faa)dx dy = | (a2) — 10 “(dz 


Of Og 
where "(2 ) and an 7 (2) denote the partial derivatives of f and g with respect to 
n 


the exterior normal n(z) at the point z € 6w. They are defined by 


(2) = © fle + tml2))hino = (arad fle)int2) 


og 


=. (2) = “-g(2 + tn(z))|,<{0 = (grad g(z)|n(z)). 
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The symbol A represents the Laplace (differential) operator, 


6? 6? 6? 
A=a5t a5 =425-. 
Ox“ oy Oz 02 
ProoF. Use §1.5.6 with A = g: grad f — f- grad g. C] 


1.5.8. Corollary (Gauss’ Formula). With the same hypotheses as in §1.5.7, we 
have 


0 
| addy = | Fede) 


1.5.9. Corollary. Let Q be an open set in C, a € €}(Q) a 1-form of class C' with 
compact support in Q. Then 
| da = 0. 
Q 


PRooF. The form « can be considered as an element of &;(C) (extended to be 
zero outside Q, as we have done before). For R > O sufficiently large we have 


| da = | da = | a = 0. CJ 
a B(O, R) aB(O,R) 


We will denote by 9?(Q), or for simplicity F,(Q), the set of 0-forms (ie. 
functions) of class C* and compact support in Q. Similarly one denotes JZ) (Q) 
(and B2(Q)) the set of 1-forms (and 2-forms) of class C* and compact suport 
in Q. We omit the subscript k when k = oo. 

We are going to consider the following two sequences of C-linear mappings: 


6°(Q) & €1(Q) 5 €2(Q), 
BQ) 5 B(Q) 5 GQ), 


where d denotes the differential of functions or 1-forms, according to case. 
Recall that d? = 0, hence the image of the first d is contained in the kernel of 
the next one. One says the sequence is exact if these two spaces coincide. To 
measure how much these sequences deviate from exactness one introduces the 
following vector spaces: 


Z*(Q) := Ker[d: €1(Q) > &*(Q)], space of the I-cocycles. 

B'(Q) := Im[d: €°(Q) > &'(Q)], space of the 1-coboundaries. 

H'(Q) := Z'(Q)/B'(Q), the first de Rkam cohomology vector space of Q. 

Z(Q) -= €7(Q). 

B?(Q) := Im[d: &'(Q) > &7(Q)], space of the 2-coboundaries. 

H?*(Q) := Z?(Q)/B?(Q), the second de Rham cohomology vector space of Q. 

H®(Q) := Z°(Q) := Ker[d: €°(Q) > &'(Q)], the zeroth de Rham cohomol- 
ogy vector space of Q. 
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Note that the elements of H°(Q) are locally constant functions, therefore 

H°(Q) can be identified with the Cartesian product | | C,, where J is the set 
te J 
of connected components of Q and C, is a copy of C. 

One defines analogously the spaces Z/(Q), B/(Q), H/(Q), by replacing & with 
Y everywhere. One calls them the same way, adding “with compact support.” 
Note that H°(Q) = 0. 

The dimension (as a vector space over C) of H®(Q) is denoted by b, and 
called the zeroth Betti number of Q. It is exactly the number of connected 
components of ©. Similarly, the jth Betti number of Q is defined to be 
b,:= dime H1(Q) (j = 1, 2). 

It is standard to call domain a nonempty connected open set in C (later 
we will use this name for subsets of the sphere S”.) 

It is easy to see that if g : Q > O'is a C® diffeomorphism between two open 

subsets of C, the inverse image maps @* induce isomorphisms 

@* HQ) > HO) (j = 0,1,2), 
by passage to the quotient. One needs only to recall the commutation relations 
o*d = do* established in §1.2. 

We shall see later that the space H'(Q) plays a fundamental role in the 
theory of holomorphic functions. For the time being though, we shall concen- 
trate on studying the spaces H?(Q) and H?(Q). 

As we have seen in Corollary 1.5.9 the linear map “integration over Q” 

1: BPQ—>C 


is Zero on d(2*(Q)) and hence induces a linear map I in the quotient space, 
I: H2(Q) > C. This map is surjective: if A ¢ C, and B(z), R) < Q, one can easily 
find a 2-form w = fdx a dy with f € D(B(zo, R)) such that 


| o=| fdxdy = i. 
.@: B(zg, R) 


One can make this statement more precise. 


1.5.10 Proposition. Let Q be a connected open set of ©. The map T is an 
isomorphism. In other words, dim, H2(Q) = 1. Equivalently, in order for a 
2-form of class C” with compact support to be exact, it is necessary and sufficient 
that its integral vanishes. 


Proor. We already know that if « e d(g'(Q)) then | a = 0. To show the 
converse we first need the following lemmas: a 


1.5.11. Lemma. Let a, 8 €¢ 9*(B(z,, R)). In order that « and B be cohomologous 
(i.e, a — B € d(B'(B(Zo, R)))) it is necessary and sufficient that 


Bizo, R) B(Z9. R) 
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Proor. Since B(0,1) is diffeomorphic to C by the orientation preserving 
diffeomorphism 


Zz 
pz) = 1—(zP 


and B(z,, R) is diffeomorphic to B(0, 1) by the orientation preserving diffeo- 
morphism 


7— 
O(z) — —R? 


it is clear that we only need to prove the following: 


1.5.12. Lemma. Let «, Be D(C). Then «— Bed(B'(C)) if and only if 


J.-J." 


Proor. It is enough to show that if ye 9*(C), y = gdx a dy, is such that 
I(y) = | y= | g dx dy = 0 then y € d(Q*(C)). For that, it is enough to show 
that for every oe Q*(C) there exists A(g) € Z'(C) such that 

d(A(—)) = 9 — I(@)p, 


where p € 9?(C) is a conveniently fixed 2-form. In fact, if we take @ = y in this 
formula it follows that d(A(y)) = y. 


Let k € Z(R) be such that | k(t) dt = land set p := k(x)k(y)dx a dy. For 
o = fdx a dy, we define the 1-form A(g) by: 


A(g) (= | [ey — k(t) [ fts,»)ds | dt dy 
—_ Koo} | || f(s,u)ds — Hoke | dul dx. 


One verifies easily that A(p) € '(C) and d(A(9)) = o — I(e)p. a 


1.5.13. Lemma. For every w€ 9*(Q) and B(zy, R) <Q there is «€ D*(B(Zo, R)) 
such that w — « € d(f'(Q)). 


PROOF. Let (B(z;,17;)); <<, be a covering of supp w. For a C® partition of unity 
(a;);+, subordinate to the covering {(B(z;,7;))1 <i<n, &\supp w} of Q, we can 
write w = > a,@, with supp(a,w) contained in one of the disks B(z;,r;) if 


jel 
a,o # 0. Since the set of j for which a,w # 0 is finite, it sufficies to prove the 
lemma for a 2-form w with compact support in a disk B(,r) <Q. 
Since Q is connected, we can find a finite family of disks (B(¢;, Rj))1 <j<x 
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such that: (1) B(C,,R,) = B(zo,R), (2) Bl, R,) = B(C.n), and (3) BG, RA 
B(Cj41.Rj41) F Dfori<j<k—-1. 

If we can find differential forms w,¢€ 9*(B(C;,Rj) 0 B(Ga1, Rja1)), 
B, € D* (BG 41.Rj41)) such that 


(i) Ga = Cy 4 + dp, 1, and 
(11) Wj+1 — a; + ap.,j — 1, 2, 00g k — 2, 
thenwewillhaveo=@,+ )  d£,. Setting « = @, will prove the lemma. 
1<j<k-1 
Let us show how to find w,_,, dB,_,; the rest of the proof is a repetition of 
this step. 
We know we can find w,_, € 9*(B(L,, R,) 0 B(C,-1, R,-,)) such that 


| CO, 4 — | Cd). 
Bl ROBE —15 Ru-1) Ble;,, Rx) 


Hence w — w,_, = dB,_, for some B,_, €¢ Z'(B(C,, R,)) by Lemma 1.5.11. 
CI 


Let us now go back to the proof of Proposition 1.5.10. Given w € 9?(Q) 
with | jw = 0 we want to show that w is of the form dy with y € 9'(Q). Choose 
ve FQ) such that | v= 1 and the support of v is contained in some 
disk B(z,,R). The form a given by Lemma 1.5.13 is cohomologous to 
b= ( | ») vy, since both have the same integral. Therefore « — p = dy 
for some W ¢ 9*(B(Zo, R)) S Z(Q), and w is also cohomologous to yp in 


Q, i.e., @ — w= dy for some y € '(Q). The hypothesis | @ = 0 now gives 
Q 
a = 0, hence p = O and w = dy. a 


BiZo, R) 


1.5.14. Proposition. For every open set Q in C one has H?(Q) = 0. 


PRooF. We can assume without loss of generality that Q is connected. Let 
(B(z;,7;));>, be a countable, locally finite covering of Q by disks B(z,,r,) cc Q 
such that B(z,,7;) 0 B(z;+1,1:4,) # OD for every i. Let (@,),,, be a C® partition 
of unity subordinate to the covering. We can assume 9, € P(B(z,,r;)). 

If « € Z7(Q), then every a; = g,« has compact support inside B(z,, r,). 

Using Lemma 1.5.11 and induction, one can see that for every i > 1 there 
exist forms a, ;¢€ D?(B(z,,7;)0 B(z;-1,%;-1)) and B, ;¢ D'(B(z;-1,7)-1)), J =i+ 1, 
i+ 2,... such that 


(A) 0; = 0; 341 + dB; 4, 
(B) Os j = Oi i+ + AB; j415J = i a 1. 


The family (supp f; ;);.;4, is locally finite and one has a, = dy;, with y,; = 
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\ 8;;, which is a 1-form of class C® having its support contained in 
joiti 

|) B(z;,r;). It follows that the family (suppy,);>, is also locally finite and 
jeiti 


a= dy with y = >  y;,. This proves the proposition. CO 
i>l 


1.5.15. Proposition (Mayer-Viétoris). Let U and V be nonempty open subsets 
of an open subset Q in C such that Q= U UV. Denote 4, the linear maps 
4; : E4(Q) > €(U) ® &(V), j = 0, 1, 2, defined by 1,(w) := (w|U,@| V). Let py, 
be the linear maps p;: €/(U) ® €1(V) > E(U 0 V), 


pa, B) = (a|(U 0 V)) — (BU 9 V)). 
Then: 
(1) The sequences 
0 641(Q) 4 6(U) @ 6(V) 8 BU AV) 0 


are exact. - 
(2) If UC V is connected, passing from 4, and 1, to the quotient maps A/,, fi, 
induces an exact sequence 


0 HQ) 5 HU) @ HV) 5 HU AV) 0. 


ProoF. (1) The only thing that needs to be shown is the surjectivity of y,;. Let 
{@y, Py } be a C™ partition of unity subordinate to the covering {U,V} of Q. 
Ifae &(U a V) then ga € &(U) and myx € &4(V). For example, go, a € &(U) 
since it is obtained by putting together the form identically zero in U\supp @, 
and the form g,«, whichis C° in UO V (recall U = (U\supp@,)U(U n V)). 
It is clear that a = p(oya, — oy). 

(2) If UO V is connected let us show that the map 


H1(Q) 3. H1(U) @ H1(V) 


induced by 4, : Z'(Q) > Z'(U) ® Z'(V) (which passes to the quotient since 
A,(B'(Q)) S B'(U) @ B'(V)) is injective. Denote by @ the class of a closed 
form w. If 1,(@) = 0 then w|U = df, for some f € &(U), and w|V = dg, for 
some g € 6(V). Therefore f — g 1s constant in the connected open set Ur V, 
say f —g=c. It follows that the function h defined by h=/f in U and 
h=g-+cin V isin &(Q) and dh = w. Hence 6 = 0. 

Let now (a, 8) € Z'(U) ® Z}(V) be such that fi, (&, 8) = 0. This means that 
(a|(U A V)) — (BI(U A V)) = dy, for some y € &((U A V)). Since po is surjec- 
tive, y = yy — Py with yy € &(U), yy € E(V). It follows that 


(a|(U AV) — (BU A V)) = d(yul(U 0 V)) — dgyl(U 9 V)), 


hence (a|(U A V)) — d(yy|(U A V)) = (BICU A V)) — dQy|(U OO V)). In other 
words, « —dyy and f — dy, define a single 1-form 6 € &'(Q) such that 
6 € Z'(Q) and /,(6) = (&, B). This shows the exactness at H1(U) ® H'(V). 
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Finally, let us prove that fi, is surjective. Let ae Z'(UNV), set wy = 
gywe &'(U) and wy = gyw € &'(V) as earlier, so that u,(wy, —wy) = w 
We have dw, = doy A w, d(—wy,) = —d@y A w, but since gy + gy = 1 
we also have dy = —dg,. Therefore dwy = d(—w,) nm UV, which 
implies that the pair dw,, d(—q,,) defines a global form y € &7(Q). Since 
H*(Q) = 0, there is 6 € &'(Q) such that 7 = d@. Hence w, — (9|U) e Z'(U), 
—(0|\V)e Z*(V) and 


fi, ((@y — (8|U))*, —(@y — (0|V))) = @ 
This ends the proof of Proposition 1.5.15. q 


1.5.16. Corollary. Let Q be an open subset of C which is C” diffeomorphic to 
C, Pi, --+> Dns distinct points of Q, and Q' = Q\{p,,...,p,$. Then H'(Q’) is 
isomorphic to C" and one can take as a basis the classes @,, corresponding to 


I d 
the forms @; = = -—— _ ,l<j<an. 
~ Ini z— D;- 


Proor. Let us first note that an elementary computation shows that 
wo, € Z*(Q’). Let 9: C > Qbea C® diffeomorphism, a, € C such that p(a,) = p; 
and denote by a,,...,«, the 1-forms *(@),. .., p*(q@,). Recall that @* induces 
an isomorphism between H'(Q’) and H'(C\{a,,...,a,}). 

We are going to argue by induction on n. 


Case n = 1. We need to show that H'(C\{a,}) ~ C and that the 1-form ,, 
which is certainly a nonzero cocycle, gives in fact a generator &, of H'(C\{a, }). 
We can clearly assume that a, = 0 and drop the index for a,. 


For Be Z'(C\ {0}) let 1(B) = | B, where y is the circle tre?" (0 < t < 1). 
? 
Consider the auxiliary expression 


v(B):= B — I(p)a. 
We are going to show that I(a) = 1, and hence /(v(f)) = 0. We have 


_ “1s S| dz 
@)= | a= | @ (a) = Qni Z—Di 


Let us choose R > O sufficiently large so that ¢ o y ({0, 1]) © B(p,, R), and the 


open set D = B(p,, R)\e(B(O, 1)) has a regular boundary. Recall p, = ¢(0), 


d 

hence p, ¢ D. Therefore (“= = 0 in a neighborhood of D and @éD is 
— Py 

composed of 6B(p,,R) and of g oy traced in the opposite sense. Using the 

Stokes formula we obtain 


“| dz | | dz _ 
27 Jgoy2— Pi  2t J apyp,.r) 2 ~ Pi 


Hence I[(a) = 1. 
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Let us now introduce U, = C\]—0,0] and U, = C\[0, oo|. For ze U, 
consider the segment o, which joins | to z(o,(t) = 1+ t(z — 1),0<¢t < 1). For 
zéU,, let t, be the segment that joins —1 toz(t,(@)= —1+¢t(z2+),0<st< 1). 
Define two functions F,, F, by 


reo: | v(B), zeEUy,, 


F,(z):= | v(B), zéeU,, 


which one can verify are of class C” and satisfy dF, = v(f) in their respective 
domains of definition. Since U, 7 U, is disconnected it is not at all clear that 
G(z) = F,(z) — F,(z) is independent of z. This is evident though, for the upper 
half-plane and lower half-plane, respectively, since dG = 0. (One can also 
obtain this result applying the Stokes formula to convenient quadrilaterals.) 
Let us now take any two points, one in each half-plane: to fix ideas let them 
be +iand —i. Then the definition of G, F,, F, indicates that 


G(i) — G(-i) = | v(p), 
r 
where I is the quadrilateral of vertices 1, i, — 1, —i with the counterclockwise 
orientation. Since dv(f) = 0 outside the origin, we can apply Stokes’ formula 
twice and obtain 


| vip)= | 6)= | v(B) = I(vV(B)) = 0 
r B(O, 2) y 


(recall y = dB(O, 1)). Hence, G(z) = ce C throughout U, 7 U2, and the func- 
tions F, in U, and F, + c in U, define jointly a C” function F, in C\ {0} such 
that dF, = v(f). It follows that 


B = dF, + I(B)a 
and 8 = I($)&. This ends the proof for n = 1. 


Case n > 2. Itis clear that one can find an index j, and an open strip 5 whose 
boundary is formed by two parallel lines Ly and L,, such that a,, is in one of 
the components of C\S and all the other a, are in the other one. Let us call 
II the open half-plane defined by the line Ly (closest to a,,) which does not 
contain a,, (see Figure 1.9). 

Similarly, let TI’ be the open half-plane defined by L, which contains a,.. 
Hence, S = ITI’ and {a;},,;, S T. By induction we see that: 
(1) Ht(\{a;};,;,) ~ C"™ and {@,},4;, is a basis for this vector space. 
(2) H*(II'\ {a,}) ~ C and {@,,} is a basis for this vector space. 


Let U = II\{a,);4;,. V = M’\{a;,}. Then U 0 V = S, which is connected, 
and H'(S)=0 by Poincare’s lemma 1.2.2(a) (since S is star shaped). By 
Mayer-Vietoris we have 
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Figure 1.9 


H}(C\ {a,,...,4,$) ~ H'(U)@ HV) = Cr 


In this isomorphism the class @, in the left-hand side of w, corresponds to the 
class of w, in H*(U) (j ¥ jo) and the class @, to that of wo, in H*(V). This 
proves the last statement of the corollary. CI 


EXERCISES 1.5 
1. Let y be a piecewise C’ path in C and )* its complex conjugate, i.e, y*(t) = y(t). 


Let f be continuous in a neighborhood of Imy and {*(z) = f(z). Show that 


[me fre 


Conclude that if y(t) = e**" (0 < t < 1), i.e. the unit circle traversed in the positive 
sense, then 


? ? 


2. Prove the formula area(Q) = | x dy, for an open set 2 with piecewise regular 
an 


2 2 


boundary. Compute the area of the ellipse -_ + _ = |. 
a 


3. Let Q be a domain with piecewise regular boundary, symmetric with respect to 
the origin in C. Compute 


| (yx + e*)dx + (xy? + xe” — 2y)dy. 
CQ 


4. Let 9 be a domain as in the previous section. Let 6(z) be the angle between the 
exterior normal n(z) to €Q at the point z, and the positive real axis. Compute 


| (x cos &(z) + ysin @(z))|dz\, 


CO 


where z = x + iy. 
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5. Let m, ne N. Use the Stokes formula to compute | z™2z" dx dy. 


B(O, 1) 


6. Show that if Qis a star-shaped open subset of C, then its Betti numbers are by = 1, 
b, = b, = 0. 


7. Show that, if Q is a connected open set in C, there is a covering of Q, (B(z;,r))ic ns 
by disks such that B(z,,7r;,) 0 B(z;4,, 141) # PO (cf. §5. 1.14. 


8. Show that dz is a closed form in C*. 
Zz 


9. Let Q be a connected open set in C, Q diffeomorphic to C, and a,,...,a,, distinct 
points in Q. Given a form we Z'(O\{a,,... sn }); find a procedure to compute 
1 dz 


the coefficients A, in the decomposition @ = y A,@,, with a; 
i= 


~ Oni z — a; 


10. Let Q be a relatively compact, open set with piecewise regular boundary, and 


u, v € C7(Q). Show that 


7) 
| (grad ulgrad v)dx dy + \ uAvdxdy = | u—\dz|. 
a 2 an On 


11. Let g € C*(B(O,r)) for some r > 1, h = Ag. Show that if B = B(0, 1), then 


2ng(0) -| h(z) log |z| dx dy +| g(z}\dz|. 


aB 
(Hint: use Green’s formula with o = B\ B(0,«), 0 < « < 1.) 


1 
12. Show that the function f(z) = — 1s locally integrable in C. 
Z 


13. Let Q be an open set in C, a,,..., a, distinct points in 0, O' = O\{a,,...,a,}. Let 
f € &(Q’) be such that f(z) ¥ 0 if z € O' and there are disjoint disks B; centered at 
a;, nonvanishing functions y, € &(B;) and integers k; with the property that 
f(z) = (z — a;)*,(z) in B{a,}. Show that 


df _ k, dz Min 
(i) — ~~ in B\ {a)}. 
fo Ty! 
(11) Given at any g € BQ), we can find gy € AM), g; € BB) with g; = g near a; 
such that g = gp + 9, t°°° + Gp- 
.. | of g 
(i11) —Adgg=—| dig = 0. (Why do the integrals make sense?) 
af ao VS 
d 
(iv) | 2a dg;= | a( 0) =Q 
B, Yj F Wi; 
i dz 
(v) ATi ; a : A dg; = g(a;) 


xdy — vax 


14. Let y = —5 ; in R?\{0}. Verify that dy = 0. Compute (x dx + ydy) A 7. 
x y? 
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15. Let Q be an open subset of R? with regular boundary of class C!, f a function 
C' in a neighborhood of Q, (xg, yo) a point in Q. Define 


T = Tx. y9° (x, y)F+ (xX — X9,V — Vo) 


and let 7 be the 1-form from the previous exercise. Show that 


ir 
F (Xo, Yo) = all f(t*n) — \ df ctn| 
My Jan Q 


Use this formula to compute | t*y. 
an 


*16. Let p: C* ~ R of class C® be such that lim p(z) = +00 and dp(z) # 0 for every 
[z|-* a0 
zé C*. Define S, = {ze C*: p(z) = t} forte R. 
(i) Show that for every w € 9*(C*) there is « € '(C*) such that w = dp a a. 
(ii) Let a,, a, €e D'(C*) be such that dp A «, = dp A a,. Show that there is 
B « Z°(C*) such that «, = «, + Bdp. Show, moreover, that for every t € R, 


) xy = | X>. 
Ss, Sy 


(ili) Let ae Z'(C*), a = dp a a. Show that if g(t) = | o then 


Sy 
| O= | g(t) dt. 
c* — 2 


Study in particular the case p(z) = |z|. 


17. Lett B= BO,)S R? and f a C® function from a neighborhood of B into R? such 
that f(B) S OB, f|B = idog (i.e., f(x, y) = (x, y) if (x, y) € OB). 


(i) Show that if f = (f;, f,) then df, A df, = Oin B. 


(ii) Compute f, df, in two different ways to show that such function f 
8B 
cannot exist. 


*(in) Show that the conclusion from (ii) still holds if we remove the assump- 
tion that f(z) =z for all ze 0B. (Hint: Consider the auxiliary function 
z+ (1 —|2P)f(@)) : 

*(iv) Conclude that there is no C” map g from a neighborhood of B into R? such 
that g(B) © B and g(x, y) ¥ (x, y) for every (x, y) € B. 

*(v) Prove statement (111) under the hypothesis that g is only continuous. 
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We recail from §1.2.8 that a path y in an open set Q in C (or more generally 
a topological space, e.g., Q a closed subset of C) is simply a continuous map 
y: [0,1] > Q. We call a = y(0) the starting point of the path and b = y(1) the 
endpoint. Let us denote by @(Q; a, b) the collection of paths in Q starting at a 
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and ending at b. If a = b we say the path is closed and a is called the base 
point. @(Q; a) is then the family of all closed paths (loops in Q with base point 
a). If zé€Q we denote by ¢, the constant path with base point z, ¢,(t) = z 
(0 <t <1). If y €e (Q;a,b) we denote by ¥ the inverse path to y, ye 6(Q; b, a) 
and is defined by y(t) = yi — 1) (0 <t < 1). If y € @(Q; a) then ye GQ; a) also. 
Furthermore, €, = &,. 

If « € G(Q;a,b) and B e €(Q;b,c) we denote by af the path in C(Q; a,c) 
defined by: 


o(2t) if 0 


1D = ‘ptr —1) if} 


The path «f is called the composition of « and f. It is easy to see that af = BE. 
On the other hand, when (af)y is defined, the «(fy) is also defined but, in 
general, they do not coincide. 


1.6.1. Definition. Two paths y,, y, € @(Q; 4a, b) are said to be homotopic with 
fixed endpoints if there is a continuous map H : [0,1] x [0,1] ~ Q such that 
H(t,0)=y,.(0), Ht D)=y7,2 (0<t<1) and, A(O,s)=a, H(i,s)=b 
(O<s< 1). 

One says the homotopy H carries yg into y,. (See Figure 1.10.) 


1.6.2. Proposition. Homotopy is an equivalence relation in 6(Q; a, b). 


Proor. Reflexivity and symmetry are clear. Let us see the transitivity. Let 
Vos i> Y2 € CQ a, b), yo, y, homotopic by H and y,, y, homotopic by K. One 
obtains a homotopy L carrying y, into y, by: 


H(t, 2s) 0 


< 
L(t,s) = = 
(1,8) ie 2-1) i< 


Denote by [a] the class of « under homotopy. 


Figure 1.10 
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1.6.3. Proposition (Change of Parameters). Let « e €(Q;a,b) and f:[0,1] > 
[0,1] continuous, f(0) = 0, f(1) = 1. Then the paths « and f*(a) =aocf are 
homotopic with fixed endpoints. 


PROOF. It is enough to define the homotopy H, 


H(t,s):= a((1 — s)t + sf(t)). CI 


1.6.4. Proposition. The composition of paths and the inversion of paths are 
compatible with homotopies. The composition thus defined on the equivalence 
classes of paths is associative. 


PRooF. Let F be a homotopy carrying a into @,, %, «, € €(Q; a,b), and Ga 
homotopy carying f, into B,, By, B, € €(Q; b,c). Then 


G(2t ~~ I, s), 3 


is a homotopy carrying &) fp into a, B,. 

If F isa homotopy carrying y, into y, then (t,s)h» F(1 — t,s)is a homotopy 
carrying Yo into 7,. 

Finally, let « € €(Q; a,b), B € @(Q; b,c) and y € €(Q; c,d). We want to show 
that 69 = (af)y and 6, = a( fy) are homotopic. Let f be the unique continuous 
piecewise affine map such that f(0) = 0, f(1/2) = 1/4, f(3/4) = 1/2, fl) = 1. 
Then 6, = {*(6,), whence 6, and 0, are homotopic. a 


1.6.5. Remark. More generally, let (y;),-;-, be a family of paths such that 
v4) = y,4,0)0 <i<n— DandletO=t) <t, <:-' <t, = 1 bea partition 
of [0,1]. The path y defined by 


{ — f;_ 
yti= (24) (;,,<t<t,1<i<n) 
pT bind 


is homotopic to the path y,(y.(...y,,)...). Moreover, if a; is homotopic to y,, 
the corresponding path « is homotopic to y. Therefore, we can talk about the 
path y,...y, “up to homotopy,” without worrying about placing parentheses. 
Obviously the same is true for the composition of the homotopy classes 


Lyid--- Dal. 


1.6.6. Proposition. Let y e¢ 6(Q; a,b). The paths ye, and &,y are homotopic to y. 
Therefore 
[yi lé,J = LeadtyJ = Lyd. 


The paths yy and yy are homotopic to €, and &, respectively. Hence 


Ly] = lel, Wit) = Le. 
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Figure 1.11 


Proor. One has ye, = yof with f() = 2t if O<¢t < 1/2 and f(t} =1 for 
1/2 <t <1.A similar formula holds for ¢,y. Therefore, by Proposition 1.6.3, 
yé, and ye, are homotopic to . 

The function 


y(2t) O<t<s/2 
F(t,s) = < y(s) sf2<t<1—s/2 
y2t—1) l-s/f2<t<il 
is a homotopy carrying ¢, into yy. (See Figure 1.11.) Ol 
Let us denote by 2,(Q; a) the set of equivalence classes (under homotopy) 
of 6(Q; a). 7, (Q3 a, b) is defined similarly. The following theorem summarizes 
several of the previous propositions. 
1.6.7. Theorem. For the composition law 
7 (Q3 a) x 2,(Q; a) > 2, (Q; a) 
(LoJ, (BJ) Col LB] = [xf], 
the set 1(Q; a) is a group whose identity element is [e,]. The inverse [y]~! of 


[y] is given by [¥]. 


1.6.8. Definition. The group 7, (Q; a) will be called the fundamental group of 
Q2 (with base point a). It is also known as the first homotopy group of Q with 
base point a. 


1.6.9. Remark. The group z,(Q; a) is, in general, nonabelian, as will be seen 
in later examples. 

We want to compare now the fundamental groups with base points a, b in 
the same connected component of Q. 
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1.6.10. Proposition. Let y¢ @(Q;a,b). The map I(y):7,(Q;a) > 7, (Q; Db), 
[a]+> [yoy], is a group isomorphism that depends only on [y]. If y, € 6(Q; a, b) 
is another path, then the isomorphisms I(y), I(y,) are conjugate in 1,(Q; 5). 
Moreover, all these isomorphisms are independent of the path y if and only if 
7, (Q; a) is commutative. 


PRooF. It is clear that [(y) depends only on [y]. Furthermore, [(y)(Le¢] [6 ]) = 
[yaBy] = Lyey] [By] = UO)(Le)))UOCB)), which shows I(y) is a homo- 


morphism is in fact an isomorphism. 
Given now y, y, € €(Q; 4, b) we have c = 7, y € 6(Q; 5) and 


Finally, if 2,(Q;a) is abelian, 2,(Q;b) is also abelian and /(y) = I(y,). 
Conversely, let us assume I(y) = I(y,) for every pair of paths y, y, € @(Q; a, 5). 
We want to show that every inner automorphism [«]+>[c] [a] [c]™* of 2,(Q; a) 
is the identity. Pick y as done earlier. Given c € 6(Q; a) let y, = cy € @(Q; a, D). 
Hence we have [c] = [y][¥c] = [y][9, ]. On the other hand, the identity 
I(y) = I(y,) means that 


(yiledty] = Gillet. 
Multiplying on the left by [y] and on the right by [7], this identity leads to 


[oe] = by. J fe) 9) = (el fe] fe]. C 


If Q is connected we denote by z,(Q) one of the groups 7, (Q; a), with ae Q 
chosen arbitrarily. 


1.6.11. Definition. An open subset Q of C is called simply connected if Q is 
connected and 7,(Q) = 0 (ie., 2,(Q; a) = {[e,]} for every a € Q). 


1.6.12. Proposition. [f Q is simply connected, the set ,(Q; a, b) contains a single 
element for every pair a,b € Q. 


Proor. If for some a 4 b, 2,(Q; a, b) contains [y] # [y, ], then 7, (Q; a) contains 
two different elements [¢, | and [y,¥]. CI 


1.6.13. Examples 


(1) A star-shaped open subset of C (with respect to a point a € Q) is simply 
connected. If y e €(Q;a) then H(t,s):= sa + (1 — s)y(t) 1s a homotopy 
carrying y into &,. 

(2) Let U,, U, be simply connected open subsets of C such that U, 7 U, is 
nonempty and connected. Then Q = U, vu U, is simply connected. 


It is clear that Qis connected. Let ae U, A U,, y € 6(Q; a). We need to show 
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[y] = [e, |. There is a partition of the interval [0,1],0 =t) <t, <---t, = 1, 
such that y(t;)¢ U,; 0 U, and y, := y|[t,-1.t,] (i <k <n) is a path entirely 
contained in one of the U;, which we will denote i(k). 

Choose a,€ @(U,; VU,; a, y(t;))) Ud <j <n— 1). It is clear that [y] = 
[v1 % JLo, y202)-.-L0,-17,]. 

Now, we can consider that y,@, € @(U,,); @), &, 42%, € @(U;2); a), etc. There- 
fore (with an obvious abuse of notation, which is justified by considering the 
canonical injections of U, 7 U,, U,, and U, into Q) we have 


[yi%,] = [o,y2.G.) =--- = [o,-1 9.) = Leal. 
Hence [y] = [e¢, | and Q is simply connected. 


1.6.14. Definition. Two loops y, € 6(Q;a) and y, € €(Q;b) are called free 
homotopic if there is a continuous map H: [0,1] x [0,1] ~ Q—still called 
homotopy—with the following properties: 


(1) H(t,0) = y(t), 0 <t< 1 
(2) H(t,lb=y,0,0<t<1 
(3) H(O,s) = H(i,s)0<s<1 


Figure 1.12 


1.6.15. Proposition. A connected open set Q is simply connected if and only if 
any two loops in Q are free homotopic. 


Proor. Exercise. CI 
We would like now to compute the fundamental group of an open subset 
of C which is homeomorphic to C\{p,,...,p,}. For that purpose we need the 


notion of a free group generated by a set. 


1.6.16. Proposition Let A be anonempty set. There is a group G and an injection 
i: A G with the following two properties: 
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(1) G is generated by i{A). 
(2) If f is a mapping from A into a group H, there is a unique group homo- 
morphism h: G > H such thathoi= f. 


Proor. Let I be the set of finite sequences (or “words”) of elements of 
Ax {—1,1}. We denote by (a',...,a7") a word in IT, where a,eé A, 
e,€ {—1,1}. If m = 0, the empty word is denoted by 1. One can consider an 
associative product in I’, which has 1 as its neutral element, by means of: 


re rm « Ontm 
(ai,...,Q,")(by,..., Bl") = (e800, GE), 


where c;) = aj if 1 <j <m and, cis bir ifm+1<j<n+m. That is, 
lis a monoid. 

Consider on T° the equivalence relation p compatible with this product 
and generated by the identification of (a°)(a~°) with 1 for every ae A. (If 
B = {((a°)(a*), l):ae Ave = +1} ST xT, then p is the intersection of all 
the equivalence relations in [ containing B.) We say that two words M, N 
are elementarily equivalent if M = N, or M = m(a‘)(a'°)n and N = mn, or 
M =mn and N = m(a’)(a“‘)n, for some ae A, ce {—1,1}, m, neT, and 
juxtaposition denotes product. One can verify that two words U, V are 
p-equivalent if and only if there is a finite collection of words Up = U, U,,..., 
U, = V such that for 0 <j <r-—1 the words U,; and U;,, are elementarily 
equivalent. 

Let x: I — I’/p denote the canonical projection. Since p is compatible with 
the product law in I, one has a product law in G := I’/p. One verifies that G 
is in fact a group under this product. For instance, the inverse of x((a;',...,4@,")) 
is n((a,°",...,@,')). 

Let a: A > I be the injection a+ (a'). Seti = 2 © «, this is an injection from 
A into G. In fact, x((a*)) = 2((b")) implies that (a*°) = (b"). We want to show 
that the pair G, i has the required properties. Let f: A ~ H. If h exists and 
mel,m = (a;',...,a,*) one should have 


h(n(m)) = (ho m)((a;')) x «+> x (ho m)((a*)) 
= ((ho m)(a,)) x ++ x ((A 0 m)(aj))* 
= (flay) x + x (fla))"s 


where x denotes the product in H. This identity indicates how to define h 
and ensures the uniqueness of h. Namely, the condition j((a°)) = (/(a))’ deter- 
mines a unique monoidal homomorphism j:T > H by 


Hay’... a) = (Flay) x 0 x (F(a), 


since every element of I is written in a unique way as (a;',...,a,“). This map 
j is constant on the equivalence classes with respect to p: for instance, if 
M = m(a*)(a’°)n and N = mn, one has 


J(M) = jm) (f(ayr(F(@)) Fn) = Hm) jr) = JON). 
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Therefore, there is a unique group homomorphism h:G-—H such that 
hon =j. [J 


What one really does in practice is to restrict oneself to “reduced” words. 
Given a word (a}',...,a,’") we reduce it by suppressing two consecutive entries 
of the form a’, a *. A reduced word is one such that for every j(1 <j <m— 1) 
a; # a; ’. One verifies easily that every word is equivalent to a reduced word. 
Every element of G\{1} can be written in a unique way in the form xj'...x," 
where x, € i(A), n, € Z\{0} and x, A x;4, fori <j<k—1. 

The pair (G, i) is unique up to isomorphisms, cf. Exercise 1.6.12. 


1.6.17. Definition. One says that the group G constructed in 1.6.16 is the free 
group generated by A. We denote it by L(A). We will identify A to i(A). If 
A = @ we denote by L(A) the trivial group G = {1}. If #A =n > 1 wesayG 
is a free group with n generators. 

For an arbitrary group G, one calls commutator [a, B] of two elements 
a, B € G the element 


Ca, B] = «Ba Bot. 


The subgroup generated by the commutators is denoted [G, G] and is called 
the commutator subgroup of G. 


1.6.18. Proposition. The subgroup [G, G] is normal in G and the quotient group 
G/[G, G] is abelian. 


Proor. In fact, y[o,B]y* = (yay "By (vay) (yBy ')* and pa = 
aBl Ba"). 7 


The subgroup [G, G] is the smallest normal subgroup H of G such that 
G/H is abelian. In fact, the projection 6: G - G/H sends [a, f ] into the neutral 
element of G/H and [G,G]| © Ker @ = H. The group G/[G, G] is sometimes 
called the abelianized version of G. 

It follows that any homomorphism of G into a commutative group K 
induces a homomorphism from G/[G, G] into K (cf. Exercise 1.6.13). 

Let us denote by Z™) the set of all functions @ : A — Z that are zero except 
at finitely many points in A. It is an abelian group under the operation of sum 
of functions. 


1.6.19. Proposition. Let G = L(A). Then G/[G, G] is isomorphic to the group 
LEA), 


ProoF. Let us denote 6, the Kronecker function A — Z, 6,(b) = 1 or 0 accord- 
ing to whether a = b or not. We have our associated map f: A > Z™ given 
by f(a) = 6,. The homomorphism h: G > Z™ that extends f is given by 
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h(ay',....4G)= Dn, 
l<j<k 
for the reduced element (a;',...,a,"). It is clear that h is surjective and 
Kerh 2[G,G]. 

We claim that Kerh ¢ [G,G]. Assume h((a{',...,a,")) = 0. Let b,,..., b, 
be distinct points of A such that {b,,...,5,} = {a,,...,a,}. Therefore, for every 
i one has Z'n, = 0 where &‘ denotes the sum over those j for which a; = 5,. Let 
0: G — G/[G, G]| be the canonical projection. We also have 

A{ay,....a))=[] [] @@%)= II O(b ye" = 1. 


° 


i j:aj=b; 


Hence (a/',...,a;,") € [G, G] and the proposition has been proved. a 


1.6.20. Proposition. Let Q be an open subset of C, homeomorphic to C. The 
fundamental group of Q\{p}, for p € Q, is isomorphic to Z. A generator can be 
taken to be the homotopy class of the loop y given by y : tr p + re*™" (0 <t < 1) 
and r > 0 is sufficiently small in order that B(p,r) & Q. 


PROooF. It will depend on several lemmas, the first one being: 


1.6.21. Lemma (Existence of a Continuous Determination of the Logarithm 
over any Pathin C*). Let y be a path in C*, and let z. € C be such that e”® = (0). 
There is a unique path c in C such that c(0O) = zy and exp(c(t)) = y(t) for 
O<t<l. 


ProoF. Let us first prove the uniqueness of the lifting c of y. Let x € [0,1] and 
C,,C, two liftings of y defined over [0, x] such that c,(0) = c,(0). Then we have 
1 = eo) for 0< t< x . Hence c, — c, takes values in 27iZ, and since 
c,(0) — c,(0) = 0, we have c, = c, in [0,x}. 

Let us now prove the existence of a lifting c of y. Let J = {x € [0,1]:3 
c,: [0,x] > C, continuous, c,(0) = zo, and expc, = y|[0,x]}. The set J is not 
empty because 0 € J. Letx e ]and0 < x’ < x, thenc, = c,|[0,x’] has all the 
necessary properties, hence x’ € I. Therefore I is an interval with endpoints 0 
and b (0 < b < 1). We want to show that be] and b = 1. By the proof of 
uniqueness given at the beginning we have a well-defined continuous map 
c,:[0,b[ + C such that expc, = y|[0,b[ and c,(0) = z 9. Namely, for x < b 
define c,(x) = c,,(x). 

Choose a eé C satisfying e? = y(b) but otherwise arbitrary. For 0 <4 < 2x 
the disks B(a + 2nik,y) (k € Z) are disjoint and exp is a C™ diffeomorphism 
of each of them into a neighborhood V of y(b) in C*. There exist 6 > 0 
and k, € Z such that for te [b — 6,65 + 6] 0 [0,1] one has y(t)e V, and for 
te[b — 6,b[ 0 [0,1] one has c,(t)e Bla + 2xiky,n). Define a continuous 
function c in [0,5 + 6] nN [0,1] by 


0) = fel ift <b 


(exp |B(a + 2niky,n)) oy(t) ifte Jb — 6,b + 6] 4 [0,1]. 
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The function c is continuous since the two definitions coincide in 
]b — 6,b[ n [0,1]. Therefore c is a lifting of y over [0,6 + 6] 0 [0,1] such 
that c(O) = 0. This shows I = [0,1]. a 


1.6.22. Lemma. Let H:[0,1] x [0,1] — C* be a homotopy with fixed end- 
points betwen two paths y, and y, in C*. Let zo = yo(O0) = y, (0), 7; = yo() = 
y, (1), and a € C be such that e* = 29. For every s € (0, 1] let c, be the unique path 
starting at a which lifts the path y,: t+->y,(t) = H(t, s). Define H by H(t,s) = c,(t). 
Then every c, has the same endpoint, H is a homotopy with fixed endpoints 
between Co and c,, and exp H = H. 


Proor. Note that exp H = H follows from the definition (as was done in the 
previous lemma). Choose y > 0 such that exp is a diffeomorphism from every 
B(a + 2xik,4) onto a neighborhood V of zy. We claim: 

(i) There is an ¢, > 0 such that H is continuous in [0,¢,[ x [0,1]. Since 
H(0,s) = 2),0 < s < 1, then there is eg such that H([0,é,[ x [0,1]) < V. The 
uniqueness of the lifting of the paths y, over [0,e)[ shows that c,|[0,é | = 
(exp|B(a,n))"' © y.|[0, eof. Hence H = (exp|B(a,n))"* o H on [0, éo[ x [0, 1], 
which shows that (1) holds. 

(ii) H is continuous in [0,1] x [0,1]. Assume A is not continuous at the 
point (to, 0) Define t as t = inf{t: H discontinuous at the point (t,o)}. Then 
Ey <t. Let x = H(t,0), y = H(t,0). We have by definition, y,(t) = x =e’ = 
exp(c,(t)). For some p > 0, the exponential map is a diffeomorphism of B(y, p) 
onto an open neighborhood W of x in C*. To simplify the notation we call 
it @. 

By the continuity of H at (t,0) we can find ¢, 0 < ¢ < & such that 

H(|It—et+ef x Jo—eot+e[ [0,1] x [O1J)cw. 


In particular, y,(]t — - t él) S W. (We replace t+ ¢ by lift+e>1,) 
Hence c,|]t —¢,t + ef = p™ oy,|]t — 6,1 + é[ takes its values in B(y, p). 

Let t, be arbitrary i in 1: — ¢€,t[. We have H(t,,0) = =c,(t,)¢ Bly, p). The 
continuity of H at (t,,¢) allows us to find 6, 0 < 6 < ¢, such that A(t,,s) = 

c,(t,) € Bly, p) forse Jo — 6,a + Of. (Again we replace o + oby lifo+d>1,) 
The uniqueness of the lifting gives c,J]t —e,t + e[ = p! oy,[]t—et t+ ef 
for every sé |lo—0od,o+ 6[ (since both sides coincide at o =1t,). Hence 
H =o 'o Hin]t —¢,1 +e[ x Jo — 6,0 + O[, showing that A is continuous 
at the points (t,o) with t < t < t +e. This contradiction with the choice of t 
shows that H is continuous over the whole square [0,1] x [0,1] as asserted 
by (ii). 

Since exp(H) = H and H({1} x [0,1]) = {z,}, we have A({1} x [0,1])¢ 
exp ‘(z,)¢b + 2niZ (e” = z,). By continuity there is a unique ky € Z such 
that H({1} x [0,1]) = {b + 2niky}. Therefore, cy and c, are homotopic by H 
with fixed endpoints a and c,(1) = c,(1) = 5 + 2niky. a 


1.6.23. Definition. Let y be a closed loop in C* with base point zy). We call 
degree of y the integer (c(1) — c(0))/27i, where c is a lifting of y. Denote by d(y) 
this integer. 
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This definition presupposes that (c(1) — c(0))/27i does not depend on the 
liefting chosen. But ifc, and c, are two liftings of y and ifn = (c, (0) — c,(0))/271, 
then c, = c, — 2zin is another lifting of y starting at c,(0) = c,(O) — 2zin = 
c,(0). Hence c, = c, and it follows that c,(1) = c,(1) = c,(1) — 2zin, implying 
c2(1) — c2(0) = c,(1) — (0). 

For example, if y, is the loop in C* with base point 1, y,(0) = exp(2zint), 
ne Z, then d(y,) = n since t+> 2zint is a lifting of y,. 


1.6.24. Lemma Two loops yo, y, in C*, with base point zo, are homotopic in C* 
with fixed endpoint if and only if d(y9) = d(y,). 


Proor. If d(y.) = d(y,) = d, the liftings cy and c, of yp and y, respectively, 
which are defined by c,.(0) = c,(0) = a (e* = 2,9), must satisfy co(1) = c,(1) = 
a+ 2nid. Since C is simply connected (being star-shaped) it follows that cy 
and c, are homotopic by a means of a homotopy H with fixed endpoints. 
Hence y, and y, are homotopic by H := exp(H). 

The converse 1s valid by 1.6.22. O 


1.6.25. Lemma. Let yo, y, be two loops in C* with base point z). We have 
A971) = (yo) + dy). 


Proor. In fact, if e? = zy) and co, c, are the respective liftings of yo, y, starting 
at a, then 


(t) = Co(2t) O<t<3 
OO Ve, (Q2t— I +e(I)-a 4<t<l 


is a lifting of yoy, starting at a. Therefore d(y9y,) = (c(1) — c(O))/2zi, hence 


d(yov1) = (€, (1) + co(l) — a — co (0))/2ni 
= ((c,(1) — c,(0))/2ni) + ((co(L) — co (0))/27i) 
= d(yo) + d(y;). L 


1.6.26. Lemma. Let Q,, Q, be two open subsets of C homeomorphic by 
£22, 2>Q, and 2, €Q,. Then 1,(Q,;29) and 1,(Q2; f(Z)) are isomorphic by 
fle] > [fo a]. 


Proor. Exercise. | 


Let us go back to the proof of Proposition 1.6.20. By Lemma 1.6.26 we 
can assume Q=C and p=0. Hence Q\{p} = C*. If zgeC*, the map 
d: €(C*;z,) ~ Z which associates to y its degree d(y) passes by 1.6.24 to the 
isomorphism. Its inverse is nt [y, ], y,(t) = Zoe*™”. A generator of 2,(C*; Zo) 
is then [y, ]. This was the result we wanted to prove (cf. Exercise 1.6.14). 1 
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1.6.27. Proposition. Let Q be an open subset of C homeomorphic to C, p,,..., D, 
distinct points in Q. Let y,: t+ p,; + re?"" (0 < t < 1), where r; > Oare so small 
that B(p;,7;) S Q\{ Py... -5Pj-15 Pjtts---> Pat (L <j <n). Then the fundamental 
group of Q\{py,...,P,} is isomorphic to the free group generated by 
A, = {Yio Taf 


Proor. Note that y; is free homotopic in Q\{p,,...,p,} to th p; + se?" for 
any 0 <é<v7,, in fact to any loop y in B(p,,r;) with d(y) = 1 in C\{p;}. This 
follows from the previous proposition. With this remark in mind, we can now 
suppose Q = C. After a possible renumbering we can suppose there are two 
parallel lines 4,, 4, such that in the open half-plane V determined by 4, and 
containing p, there are no other p, in V and A, & V. Similarly, we require that 
Pi, +++ Pa-, belong to the half-plane U determined by 4, which contains A, 
and that p, ¢ U. (See Figure 1.9 for a similar situation.) Then UA V = Sisa 
strip with 6S = 1, UA, and no p, belongs to S. Note that we also have 
U UV =C-. Due to the preceding remark we can assume that the y, are in fact 
circles as in the statement of the proposition, but with radii so small that they 
do not intersect § and that the corresponding closed disks are disjoint. We 
can take the base point zy € S and choose paths a, starting at zp, ending at a 
point ¢, € y,([0,1]) and, furthermore, «, is entirely contained in V and the 
others are entirely contained in U. 

Let ae @(C\{p1,.--,P,}3 Zo). There is a partition 0 = ty <t, <-:'<ty=1 
of the unit interval such that 


(i) a{ft)ES,O<i< N; 

(2) for everyi(O<i< N — l)either a([t;,t;,,]) S U or a([t,,t,,,]) S V; 

(3) in successive intervals [t,,t;,, ] and [t,;,,,t;, ] the images do not lie in the 
same half-plane. 


Such a partition exists: if M is an integer sufficiently large so that 1/M is 
smaller than the Lebesgue number of the covering («~'(U), «7 1(V)) of [0, 1], 


k—1ek 
then one has a(Eea) contained entirely in U or V (1 < k < M). If 
o M ¢ 8S, then one can remove the point k/M since then either both 


k—1k kK k+1 , ; 
o(| "5 — a) and 2(| ey) are in U or both are in V. We can 


eliminate more points if necessary to satisfy (3). The t; are the remaining points. 

Let now £; = «|[t;,t;,,] and pick 6; path in S from zy to a(t;) (with the 
choice dy = dy = &,,). The loops 7; = 6,;B,6;,, have base point z) and lie 
entirely in U or V. 

We are going to continue the proof by induction on n, the case n = 1 being 
the previous proposition. We can assume more precise knowledge of the 
isomorphism between 7,(U\{p1,...,Py—1}i Zo) and L(A, _,). (It is just a ques- 
tion of reformulating the induction hypothesis and verifying that the case 
n = 1 still holds.) Namely, let c; be the loops in C\{p,,...,p,-,} with base 
point Zo, c; = a;,%;. We require: 
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Every loop o with base point z) in U\{p,,...,P,-,} is homotopic to a 
unique loop which is ¢,, or can be written in the reduced form c;''...cp*, where 
q; € Z* and I, € {1,...,n — 1}. The isomorphism is given by [a]+> yf’... yi* 
(and [e, |r 1). 

Returning now to the loop a, we remark that it is homotopic to the loop 
B = Non,--.-4n-1. The case n= 1 and the preceding induction hypothesis 
ensure that every n; is either 


homotopic to some c;...c;* written in reduced form, /; € {1,...,n — 1} if 
n, lies in U\{p4,.--,Pa—1}s OF 
homotopic to c if 4; lies in V\{p,}. 


Pr 


It follows that « is homotopic to an expression of the form c,) ...c,., 
m,é {1,...,n} directly juxtaposing the reduced forms. Condition (3) imposed 
on the subdivision points t; implies this is a reduced expression already. 

The map 6: 7,(C\{p1,---,Pa}iZo) > L{A,), given by [a]+> y,)... 7,2 1s also 
a group homomorphism. In fact, if «, is homotopic to cj’...c/* and a, is 
homotopic to c,),...c,, then «, a, is homotopic to y/'... yp ya. Pm» Which 
is exactly the product 6([a, ])@([a.]). 

This homomorphism is clearly surjective. Let us see it is also injective. If 
O(Lo]) = yf! ... yi* is the neutral element in L(A,) then q, = --- = q, = 0, since 
the reduced form in L{A,) is unique. This says that [a] = [e,, ]. C] 


1.6.28 Proposition (Existence of a Continuous Logarithm). Let Q be a simply 
connected open subset of C, f:Q:— C* continuous, 2. € Q, Wo E C such that 
e”0 = f(z,). There is a unique continuous function g :Q-—-C such that g(z,.) = Wo 


and exp(g) = f (ie., g = log f). 


Proor. Uniqueness: If g,, g, are two such liftings of f, then we have g,(z) — 
g,(z) € 2niZ for every z € Q, but g,(zZo) — g2(Zo) = 0. Hence g, = gp. 

Existence: Let z € Q. For every path y in Q starting at z,. and ending at z, 
the path fo y admits a unique lifting g, such that exp(g,) = fo y and g,(0) = wo. 
If y,, yz are two such paths, then they are homotopic and it follows g, (1) = 
g,,(). Define g by g(z) := g,(1). 

Let us show that g is continuous in Q. Let z, € Q. There is 7 > 0 such that 
exp is a C~-diffeomorphism of B(g(z,),4) onto a neighborhood V of f(z,) in 
C*. There is 6 > 0 such that B(z,,6) S O and f(B(z,,0)) S V. 

If ¢ € B(z,, 6) one can find a path y from zy to ¢ of the form as,, where a is 
a fixed path from zy to z, in Q and 5, is the line segment s,(t) = t(¢ — 2,) + 2,. 
A lifting o of fo y is therefore the following. If c is a lifting of fo a starting at 
Wo, let a(t) = c(2t) (0 <t < 1/2) and 


a(t) = ((exp|B(g(z,),))* o f(t — YE — 2.) + 21) 


(1/2<t<1). It follows that g(¢) = o(1) = ((exp|B(g(z,),n))' o f)(0) for 
¢ e B(z,,6) and hence g is continuous. a 
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1.6.29, Remarks (1) If f is of class C* then g is of less C*. 
(2) The function f has n-roots of any order n € N* (as differentiable as /), 
and, more generally, f* is defined for any a € C. 


1.6.30. Remark. Given a loop y in C*, we can write y(t) = |y(t)/e'*, where 
« is a continuous path in R. This follows from 1.6.21 by lifting the loop 


B(t) = y(t)/|y()|. By Exercise 1.6.2, d(y) = d(B) = 5 (21) — a(0)). Since a(t) is 


the argument of the complex number )(t), this formula is usually stated as 
saying “the degree of the loop y equals the variation of the argument along 
y,” and it is written as 


1 | 
d(y) = an A argz= oe A logz. 


zey Ul zey 


This formula is also known as the argument principle. 


EXERCISE 1.6 


1. 


*6. 


*8. 


Identify 2, (Q, zo) (25 € Q) in the following cases: 
(i) Q= ]—2,2(7\[-1,1) _ 
(ii) Q = (]~-4,4f x ]—2,2[F)\([—1, 1]? v B(2, 5) 


p 
(ii) Q=C\ ) R,U {a,,...,a,} ], where the R, are closed half-lines, pairwise 
j=l 


disjoint, and containing none of the points a,,..., a,. 


. Show that C* every loop is free homotopic to a loop contained in the unit circle 


C:= {ze C:|z| = 1}. Show they have the same degree. 


. Show that two loops in C* which have the same degree are free homotopic. 
. Show that for any loop y in C*, d(y) = —d(y). 


. Let f:Q- C* have a continuous logarithm g, f = e%. Show that for any loop y 


inQ, d(fo y) = 0. 


Let f:Q-»> C* be a continuous function such that d(fo y) = 0 for every loop 
y in Q. Show that f admits a continuous logarithm in Q. (Hint: Follow the proof 
of Proposition 1.6.28.) 


. Let f: C + C* be continuous, then there is an integer n and a continuous function 


g:C-—-C such that f(z) = z"e®. 


Let 2 be an open set homeomorphic to C, Q' = Q\{p,,...,p,}, p; distinct points 
of Q. Let f:Q' + C* be continuous. Show there exist integers k,,..., k, and a 
continuous function g: Q’ > C such that 


f(z) = (2 — py)" ...(z — p, re 


for every z € Q. (Hint: Let y,,..., y, be loops in 9’ as in Proposition 1.6.27 and 
k; = d(fo »,),) 


. Let a: [0,1] - Q be a continuous path in an open set Q ¢ C. Show there is a 


6 > 0 such that if 8: [0,1] > C is continuous and 


56 1. Topology of the Complex Plane and Holomorphic Functions 


sup{|a(t) — B(t)|: te [0,1] < 6, 


then f is another path in Q and f is free homotopic to a in Q. (We leave to the 
reader the task of supplying the definition of free homotopy for paths, similar to 
1.6.14.) 


10. Every path in an open subset of C is free homotopic in Q to a polygonal path in 
Q whose segments are parallel to one of the coordinate axes. Show that this is 
also true for homotopy with fixed endpoints. 


*11. Let P(z)=z"+a,z2""'+---+4,,a;€ C bea polynomial of degree n > 0 in C and, 
for r € ]0, oof, consider the loop f,: th P(re?™"), t € [0, 1]. 
(i) Show that for r sufficiently large, d(/,) = n 
(ii) Show that if P has no roots in r,; <|z| <r, then d(f,) ts constant for 
ré[r,,7r |. 
(iit) Assume a, # 0, what is d( fy)? 
(iv) (Fundamental theorem of algebra) Show that P has a root in C. 


12. Let A # @, G,, G, two groups, and i, : A > G,, i, : A > G, two injective maps 
such that both pairs (G,,i,) and (G,,i,) satisfy the conditions 1 and 2 of Prop- 
osition 1.6.16. Show there is a unique group isomorphism k: G, > G, such that 
koi, =I). 

13. Let G be a group, K a commutative group, and f:G— K a homomorphism. 
Show there is a unique homomorphism f:G/[G,G] > K such that f = fon, 
where z is the canonical projection of G onto G/[G, G]. Moreover, the map ft- f 
is a group isomorphism from Hom(G, K) onto Hom(G/{G, G], K). 


14. Let f:Q— C bea homeomorphism, f(p) = 0,r > 0 be such that B(p,r) S Q, and 
y(t) = p+ re?™™* (0 <t < 1.) Let zy) e C* andy, (t) = zpe*™" (0 < t < 1). Show that 
Cfovl=(ni. 


§7. Integration of Closed 1-Forms 
Along Continuous Paths 


To study better the homotopy of continuous paths one needs to extend the 
notion of integration of 1-forms (of class C*). Such extension is possible if we 
limit ourselves to the case of closed forms. 


d 
1.7.1. Lemma. Let Q be an open subset of [0,1]. The map ax > E(Q) — &(Q) is 
x 
surjective and its kernel, denoted C(Q), is the space of functions which are locally 
constant on Q. 


PROOF. Exercise. J 


1.7.2. Lemma. Let (V;);.; be an open covering of [0,1] and for every pair 
(i, j)€ 1 x I such that V.AV, 4 @ let c;,,€ C(V,- V;) be given so that for any 
triplet (i, j,k)é 1 x I x I such that ViAV,0V, # © they satisfy ¢c; + ¢)4 + 
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Cy = OONVAV,V,. Then, for every i there isc, € C(V;,) such that c;,; = ¢; — ¢; 
for every (i, j) such that Vin V, # ©. 


PRrooF. Note that by a judicious choice of (i, j,k) the hypotheses imply c; ; = 0 
and c; ; = —c;,;. If neither 0 nor 1 belong to V; we set V. = V.. If V, contains 
only one of them, say 0, we set V, = ]—oo,0[ u V,. (Similarly, in the other case, 
V. = V,U[1, of.) Finally, if both 0, 1e V,, set V. = ]—0, 0JU VU [L, of. 
Now the family (V,),., is an open covering of R. There exists a C® partition 
of unity («,),., given by elements of @(R) subordinate to this covering: for 
every v > 1 there is j(v)e J such that a,é DV). Restrict this partition of 
unity to [0, 1]. 

Since the family (supp a,),., 1s locally finite in R, only finitely many a, are 
not identically zero on [0,1]. Let f= ¥ a,c, .,,¢ &(VY). I Via Vi # O, in 

v>1 


V0 V; we have 
fi-G= % lio — Sion) = dL, Wij = Cap 
v>1 v>1 
since, if «,(x) # 0 then Vi NV; A Vi) # @ and hence 
Ci.90) — Si.jor = Sion + Gog = TF LE 

Differentiating this expression we obtain f,/ — f/ = 0on V,- V,. Therefore, the 
J, wnduce a globally defined function g € &([{0,1]). There exists h € &([0, 1]) 
such that h’ = g. Let c; = f, — (Al V,). A priori, c; is just a C® function in V, but 
c; = fi — (h'|V;) = fj — g =0, hence c;¢ C(V,). It is immediate that c,; , = 
Ci — Cj. CJ 


Recall that ¢((0, 1], 2) denotes the space of continuous paths « : [0, 1] > Q. 
We now have the following result. 


1.7.3. Proposition. Let (U;);.., be an open covering of an open subset Q of C. 
For every ie I let f;: U;-C be given such that if U; \U, # & then f, — fis 
locally constant in U; 0 U,. Then there exists a unique map 


1: €({0, 1],Q)-> C 
such that 
(1) If the path a €e (0, 1],Q) has its image in U,, then 
F(a) = fi(a(1)) — fi(a(0)). 


(2) If B is obtained from « by a parameter change (i.e. B = «0 », 9: [0,1] > 
[0, 1] continuous, p(0) = 0, eC) = 1) then I(B) = I (a). 
(3) If « and B are consecutive (a(1) = B(O)) then 


I(ap) = I(a) + 1(B). 


PROOF. Uniqueness: We say that a partition o of [0,1],o:0 =tg <t, <::: < 
t, = 1, is adapted to a path « in Qif for every k,O <k <n — 1, there isi, e] 
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such that «([t,,t,4,) © U;,. As we have already shown a few times, e.g., in 
§1.6.27, such adapted partitions exist. Let a,(t) = (a|[t,,t,4, )((l — ot, + 41). 
Hence a is obtained from a a,...a,-, by a parameter change, therefore 
I(a) = I(a)) + °°: + I(a,_,) by (2) and (3). By (1) we now have 
I(a) = > (Fi, (eet) — Si, feta). 

This proves the uniqueness of I(«). This reasoning proves in fact a little bit 
more: under hypotheses (1), (2), and (3), the right-hand side is independent of 
the subidivision o adapted to « and of the choice of indices i, such that 
a(Lty.te+1]) S U,. 

Existence. Let « € @([0, 1],Q). The family («7'(U,));.; is an open covering 
of [0,1]. For every ie/, f,oa maps «'(U,) into C. If U;. AU, 4 @ then 
a t(U)aa*(U,) =a "(U,V U) 4 Sand the functionc, ,:= froa— froa= 
(f; — f,)° «is locally constant. On the nonempty intersection of three sets of 
the covering one has c; ; + ¢;,, + c,,; = 0. By §1.7.2 there exist g, e C(a'(U;)) 
such that 


Cij = 9i— Gj on at (U, ‘-) Ui) FD. 
Therefore, 
fioa—g,= frow—g; on a (Uj) aa" (U), 


and this defines h:[0,1]>C by hla '(U,):= f,oa—g;. Furthermore, 
h — f,o «is locally constant on a7! (U;). 

Let I(a) = h(1) — h(Q). The complex number I(a) thus defined does not 
depend on the family (g;);.,. Namely, let (g;),., be a second family of func- 
tions with the same properties. Define h by patching together f,o a — @, 
as before. Then the functions h — fo « are also locally constant on «'(U,). 
Therefore, h — h is locally constant on [0,1], hence constant. It follows that 
h(1) — h(0) = h(1) — h(0), as we wanted to show. 

This function I has the desired properties on @({0, 1], Q): 

(a) If w is a path with «([0,1]) ¢ U,, then h — f, o « is locally constant on 
[0,1], hence constant and 


I(a) = h(1) — h) = fila) — fila ()). 


(b) Let B be obtained from « by a change of parameters, B = a o g. Since 
h — f,c wis locally constant on «7 !(U;,), then 


hog—ficop=hog—froaceg 


is locally constant on gp '(a7'(U,)) = BU'(U,). Moreover, if we start with 
Gi, j = fo B — f,oB then Ji,j = €5,;° (pp = gi, ° (p — g;° (Pp and then, to define 
I(B), we can consider h = f,o B — g;° @ = ho go. Therefore, 
I(B) = h(1) — h(O) = h(@(1)) — A(@O)) = h(A) — h(O) = I(a. 
(c) Leta, B e 4([0, 1], Q) be such that a(1) = B(O). Denote by 7,, 7, the maps 
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tre 2t(0 <t <4), tre 2t — 1. The set A = fie]: a(1) = BO) = a«B(1/2)e U,} 
is not empty. The covering sets are given by 


(aB)"(U;) = Eph (@*(U))) v E72" (B(U;)).- 


Let us denote by g%, gf, g7", h*, h’, h** the functions associated to the paths 
a, 8, af. Let now i,j €¢ A. We have the relations 


(f,-f)°% = gi — gj, 
(fi — f° B= af — gf. 


Since fi(a(1)) — fle(1)) = (BO) — f(B)), we obtain g7(1) — gf() = 
gi (0) — gf (0). Hence, the quantity s = g7(1) — g?(0) does not depend on the 
index ieé A. We can therefore define functions g; by: 


(1) = g;(2t) ift ef; "(a *(U;)) 

Ii) ght — +s ift|e 231(BU(U,)). 
These functions are well defined on («B)~'(U,) since if 
te f(a t(U,)) a 25 (BUY,)) 


it must be the case that t = 1/2 andie A (recall 0 < t < 1 always holds). One 
verifies without difficulty that they are locally constant. If 0 <t < 1/2 andt 
is in (a) *(U,) 9 (@B)(U)) (= 274 (@4(U; 0 U)) then 


gilt) — g(t) = gF(2t) — gF(2t) = (fi a) (20) — Ge a) (21) = (Fi — Sj) 2 (@B)) (0. 


If 1/2<t <1 and t is in (aB)*(U) A(@B)*(U,) (= 77' (BU (U9 U))) then 
we have 


g(t) — g(t) = (gf (2t — 1) + s) — (gf(2t — 1) + 5) 
= gf(2t — 1) — gP(2t — 1) = (UF, — f° B)(2t — 1) 
= (Fi — fj) ° (0B) (0. 
Therefore, the functions f; o (a8) — g,; determine a global function h**. We have 
I(aB) = h**(1) — h*?O) = h*®(1) — °F (1/2) + he8(1/2) — nF (0). 
On the other hand, 
he? (1) — h*®(1/2) = hP(1) — hP(O) = I(B). 
Namely, for t > 1/2, t e (aB)~'(U,) we have 
h**(t) = (fo (aB))() — g(t) = f(B(2t — 1) — (gP(2t — 1) + 9). 
Hence, for t = 1, if 1 € (wB)7'(U,), we get 
h(i) = f(BU)) — gf) — s = hP(1) — s. 
Similarly, for t = 1/2, we have 


he*(1/2) = f(B(0)) — g?(0) — s = hP(0) — s. 
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This proves the claim. In the same way we obtain 
h*?(1/2) — h7(0) = h*(1) — h2(0) = 1(f). 
This ends the proof of the proposition. OC 


1.7.4. Proposition. Under the same conditions as in §1.7.3, the map I defined 
there has the following additional properties: 


(1) I(e,) = 0 for every ae Q. 

(2) If a, B are two paths which are homotopic with fixed endpoints, then 
I(a) = 1(f). 

(3) For every path a in Q, (a) = —I(a). 

(4) If a, B are two free homotopic loops in Q, then I(a) = I(B). 


PRoorF. (1) There is some i for which ae U,, that is, ¢,([0,1]) ¢ U;. Hence 
I(é,) = fil€a(l)) — filea(9)) = fila) — fila) = 9. 

(2) Let H be a homotopy with fixed endpoints carrying « into f. Let us 
denote a = «(0) = B(0), b = a«(1) = B(I), and H, is the path tr» H(t,s). We 
are going to show that the function s+ /(H,) is locally constant. This will 
suffice to prove (2) since Hy) = a, H, = B. 

Given s € [0, 1] there is a partition0 = tp <t, <°°': <t, = 1 and open sets 
U;,,..., U;_. of the covering such that H,([t,t,4,]) S U;,. By the uniform 
continuity of H, there is 6 > 0 such that if |s — s’| < 6 and s’ € [0,1] then 
Ay (L(t, th411) S U;, is also valid. As observed in the proof of the uniqueness 
in §1.7.3 we have 


I(H,) = f, ,(H(t1)) _ f,,(H.(0)) bt fi, (HO) _ f,, (As(tn—-1) 
= —fi (HO) + Fi,H(t)) — fi, ) + 
+ (fi, (Asltn1)) — fi, Asin) + Si, CAD) 


and the same identity holds for Hy. 

Since f; — f,is locally constant in U; 4 U,, there is a neighborhood of H,(t,) 
where f, , — f,, is constant. By reducing the size of 6 if necessary, we can 
assume H,,(t,) belongs to the same neighborhood for 0 < k <n. Hence, for 
1<k<nwe have 


(fi. 7 Sx) (Alt) = Si. ~ Si,,) Ae (t))- 
It follows that 
I(H,) — I(H,) = (SiC. (0)) — fi,(5(9))) 
+ (fi,_,CH50)) — fi,_,CHs')) = 9. 
(3) One remarks that «& is homotopic to ¢, with fixed endpoints. Hence 
O = I(e,) = Maa) = I(x) + (a). 


(4) Let «, 8 be two free homotopic loops, H the corresponding homotopy. 
The starting point of the path H,(t) = H(t,s) traverses a path y joiming 
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a = «(0) = a(1) to b = B(O) = B(1). The loop yy is homotopic with fixed 
endpoints to « (up to a change of parameters) by the homotopy 


O<t<1/3 : H(O,3ts) 
O(t,s)= < 1/3 <t < 2/3: H(3t — 1,5) 
2/3 <t<1 :H(1,3s — 3ts). 
Hence 


T(a) = I(yBY) = [(y) + 1B) — 1) = 1(B). 0 


1.7.5. Proposition. Let (U;, f)<7, (Vj, 9))jes be two families satisfying the condi- 
tions of §1.7.3. Assume further that for any pair (i,j)e€I x J such that 
U, aU, # SO, the difference f,— g, is locally constant on U;V;. Then the 
integration functionals I,, I, associated to the two families by §1.7.3 coincide. 


Proor. It is enough to prove the uniqueness in the case in which one of the 
coverings consists of a single set, since then, for every U, and every path « in 
U, one can compute f,(a(1)) — f,(a(0)) in terms of the covering (U; 7 V;);., and 
the functions (g,|(U; 0 V;));.3. 

Let us assume then that I contains a single element Q, and a corresponding 
function f. Leto :0 = ty <t, <°°: <t, = 1 bea subdivision adapted to « and 
the covering (V));.,, so that for O< k <n — 1 there exists j, ¢ J such that 
a([ ty, 411) € Vj. One has 

I,(a) = ; y (9; (0(ty41)) — gj, (a(t), 


<k<n 


and 
T,(a) = f(«(1)) — f(«(0)) = > 7 (f(a(tys1)) — f(alt,))). 


Now for every k, the function x» f(x) — g; (x) is constant over the connected 
set a([t,,t41]) S U;,. Hence 


I, (a) — (a) = 5 > 7 [OF — 9j,,MoCta+1)) — F — 9;,)(06))] = 9. 


<k<n 


The proposition has therefore been proved. C] 


Given w € &}(Q), w closed, let S be the collection of open subsets V of Q 
for which there is a primitive g, of w on V. Poincaré’s lemma (Proposition 
1.2.2.a) ensures that S is a covering of Q. Furthermore, if U, VeS and 
Uv # @it follows that g, — gy is locally constant on U J V. There is hence 
a unique functional 


L,: ¢([0, 1],Q)>C€ 


which verifies the properties stated in §1.7.3 and §1.7.4. By Proposition 1.7.5 
it does not depend on the choice of subcovering or of promitives. 
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The relation between this functional and the integration of w along a 
piecewise-C' path is given by the following lemma. 


1.7.6. Lemma. [f « is a piecewise-C* path in Q and w € &}(Q) is a closed form, 


then 
[(®) = | OO. 


ProoF. If a([0,1]) < V for some Ve S, then 
T.(a) = gy(a(1)) — gy(a(0)) = | dgy = | cw. 


If not, let 0=t) <t, <---<t,=1 be a partition adapted to a. Then 
(lo talsh,O<ck<n—1and 


[,(a) = ; > 7 (gy (a(tei1)) — Gy, (a(t,)) 


<k<n 


Osksn-1 J alltys tyes] a 


1.7.7. Proposition. Let w € &; (Q) be a closed form. Then: 


(1) If a, B are two piecewise-C' paths in Q, homotopic with fixed endpoints or, 
if they are piecewise-C’ loops, free homotopic, then 


[=| 


(2) If a, B are two consecutive piecewise-C' paths then 


| o=[or]o. 
ap a B 


(3) If « is a piecewise-C' path, then 


[o--f 


Proor. A consequence of §1.7.4 and §1.7.6. a 


1.7.8. Remark. Let Q,,Q, be two open subsets of C andh:Q, ~Q,aC' map 
with positive Jacobian. If « is a piecewise-C' path in Q, and w € &/ (Q,) then 


we know that 
| O= | h* (a). 
hoa a 


If, moreover, w is closed and (U;);.,; is a covering of Q, by open sets on 
which w admits a primitive g,, then h*(q@) is closed in Q, and has a primitive 
h*(g;) = 9,0 h = f, in the open sets h~'(U,) of the covering (h7'(U,));.. , of Q,. 
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One concludes that 
[,(h © &) = Lyecoy(@).- 


Let’s consider now a connected open set Q, a € Q,w € &/ (Q)aclosed form. 
The map I,, : ¢([0, 1], Q) > C restricted to ¢(Q; a) can be factored through 
a map j,,:7,(Q;a)->C which makes the following diagram commutative 


(q(x) = [o]): 


Since I,,(aB) = I,(a) + 1,,(B), the map j,, is a group homomorphism. The 
values j,,({«]) are called the periods of w and, correspondingly, the subgroup 
Im j,, of C is called the group of periods of « (or the lattice of periods of cw). 

Consider now the set Hom(z,(Q;a),C) of group homomorphisms from 
m,(Q; a) into C. It is clearly a complex vector space. The map 


j: Z*(Q) > Hom(z,(Q; a), C) 
Ot joy 
vanishes on B'(Q), hence passes to the quotient H'(Q) = Z'(Q)/B'(Q) as 
shown by the following proposition. 


1.7.9. Proposition. Let Q be a connected open set in C. The kernel of the map 
j defined earlier is exactly B‘(Q). Furthermore, this map induces an isomorphism 
j of complex vector spaces 

j.H'(Q) > Hom(z,(Q; a), C). 


In particular, two closed 1-forms are cohomologous if and only if they have 
the same periods. 


PrRoor. We will admit for the moment the surjectivity of the map j. It will be 
proved in Chapter 5, Proposition 5.14.14. 

If m = df, one needs a single set in the covering to construct J,,. Then if « 
is a loop we have 


I,,(a) = f(a(1)) — f(@)) = 0. 


Therefore j vanishes on B'(Q) and induces j. 

Let us show that j is injective. Let w € Z'(Q) be such that j,, = 0. Let c, be 
an arbitrary path in Q joining a to z, then I,,(c,) does not depend on the path 
c,. Namely, if c,, c, are two such paths, then [c,¢, ] € z,(Q; a) and 


0= I(C,€2) = I{cy) ~~ [,,(C2). 


Let us now show that the (well-defined) function 


F(Z) = Lo(cz) 
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is C” in Q. Let z7 €Q and r > 0 be such that B(z,,r) <Q. There is a C® 
primitive g of m in B(zo,r). For z€ B(Zo,r) let a, be the segment a,(t) = 
Zo + t(z — Zo). The path c,,%,¢, is a loop with base point a. Hence I,,(c,,a,¢,) = 
0. In other words, f(Z9) + g(z) — g(Zo) — f(z) = 0, which means that in B(zp, r), 
f can be represented as 

f(z) = g(z) + f(Zo) — glZo). 


It follows that fis C° in B(zy,r) and df = dg = w in B(zg,r). Hence f € &Q) 
and df = w, or w € B'(Q). C 


1.7.10. Remarks. (a) The sequence 
0>C + 6'Q) 4 Z'(Q) 4 Hom(z,(Q;a),C) > 0 


is exact. 
(b) If U is an open set homeomorphic to C and p,,..., p, are distinct points 
in U, then, for Q = U\{p,,...,p,}, we know that H+(Q) is isomorphic to C" 
and every element @ € H‘(Q) can be written in a unique way as 
O= } AG, 


l<j<a 


| d 
where 4,;€ C and w, = ~~ a 
ani Zz — p; 
We know also that every loop « in Q with base point a is homotopic to a 
loop of the form 


ch... en*, 
where q; E Z, cj = Yj%)j, %; 18 a circle centered at p, and tadius 1; (ie., a(t) = 
p; + 1e°™"), r; so small that B(p,,r;) S U and B(p,,7,) 0 B(p,.%) = @ ifj # k. 
We also choose y; to be a path in Q from a to ¢, € a,([0, 1). 
We have 


_ _ | dz 
HO )(Lc]) = 1, (C;) = 1, (Vj) %¥)) = Ly, (Oj) = 5 | — Oj, &- 


ni 


Therefore 
j(®)(L2]) = > Aj 94.},1,,° 
Js 


IfE, = {k:l,=j}andm,= >  q, then 
kek; 
i(6)(Le)) = » A;m;. 
Jj 


It follows that the group of periods of w is the set }' 2,;m,, where (m,,...,m,)€ 
J 


Z". Hence, one finds in this case that 


Hom(z,(Q; a), C) = Hom( ae c} ~ Hom(Z", C) = C". 
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For the first isomorphism, see Exercise 1.6.13. The next one is due to the fact 
that a free group of n generators modulo its subgroup of commutators 1s 
isomorphic to Z". This shows, in this particular case, that j is indeed surjective. 


1.7.11. Proposition. Let Q be a simply connected open subset of C, then every 
closed 1-form is exact. 


PRooF. 2, (Q; a) = {[e,]}, hence jis the zero map and Kerj = Z'(Q). It follows 
that B1(Q) = Z'(Q). Cc] 


Note that this proposition did not use the fact that j is surjective. Neither 
does the following one. 


1.7.12. Proposition. Let QO be an open subset of C. In order for a closed 1-form 
to admit a primitive it is necessary and sufficient that all its periods vanish. 


ProoF. It is also a corollary of §1.7.9. CT 


From now on, whenever @ is a closed 1-form in Q and » is a loop in Q, we 


will write | w to represent [,,(y). CO 
Y 


EXERCISES 1.7 


1 d 
1. Let a= i a y a loop in C*, d(y) = 1, show that | w= 1. What happens if 
z 
Y 
d{y) =n? 


an dt , . dz ; 
2. Compute , acostt + b sin? 1 (a,b > 0) by comparison with m > Q being the 
x? oy 
domain ++, <1. 
a*® bb? 


3. Let P(z) = agz" + a,z""' +--+ a, be a complex polynomial of degree n. Show 


; dP 

that for r > 0 sufficiently large | — = 2nid(P o y,) = 2nin, (y, = 0B(O,r) with 
OB(O,r) 

the positive orientation). 


4. Recall that the Peano curve is a continuous surjective map y, : [0, 1] > [0, 1]? such 
that y,(0) = (0,0) and y,(1) = (1, 1). Let Q, (resp. Q_) be the closed set in C defined 
by 1 < |z| < 2, Rez > 0 (resp. Rez < 0). Using yo, constant a path y, starting at 
the point z = 2 and ending at the point z = — 1, whose image is the whole 0. 
simuarly, let y_ fill Q_ starting at z = —1 and ending at z = 2. Let y be the loop 
y = y+y-, compute d(y). 


x dx y(x* + y? + Idy 


ng 
(x— 1)? + ((x+ 1? +y*)  ((x- 1? +y’ P(x + 1)? + y?)?? 
R*\{1, —1}. Compute its periods. Does it admit a primitive? 


5. Letw = Show dw = Oin 
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§8. Index of a Loop 


If ais a loop in C we will define its index with respect to points a € C \a({0, 1]). 
It is an integer that describes how many times the loop « turns around the 
point a. 


1.8.1. Definition. We call index of the loop a with respect to the point 
aeéC\a({0,1]) the degree of the loop y, y(t) = a(t) — a, in C*. We denote it 
Ind,(a). 

Some properties of the index follow. 


1.8.2. Proposition. Let a be a loop in C and ae C\a([0,1]). The condition 
Ind,(a) = 0 is equivalent to « being homotopic to €,9) in C\ {a}. 


PROOF. It is an immediate consequence of 1.6.24. Cl 


1.8.3. Proposition. [f « is piecewise-C' and ae C\a([0, 1]) we have 


Proor. We can assume a = 0. Let c be a lifting of a, it is also piecewise-C* 
since exp is a local diffeomorphism. We have 


I dz l (ex \* dz _ ] d(e") 
ti}, 2 2ni} Pz)” ani J. 


| | 
= | du = ——(c(1) — c(0)) = d(a) = Ind,(0). 0 
2ni J. ani 
| dz 
1.8.4. Remarks. (1) Let w, be the closed form w, = riba’ We have 
8 en 


Ind,(a) = I,,,(@). 


Namely, by Remark 1.7.8, 1, (® = Ineo,(C) with h = exp and c a lifting of «. 
It follows that if a, 8 are two loops free homotopic in C\ {a}, then Ind,(a) = 
Ind,(a). For the same reason, if «, B are two loops with the same base point 
in C\ {a}, we have Ind,,(a) = Ind,(a) + Ind,(a). 

In fact, these properties were already used when we discussed the degree 
of a loop. 

(2) The map sending «€ @(C\{a};z)) to Ind,(a)e¢ Z factors through 
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m,(C\ {a}; z,). One obtains this way j,,, and Imj,,, the group of the periods 
of w,. 

(3) The function at Ind,(a) is locally constant in C\«([0,1]). In fact, 
Ind,(a + b) = Ind,_,(a) = Ind,(a) if b € C, |b| very small, since then «, « — b 
are free homotopic in C \ {a}. (Here we define (a — b)(t) := a(t) — 5.) It follows 
that a+ Ind,(a) is constant on each connected component of C\a([0, 1)). 
Furthermore it is zero on the unbounded component, since if |a| is very large 
then a([0, 1]) is contained in a half-plane < C\{a}. Hence a is homotopic to 
a constant loop in C\ {a}. 

(4) Effective way of computing the index: Assume a is a piecewise-C loop 
in C and z ¢ Im(«) = «((0, 1]). Assume that a half-line R of direction u, starting 
at the point z, does not intersect Im(a) except for a finite number of simple 
points a(t,),..., a(t,),0 <t, <-*'<t, < 1, where the tangent vectors a(¢,) are 
defined and are not parallel to u. Let t; be such that the pair {u, a(t;)} is a basis 
of R? with the canonical orientation. A judicious use of Sard’s theorem and 
the inverse function theorem shows that one can find ¢ > 0 sufficiently small 
so that for B = B(a(t,),), Im(a) 7 B has only one connected component, it 
contains no other intersection point with R, and B\Im(«) has exactly two 
components, ,, Q,. Let Q, be the component that intersects the straight 
line segment [z, «(t;)]. Reducing « further, if necessary, we can assume that 
the connected component of «7'(B) containing ¢, is ]t; — ¢,,t; + €.[ and 
a(|t; — €,,t; + é.[) = Bo Im(a). We can assume further « is C’ in [t; — &, 
t; + €,]. We claim that for any w, € Q, and w, € 2, one has the relation 


Ind,(w,) = Ind,(w,) + 1. 


In fact, let B be the arc of 0B which does not intersect [z, «(t;)], starts at 
a(t; — e,)andendsat a(t; + €,).Lety = Bla|[t; — €1,t; + é,]) (the — denotes 
the inverse path). It is clear, by continuing R in the direction —u, that z is in 
the unbounded component of Im(y). Hence, the same is true for w,. Therefore, 
Ind,(w,) = 0. 


2 


Figure 1.13 
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Figure 1.14 


It follows, by homotopy, that if 6 represents the loop obtained from a by 
replacing a|[t; — €,,t; + &,] by the arc of circle 8, then Ind,(w,) = Ind,(w,). 
The same reasoning shows that if 8’ represents the arc of dB that starts 
at a(t; ~,), ends at a(t; + ¢,) and intersects [z,a(t,)], and 6’ is the loop 
obtained from « replacing «|[t; — 6,,t; + €] by f’, then Ind,(w,) = Ind,.(w,). 
Moreover, it is clear that Ind,(w,) = Ind,(«(t,)) and Ind,.(w,) = Ind,.(«(t;)). 
Therefore, 

Ind,(w,) — Ind,(w,) = Ind,(a(¢;)) — Ind,.(a(t;)) = Indgg(a(t;)) = 1. 

Similarly, if the orientation of the pair {u, ¢(t,)} is negative one has 

Ind,(w,) = Ind,(w,) — 1, 
with the same definitions of QO, and Q,. 
One can now see that Ind,(z) is the sum y o;, Where o, = +1 if orientation 
j=1 
of {u, a(t,))} is positive, o; = ~— 1 in the other case. For instance, in Figure 1.14, 
we have Ind,(z) = 2. 
Let us recall here that a Jordan curve is a loop y in C such that y|[0, 1[ is 


injective. The computation of the function Ind, is given in this case by the 
following famous theorem. 


1.8.5. Jordan Curve Theorem. Let y be a Jordan curve, then C\y({[0,1]) has 
only two connected components. If a is in the bounded component, Ind,(a) = 1 
and, if a is in the unbounded component, Ind,(a) = 0. 


The bounded component is called interior of y, denoted by Int(y), and the 
unbounded one is called exterior of y, Ext(y). 

There are several elementary proofs of this theorem originally stated by 
Camille Jordan in 1887 (see, for instance, [Tr], [He2], or [Bu)). 

We give now several versions of Rouché’s theorem. 


1.8.6. Proposition (Rouché’s Theorem—Strong Version). Let Q be an open set 
in C, a a loop in Q, f, g two continuous complex-valued functions on «([0,1]) 
such that 


| Flatt) — glatt))| < | f(a(D)| + lgla(e))| 
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for every te [0,1]. Then fo « and g o « are two loops in C* of the same degree, 
1.., 


Ind,.,(0) = Ind,..,(0). 


Proor. The strict inequality in the hypotheses shows that neither f nor g can 
vanish on Im(«). Moreover, the function A(t) = f(a(t))/g(a(t)) takes values in 
C\]—o,0]. Namely, 4 = 0 is impossible and if A < 0 then the inequality of 
the statement implies 1 + [A| < 1 + [Al. 

Let H(t,s):= (1 — s) + sA(t). This establishes a homotopy between the 
constant loop ¢, and the loop A. Hence K(t,s):= H(t, s)g(a(t)) is a homotopy 
between go a and fod. ‘a 


1.8.7. Corollary (Usual Version of Rouché’s Theorem). Let Q be an open subset 
of C, « a loop in Q, f, g two continuous complex-valued functions on «([0, 1}) 
such that 


I F(a(e)) — g(a(t))| < lg(a(e))] 


for every te [0,1]. Then foa and goa are two loops in C* with the same 
degree: 


Ind,,,(0) = Ind, ,,(0). 


EXERCISES 1.8 


i. Compute the index in each connected component of C\Im(«) for the following 
loops: 


Figure 1.15 
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Figure 1.15 (cont.) 


. Let a é€ B(O, 1), and « the loop given by 


(0<t<1). 


Show that Aarg a(t) = 2x. Compute Ind,(z) for |z| # 1. 


. Let B = BO, 1), a,,..., a, € B, f(z) = [] (; =i). Compute A arg f(z). 
; — ajZ 


j=l zeoB 


. G. Polya’s version of Rouche’s theorem: A young man carries a bouquet of flowers 


in one hand and pulls along his leashed dog with the other. While waiting for his 
fiancée, he paces nervously around a fountain, two meters in diameter. All along, 
the dog wanders its own way, restrained only by the five-foot-long leash. After 
about 20 minutes, the man and his dog find themselves at their respective starting 
point. Show that the total number of turns around the fountain is the same for the 
dog and its master. 


Use the argument principle in 1.6.30 to show that the equation 
dg + a,cos@ +--- + a,cosnO = 0, 


where 0 < ay < a, <:--<a,, has exactly 2n distinct roots in the interval 0 < 6 < 2n. 
(Hint: Show first that all the roots of the polynomial p(z) = ay + a,z +°°: + a,2" 
lie in the unit disk B(O, 1). Use the argument principle to determine the minimum 
number of intersections of the loop 6+ p(e”’),0 < 0 < 2z, with the imaginary axis.) 


Let B = B(0, 1), f: B > C continuous and injective. 


—f 
(i) Show that for t € [0,1], the loops f, given by f(z) = f (4) —f (5). 
z € OB, have image in C* and have the same degree. Conclude that f, does not 
have a continuous logarithm. 
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(ii) Show that if (0) is not an interior point of f(B) then there are values w so that 
| f(0) — w|is very small and z+ f(z) — wadmits a continuous logarithm in B. 

(iii) Using Rouche’s theorem, show that (i) and (11) are contradictory. Conclude 
that if f:Q > C, Q open in C, f continuous and injective, then f(Q) is open. 


89. 


Let Q be an open subset of C. In this section we will denote S)(Q) the set Q 
itself, S,(Q) the set 4([0, 1], Q) of paths in Q, and by S,(Q) the set @(A,, Q) of 
continuous maps A, > Q, A, := {(x,y)e R*:x > 0 y200<x+y< i}. lf 
A, = {0}, A, = [0,1] then SQ) = @(A,,Q) for i = 0, 1, 2. An element from 
S(Q) will be called an elementary i-chain. We denote by @,(Q; Z) the free 
Z-module Z&® of all maps from S,(Q) into Z that are supported by a finite 
number of points. The elements of @,(Q; Z) are called i-chains with integral 
coefficients. In other words, every i-chain is a (formal) linear combination 
> v,°o where o € S,(Q), v, € Z, and only finitely many v, are distinct from zero. 
Note that }'v,-o = 0 is equivalent to v, = 0 for every o. The boundary of an 
elementary i-chain (.e., of a path) y: [0,1] —-Q, is the 0-chain y(1) — (0), 
denoted dy or 0,y. The boundary do (or ¢,c) of an elementary 2-chain 
a:A,—7 Qisthe l-chainy, — y, + y,, where y(t) := o(1 — t,0),7,(t) := @(0, 0, 
y(t) := o(t, 0). 

We can extend the definition of the boundary operators to @,(Q; Z) and 
€,(Q; Z) by making them Z-linear: 


o( y va) = > v,0(o) (G=1,2). 


a@8,(Q) ao€$,(Q) 


Homology 


This way we obtain two homomorphisms 
612 €(Q5 Z) > €(Q; Z) 
02: 6z(Q; Z) — €(Q; Z), 


G(€p) — a , 


Figure 1.16 
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and one verifies easily that 0, o 6, = 0 (sometimes also written 02 = QO). If we 
introduce the homomorphism 


é: 6 (Q; Z) > Z 


( y veo) = S93 
GE So({Q) ce So(Q) 


we can also verify ¢ o 0, = 0. It is then natural to consider the sequence 
6,(Q;Z) 3 6,(Q;2Z) 5 G(Q;Z) 4 Z 0, 


where Im 0, © Ker é, and Imd, © Kere. Denote by Z,(Q;Z) the set Ker 01, 
its elements are called I-cycles. The 1-boundaries are the elements of B,(Q;Z)= 
Im0é,. The quotient group H,(Q;Z) = Z,(Q;Z)/B,(Q;Z) is called the first 
homology group of Q (with integral coefficients). Two elements of Z ,(Q; Z) 
which are congruent modulo B, (Q; Z) are said to be homologous. 

We are going to show now that if Q is connected then H,(Q;Z) can be 
identified to 2,(Q)/[7,(Q), 2,(Q)]. We have really shown this already in the 
case of an open set homeomorphic to C punctured by a finite number of points 
(i.€., C\ {Pi see :Pn})- 

A loop y € @(Q; zy) appears in the languange of homology as an elementary 
[-chain o, such that do, = y(1) — y(0) = 0. We have therefore a canonical 
Injection 


1: CQ 2) > Z,(Q:Z). 


1.9.1 Lemma. If two loops y,, y2 with base point z, are homotopic in Q then 
6,, = x(y1) and o,, = x(y2) are homologous. (That is, y induces a map from 
7 (Q5 Z9) into H,(Q; Z).) 


Proor. Let us denote (as in Figure 1.16) e, = (0,0), e, = (1,0), e, = (0, 1), the 
vertices of A,. Let Q(s):= se, + (1 — se; (O<s < 1) and O(t,s):= tO(s) + 
(1 — they = t(1 — sje, + tse, (0 <t < 1). Now, 6 is a continuous surjection 
from [0,1] x [0,1] to A, such that 


O(t, 0) = te, 
O(t, 1) = te, 
G(0, 5) = eg 


G(1,s) = se, + (1 — s)e,. 


Let now H:[0,1] x [0,1] + Q be a homotopy carrying the loop y, into y,. 
H is hence constant on {0} x [0,1] (equal to z)) and, since 0(0,s) = ép, it 
makes sense to define the 2-chain o by 

o(@(t, s)) = H(t,s). 


(Note that 6 is injective except on {0} x [0,1] and A, can be considered as 
the quotient space of [0,1] x [0,1] by the equivalence z ~ z’ if and only if 
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Q(z) = 0(z’).) We have now 
0(0) = (s+ H(1,s)) — (t+ H(t 1) + (> Ht,0) = &,, — %, + 0, 


On the other hand, if o’ is the elementary 2-chain o’(t, s) := 2) then 0(¢’) = Oe, 
therefore 0(0’ — o) = o,, — o,, = x(¥2) — x(71), which is what we wanted to 
prove. | 


1.9.2. Lemma. Let y,, y, be two paths inQ such that y,(1) = y2(0). Let yo = 7172. 
Then: 


(a) The i-chaino, + o,, — 6,,isaboundary (1e.,0,, + o,, is homologous toa,,). 
(b) The map y : 6(Q; 29) — Z,(Q, Z) induces a quotient map 
7H: 1 (Q5 Zo) ~ A, (Q, Z) 


which is a group homomorphism. 


PRrooF. (a) Define an elementary 2-chain o as follows (see Figure 1.17): 


a(x, y) = ¥1(% + 2y) ffx +2y<1 
o(x,y)=y.(x+2y—1) ifx+2yoL. 


It is immediate to check that o is a 2-chain in Q satisfying o|[e@o,e, ] = 71, 
o\fe,,€.] = 72, ol[e2,€o] = ¥1Y2 = Yo. That is, d(o) = o,, — o,, + o,,. This 
proves (a). 

(b). We have x(7:72) homologous to x(y,) + x(72), hence X(L71 J [¥2]) = 
X(Lyi J) + x(Ly2 )). 0 


€» 


eo YY e, 


Figure 1.17 
It follows from this lemma that if y is a path starting at z) one has 
X(Lyy]) = 0 since yy is homotopic to ¢,,. 


1.9.3. Theorem. Let Q be an open connected subset of C, then the group 
homomorphism % :1,(Q;z,.) ~ H,(Q;Z) is surjective. Its kernel Ker x is the 
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subgroup of commutators of 7,(Q;z,) and H,(Q; Z) can be identified to 
7 (QS Z9)/L7 (QS Zo), 7 (Q5 Zo) J. 


Proor. Since ¥ takes values in a commutative group it follows that 
Ker ¥ 2 [2,(Q3 2), 2,(Q; 29) ] and, if g@ is the quotient map of 2,(Q,z,) onto 
its abelianized 7, (Q; 2,)/[7,(Q3 Zo), 7,(Q; 29) ], then there is a unique homo- 
morphism y’ of this last group into H,(Q; Z) such that 
X= xX °@. 

We want to define a homomorphism «x from H, (Q; Z) into this quotient group 
such that ko y’ = id, y’ 0 k = id. This wiil prove the theorem. 

For each z € Q, let us choose a homotopy class «, of a path joining Zz, to 
z, with the convention that a, = [e,, ]. Let now u: [0,1] > Q be an arbitrary 
path, set 


A(u) = uo) LY] uc) E 1(Q5 Zp). 


This defines a map 4: S,(Q) > 2, (Q; 2.) by A(a,) = A(u). By Z-linearly extend- 
ing to @,(Q; Z) the map @ o 4, we obtain a homomorphism: 


bh 6,(Q3 Z) > 1, (Q) 29)/L 1, (QS 29), 71 (QS Z9) I. 
1.9.4. Lemma. The map p vanishes on B,(Q; Z). 


Proor. Let o: A, ~ Q be an elementary 2-chain. Using the previous notation 
(see Figure 1.16), we have 


O(0) = Yo — V1 +7 2- 
Hence, 


u(o(c)) = P(A(yo) Ari) ACY) 
= ¢& (Hee, L Vo] Ooe,)(%ereg) [yi] sien) heey) [y2] Ose.) 
= P(GereL¥o] Cyd Dyadece,))- 


We claim that the loop yo), 72, with base point o(e,), is homotopic to ¢,,, 5. 
Namely, let 6 be the continuous surjection 


0:[0,1] x [1] >A, 
O(t,s):= tC — sjeg + se, + (1 —S)(i — tHe, = se, +0 —s)Cl — dep. 
It is clear that (we write between parentheses the corresponding paths under a) 
A(t,0) = — ne (V1) 
O(t, 1) = ey (En¢e,)) 
0(0,s) = se, + U1 — sje, (Fo) 
G(1,s) = se, (V2). 
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Hence t := o o 8: [0,1] x [0,1] > Q is a continuous map such that 
t|[0, 1] x {0} =7; 
tI{1} x [0,1] = y2 
t{[0, 1] x {1} = Exe,) 
t|{0} x [0,1] = Yo. 


Let us consider the following figure: 


Figure 1.18 


It shows that yo), 72 is homotopic to é,,,.,. as follows: For ue [0,1] as the 
homotopy parameter, it traverses the segment [A, B(u)] during the first third 
of the time, [B(u), C(u)] during the second third, and [C(u), D] the last third. 
More precisely, let 


(EY 1 3a) 0<t<1/3 
H(t, u) := (43 + (3t — lu,1 — “) 1/3 <t < 2/3 

(! _ . + woe. 1—u+u(3t— 2 2/3<t<l 
Hence, u(0(c)) = (Le, ]) = 0. 0 


Therefore, the restriction of to Z,(Q; Z) induces a homomorphism 


KH, (Q; Z) > 7, (Q5 Z9)/L 0, (Q5 Z9), 71 (QS Zo) ]. 
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1.9.5. Lemma. k 0 y’ = id on n,/[7,,7, ]. 


ProorF. [t is enough to show that ko ¥ = q. 
€(Q329) —~>  Z,(Q;2) —~> 2 (Q520) 


a 


1, (Q; 29) —*~— H, (Q; Z) nats 1, /[,,%1] 


Nt 


Indeed, ifk o y = g, thenk o y'°o g = @ = id o gas shown by this diagram 
and, since @ is surjective, ko y’ = id. Conversely, ifk o y’ = id, then k o ¥ = @, 
by the same diagram. 

Let now y € 6(Q; z,). The element 7([y]) is the class of o, and (x o x)([y]) = 
H(o,) = p(A(o,)). Since y(0) = y(1) = 2) and a, = [e,, ] we have 


A(a,) = Xo) LY] ej) = [y]. 
Hence (x o x){[y]) = e([7]), and the lemma follows. C] 


1.9.6. Lemma. y’ ok = id on H,(Q; Z). 


Proor. Consider the diagram: 
Z,(Q;Z) 24+ | H,(Q;Z) 


Hi, (Q; Z) — 11 /L%1,%;] 


The statement is equivalent to y'ou=p=canonical projection 
Z,(Q; Z) — H,(Q; Z). Namely, ify’ o x = idtheny’o uw = y'oKo p= p.Onthe 
other hand, if y’o uw = p then y’° ko p = ido p and, since p is surjective, 
y'oK = id. 

Let o = }' v,0,, be a 1-cycle (v; € Z, u; path in Q). We have 


u(a) = 2, v;H(G,,) — » v:P(A(a,,)). 


with A(a,,) = «, (0) Lu; Joa; q1) (note that we use additive notation because p 
takes values in an abelian group). Let c, be a path in the class a, for every 
CeQ. The loop c, o)4jC,.,, defines a cycle homologous to the cycle 


Cd 


G, = Fu, Fey cay" Hence y'(u(a,,)) = x'(e(4a,,))) is the homology class 


t 


of the cycle G;. By linearity, y'(u(o)) is the class of the cycle 
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»Y = S104 +E (yo San) = T+} VF,.0) ~ Fey): 


i E i 


We need therefore to show that the last sum vanishes. We have not yet really 
used that o is a cycle; this means precisely that 


6(o) = ), v(u(1) — u,(0)) = 0 
in €,(Q; Z). For € € Q, let 
(Q:= {ie 1:40) = 0} 
HO) := fie Ts u(l) = 6. 


Recall that J is finite, so for only finitely many € € Q we can have I(C) # @ or 
J(2) # @. The equality o(c) = 0 leads to 


0 - 5 (5 .- ve 
feQ \ie I(t) ie J(f) 


hence } v,;= > v;, for every € €Q. Therefore 


ie F(¢) ie J(C) 
» VAG, co) _ Ge.) = » ( » vi > ») Oc, = Q. 
i ‘ , CeQ \ie ld) ie J(g) 
This concludes the proofs of Lemma 1.9.6 and Theorem 1.9.3. CO 


1.9.7. Corollary. If Qis a simply connected open subset of C, then H,(Q; Z) = 0 


1.9.8. Example. In C\{p,,p,} the loop with base point z) of Figure 1.19 
induces a 1-boundary g,. 
In fact, y is homotopic to the commutator «fa"!B~', where «, 8 are shown 
in Figure 1.20. 
_ More generally, if Q is homeomorphic to C, then H,(Q\{p,,...,p,};Z) is 
isomorphic to Z” and generated by the loops a: trp, + re7™", r, > O small. 


Zo 


Figure 1.19 
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Figure 1.20 


1.9.9. Definition. We call a special chain in Qa 1-chainc = )'n;,y;, where n; € Z 


and y, is either a horizontal or a vertical path (i.e., parallel to one of the 
coordinates axes) of the form y,(t) = (ta + (1 — 0)b, c) or y,(t) =(c, ta + (1 — t)d). 


1.9.10. Proposition. Let Q be an open subset of C. Every cycle o € Z,(Q; Z) is 
homologous to a special cycle. 


ProorF. It is enough to show that every path y is homotopic in © to a special 
path (i.e., composed of horizontal and vertical line segments). This is a conse- 
quence of the following observation: if y,, y, are two paths in Q with the same 
endpoints and sup |y,(t) — y,(¢)| is sufficiently small, then y,, y, are homo- 


<t<l 
topic by H(t,s) = sy,(t) + (1 — s)y,(t) which is a homotopy in Q with fixed 
endpoints. The uniform continuity of a path y now shows that it is homotopic 


to a piecewise linear path in Q composed of very small segments. Moreover, 
this piecewise linear path is itself homotopic to a special path. OC 


1.9.11 Definitions. 
(1) We call support of an i-chain (i = 0,1,2)o¢ = > v,0;, the set 


supp o := |) Image(a;). 


(2) If Q is a connected open set, 6 € Z,(Q; Z) and a e C\supp 4, we call index 
of 6 with respect to a, the number 


Ind;(a) := » nile (i) 


1 d 
if 5 = ¥.njy;, where o, = <————~. 
i wT 


1.9.12. Remarks. (1) The function we have just defined is constant on each 
connected component of C\supp 6, takes only integral values, and is zero in 
the unbounded component of this set (cf. §1.8.4, Remark 3). Namely, let us show 
that Ind,(a) = (j... 0 #)(6), where j,,.:2,/[",,2,]— Z is the quotient map 
corresponding toj,, : %,(Q;z)) > Z (this can be done since Kerj,, > [71,7 ], 
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because Z is commutative). This identity will then prove the remark by the 
properties of j,, . 


Ifd = » n,y,; with » n{y,(1) — y,(0)) = 0(d) = 0, then yu (5 nan] is the class 


in 1 /[71,7;] of | | xo) Lyi] out)". It follows that 


lo, (0 (TI (uosLrdeud)!") = » Ney (Coase) Vi€ausy) 
= » Ny (Caio) + » nl. (y;) ~ » Nil (Cay) 


(we have kept the notations from the previous theorem and corresponding 
lemmas). As before, I(z) = {ie I: y,(0) = starting point of y,; = z}, and J(z) = 


{ie I: y,(1) = endpoint of y; = z}, hence we have 5° n;= > n; for every 
ie I(z) ie J(z) 
z € Q, because 6 is a cycle. Let us note now that 


» Nil (Cauo) = 2. ( y n) I,,(cz) 


zeQ \ie T(z) 
> Niles (Cass) = y ( n) I, (cz). 
i ze \ieJ(z) 


It follows that 
Ind,(q) = » nil (i) = Go, ° p)(0). 


(2) What we have just done is to “integrate” the form w, along the cycle 6. 
More generally: 
(a) We call integration of 0-forms the operation 


€(Q:Z) x €(Q) + C 
(ofy\re<af> = Yo vz f(z), 


zeQ 


where c is the O-chainc = )° v,-z. 
zeQ 


(b) Integration of the closed 1-forms of class C', the operation 
€(Q:Z2) x ZIQ)-C 
(ca) <c,ay = v41,(0), 


ceS81(Q) 


where Z}(Q) is the set of closed 1-forms of class C' and c = > vo. If the 
. « . e ° 7e5;(Q) 
o appearing in c are piecewise C‘ then one can also integrate along c a 1-form 


w@ which could eventually be not closed, by setting <c,w) = Yo v, | o. 
* * * ° ° . ve S,(2) c 
For instance, if U is an open set with piecewise regular boundary of class 
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C*, then the boundary OU of U is a 1-cycled:= 0U = Y  4,, where the y, 


Ll<i<n 
are the piecewise-C’ Jordan curves that are the connected components of dU, 
parameterized following the canonical orientation. If w is a 1-form of class C’ 
on a neighborhood of U, the Stokes formula can be written as 


| dw = | o=5| w= (6,o». 
U oU i Vi 


(c) Let us show that if w is a closed 1-form of class C' and 6 € B,(Q; Z) then 
<6,@> = 0. Without loss of generality we can assume 6 = 00, 6 € S,(Q). Then, 
with the notation of Figure 1.16, we have 6 = yp — y, + y2. Therefore 


(0,0) = 1(¥o) — Lot) + Laol¥2) = LolvoF 172) = 9, 


because, as we have shown in the proof of 1.9.4, the loop yp}, 7, is homotopic 
to €,(.,). In particular the index of a 1-boundary 6 with respect to any point 
ae C\supp 6 is zero. 

More generally, we have the following proposition. 


1.9.13. Proposition. Let Q be a connected open set in C. A 1-cycle 6 € Z,(Q;Z) 
is a 1-boundary if and only if Ind,(a) = 0 for every ae C\Q. 


PRroor. We can assume 0 is a special 1i-cycle Xv,y,. Consider two (finite) 
increasing sequences of real numbers {a;,}, {b,;} where the {a,} contains all the 
projections of the endpoints of the y, on the x-axis, {b,} those on the y-axis. 
We can, in fact, suppose that every y, is either of the form [a;,a;.,] x {b,} or 
{a;} x [b;, bj, ]. Denote by Q, ,; the rectangle [a,,a;,,] x [b;,b)4,], which will 


Figure 1.21 
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be considered as the support of the 2-chain c; ; = cj, ; + ¢7 ;as shown by Figure 
1.21. 
Let z, , be a point in the interior of Q; ;. Consider the 1-chain 


= » Ind ;(2;,,)C(C;, ;), 
ij 


which is evidently a Il-cycle in C. We want to show that 0’ is in fact a 
{-boundary in Q. 

If Ind,(z; ;) # 0 we claim that Q; ; © ©. Assume this is not the case, let 
zEeQ; \Q. We have then Ind,(z) = 0 by hypothesis. The segment [z, ,,z] does 
not intersect supp 6 since [z; ;,z[ S 0; jand z ¢ Q. Therefore, Ind; is constant 
on that segment and Ind,(z; ;) = Ind,(z) = 0, a contradiction. 

Therefore, 6’ is the boundary of the 2-chain c € @,(Q; 2), 


Ci= » Ind,(z;, )¢;, ;, 
LJ 


where the sum takes place only over the indices i, j, for which Ind,(z, ;) 4 0. 


Let us now show that 6 = 0’. One can write 6 — 6’ = D n,o,, where n, € Z, 


and a, are segments, either vertical or horizontal, and have disjoint interiors. 


Let us assume n,  # 0, and to fix ideas, assume a, is a vertical segment located 
on the left side of Q,, ,.. 


Qi,-1. io | Qi, jo 


Figure 1.22 


Define 0” := 6 — 0' +n, O(c, ;,). We now have Inde 92.) = () for every 
i,j and Ind ac, jg) Zio. jo) = i. "Therefore Ind;,(z;,, ;,) = Np,- For the same reason 
Ind5--(Z;,—1, jg y= = 0. On the other hand, n po AC; contains the term —n,.4,,, 
hence supp 0” does not intersect [Z;,-1,;,»2i),;,.1. From here we conclude that 
n,, = 9. This contradiction shows that 6 = 6’. Therefore we have obtained 


0 = O(c). = 


io. jo) 


1.9.14. Corollary. Let Q be a connected open subset of C and « a loop in Q. The 
following conditions are equivalent: 


(1) For every we Z'(Q) we have I,,(a) = j,,({«]) = 0 
(2) For every a€é C\Q we have Ind,(a) = 
(3) The class [a] of a in n,(Q; «(0)) belongs to the commutator subgroup. 


ProoF. (1) implies (2) since @, is closed. (2) implies (3) since, by Proposition 
1.9.13, x(a) = 6,18 a 1-boundary in Q. This means that [a] € [x,,7,] because 
in the isomorphism between H,(Q;Z) and x,/[,,7,] to the class of o 
corresponds [«]. 

Finally, (3) implies (1) since j,, vanishes on [7,, 7, ]. C] 
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1.9.15. Proposition. Let @ be a closed 1-form of class C! in Q, Q connected 
open set in C. The differential form w is exact if and only if for every 


0 = » ny, € Z,(Q; Z) 


iel 


it satisfies 
{0,@> = X nil (yi) = 9. 
ProoF. If @ = df with f ¢ &?(Q) then 


(0,0) = » n{ fyi) — fQ(0))) = >, ( » an . » ns) fe) 
ief zeQ \ieJ(z) ie I[(z) 
with I(z) = {ie J: yO) = z}, J(z) = fie I: y,(1) = z}. Since 6 is a 1-cycle we 
know that >) n,j= ) n,, hence <6,w> = 0. 


te I(z) ie J(z) 
Conversely, the condition <6,@> = 0 for every 1-cycle implies that all the 


periods of w vanish, hence the function f(z) = | wis well defined and satisfies 


Cz 


df = w, as in Proposition 1.7.8. 7 


Let Q be an open set in C and o = )'n;,o; be a 2-chain such that o;: A, > Q 
be the restriction to A, of a function of class C' ina neighborhood of A,. Such 
a 2-chain will be called a differentiable 2-chain. 

If w is a 2-form in Q with coefficients in Lj,,(Q), we will call the integral of 


@ over the differentiable 2-chain o the complex number 


<o,@)> = > 0; | ao: > n, | o*(a). 
i G; i A> 


A form w € &% (Q) is said to be locally exact if for every a € Q there is a disk 
B = B(a,r) = Q and a C'-function f in B such that wm = df in B. If is an 
open subset of Q, Q' simply connected, then the proof of Proposition 1.7.9 
shows that w has a primitive fin Q' (Le., f € &,(Q’), m = df). If m were of class 
C' we could have applied directly Proposition 1.7.11. 


1.9.16. Proposition. (1) Let w be a 1-form of class C' in Q. The differential form 
@ is closed if and only if <6,@> = 0 for every 6 € B,(Q; Z) which is of the form 
0 = O(a), o a differentiable 2-chain in Q. 

(2) If w is a continuous 1-form, we have the following equivalence: The form 


w is locally exact if and only if | @ = 0 for every loop « in Q which is of class 


a 
piecewise-C' and homotopic to a point Q. It is enough to let « be a boundary of 
arctangle of sides parallel to the axes which is homotopic to a point in Q. 
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Proor. (1) If@ is C’ and closed, and 6 = 6(£n,o,), with a; differentiable, we have 

<0, @> =0 by §1.9.12, 2(c). Conversely, if dw #0 and w = Pdx + Ody, we can 
7) OP 0 oP 

assume og — —~ does not vanish in some triangle T. Hence og —— |x 
Ox  éy 7\Ox oy 


dx dy # 0. Ifo is the affine 2-chain that parameterizes T, then 


<ato.0) = | o=| dw # 0. 
eT T 


(2) Every ae Q has neighborhood B(a,r) © QO where the function 


re)=| 7) 


_ = QO when w = Pdx + Qdy. (y, is the 


OF 
is a primitive of @ such that — = P, 
Ox 0 


path indicated in Figure 1.23.) 


; OF are 
Let us verify that ax P. Assume a = 0 for simplicity. For z € B(O,r) 


h real, we have (say h > 0) 


x+ 


Fie +h) Fe)= | 


x 


P(t)dt + \. O(x +h + it)dt — \c O(x + it)dt 
0 


xt+h 
= | P(t + iy)dt 


X + ly X+h+ iy 


Figure 1.23 
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; OF | 
by the hypotheses (Figure 1.23). It follows that ax (z) exists and equals P(z). 
x 
LJ 


These results allow us to define on open connected subsets Q of C, a duality 
bracket 


H,(Q;Z2) x H'(Q)>C 


which to the class 6 of the 1-cycle 6 = 5'n,y,, and to the class @ of the closed 
form w associates <6, @>. This mapping is well defined, Z-linear in 6, C-linear 
in @, and nondegenerate, namely, 


6,0>=0 Vo>a= 
(60)=0 Vasd= 
EXERCISES 1.9 


1. Let a,,..., @,,,; be a collection of distinct points in C, y, paths starting at a, and 
ending at a,,, (1 <j <n), oj =6,, the corresponding elementary 1i-chains. Show 


that ifo = } 4,0,is a 1-cycle then A, = 0 for all j. 
j=l 


2. Compute H,(Q; Z) for the Q given in Exercise 1.6.1. 


3. Let f:Q, > Q, be a continuous transformation between two open subsets of C. 
(i) Show that the map s,( f)(o) = foo, s{f): ${Q,) > S$(Q,) @ = 0, 1, 2), extends 
to a Z-linear map from ¢(Q,, Z) into G(Q)2, Z). 
(ii) Prove that ifQ, = Q2, f = idp, then s,(f) = ide, 2. 
(iii) If g: Q, > Q, is another continuous map, then s,(g ° f) = sg) ° sf). 
(iv) Show that 0,,, ° 5:4,(f) = s,(f)° 6;,, for i = 0, 1. Conclude that 
(a) 5,(f)(Z(Q); Z)) S Z,(Q); Z) 
(b) s,(f)(B,(Q,;Z)) S B,(Q,; Z) 
(c) s,(f) induces a homomorphism H,(f): H,(Q,;2Z) > H,(Q,; Z) such that 
H, (idg) = idx (a: z) and A,(go f) = Hy(g)° H,(f). 
(v) Show that if f is a homeomorphism, then H,(f) is an isomorphism. 
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We consider the Riemann sphere S* = {x € R*: ||x|| = 1} as the Alexandrov 
(or one-point) compactification of C. This means that S? is identified to 
Cw {oo}, any open set Q of C is also open in S*, and a basis of open 
neighborhoods of the point oo are the exteriors of disks centered at the origin 
in C. Later on, we will have the opportunity to consider the chordal metric 
in S? (that is, the metric induced by the Euclidean metric of R*) and the stereo- 
graphic projection. What we need now is the observation that given an open 
set Q < C then S*\Qis a closed set and only one of its connected components 
contains the point 00, this one is called the unbounded component; the other 
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ones are closed sets, bounded in C (hence compact), and are called the Aoles 
of Q. 


1.10.1. Proposition. Let Q be a connected open set in C. The following state- 
ments are equivalent: 


(1) Q does not have holes (i.e., S*\Q is connected). 
(2) H,(Q; Z) = 0 (ie., every 1-cycle is a boundary). 
(3) H*(Q) = 0 (ie. every closed 1-form is exact). 
(4) Q is simply connected. 


ProorF. (1) = (2): Let 6 be a 1-cycle and a ¢ Q. Then Ind,(a) = 0 since a is in the 
unbounded component of C\supp 6. Hence 6 is a boundary by Proposition 
1.9.3. 

(2) = (1): We prove first an important lemma. 


1.10.2. Lemma. Let K be a compact subset of C, V an open neighborhood of 
K,andaeé K. There is 6 € Z,(V \ K; Z), which can be taken to be a special cycle, 
such that Ind,(a) = 1 and 6 € B,(V, Z). 


Proor. If V = C the proof is obvious. If not, let p = d(K, V°) > 0. Let us 
consider the tiling of C by (closed) squares of center a + 5 ( + ig), p,q € Z, 


and side p/2 (called the size of these tiles). 

Let Qo, Q,,..., Q, be those squares intersecting K, numbered in such a 
way that ae Qo. We consider Q, as the support of the 2-chain c; = c} + cj, 
where c; (k = 1,2) are triangles defined as in Figure 1.21. 

Letd= ) A(c,), which is clearly a 1-boundary in V. We claim that 6 is 

O<j<n 
also a i-chain in V\K (and hence a 1-cycle). In fact, if one of the sides y of Q, 
is not entirely in V\K, y must intersect K. Then the square of the paving 
contiguous to Q; along y intersects K, hence it is one from the preceding list, 
say O,,0<k<n,k #j. It follows that the segment y is not in supp o since it 
appears exactly two times in 6, once in 0(c;) and once in O(c,), but with opposite 
signs. 


Figure 1.24 
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The chain 6 is then a cycle in V\K since its boundary, as a chain in V\K, 
has the same formal expression as the boundary of 6, considered as a chain 
in V. 

Finally, Ind,(a) = 1 since Ind4.,)(a) = 1 and Ind,,,(a) = 0 for j = 1. This 
concludes the lemma. a 


Let us go back to the proof of (2)=(1). We argue by contraposition. 
Assume that H,(Q;Z) = 0 but there are holes in Q. Since now 57\Q is not 
connected, then there are two closed sets A, B & S*\Q, not empty, disjoint, 
and such that S7\Q = Av B. Assume o € A, then B is compact. Let us apply 
the preceding lemma to V = QU B (= S?\A), K = B, ae B. There is then 
6€Z,(V\K;Z) = Z,(Q;Z) such that Ind,(a) = 1. Hence 6 € B,(Q; Z), other- 
wise Ind,(a) = 0. This contradicts H,(Q; Z) = 0. 

(2) <> (3) It follows from the duality between H, (Q; Z) and H'(Q) established 
at the end of the previous section. 

(4) => (1), (2), (3): if 2, (Q; zo) = {Le.,]} for zp) € Q, then H,(Q; Z) = 0. 

(1), (2), (3) = (4): If is a loop in Q there is an e > O such that if Q is a square 
of a tiling of size ¢ such that 0 7 0Q 4 @ then Qn Image(a) # @. Let us add 
to S?\Q those squares of the tiling whose interiors intersect 0Q. One obtains 
this way a closed set F, in S* such that Q, = S*\F, is an open set in Q and « 
is a loop in Q,. Since Q has no holes, F, is connected. Let {Q, ;} be the family 
of connected components of Q,. For each i, F, 0.Q,, ; is not empty by construc- 
tion, hence F, U Q, ; is connected. (Both F,, Q, ; are connected.) Therefore, for 
each i, S*\Q, ; is connected since it is the union of connected sets, F,UQ, , 
(j # i), with nonempty intersection F,. Therefore, since « is contained in one 
of the Q, , and Q, ; has no holes, we are reduced to prove, by induction on N, 
the following: 


Let U be an open set of C obtained as union of N squares Q,,..., Qy ofa 
tiling (possibly taking away some of their sides). 
Assume U and S?\U are connected. Then U is simply connected. 


The case N = | being obvious, we consider the case N > 2. Among the 
squares in U, we have one which can be singled out by being “further to the 
right and up” than any other square in U (for instance, the point gy = (Xo, Yo) € 
U which satisfies x) = max{x:(x,y)¢ U} and yo = max{y: (xo, y)e U} is a 
vertex of this square and only this square among Q,,...,Qy.) Let us call Q 
this square. If either, three sides of @ have been taken away or, this happened 
for only two sides of Q but Q is bounded by three other Q;, then V = U\Q 
has N — 1 squares and verifies the same connectivity hypotheses. Hence V is 
simply connected by the inductive hypothesis. (See Figure 1.25.) One con- 
cludes the reasoning by a simple application of §1.6.13, Remark 2, to V and 
V(Q, 5) for 6 > 0 small (V(Q, 6) a 6-neighborhood of Q in U, 1.e., the shaded 
area in Figure 1.25). 

If not, we have the following type of situation (where the shaded area in 
Figure 1.26 corresponds to S?\ U): 
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Figure 1.25 


Figure 1.26 


The problem here is that if we remove Q then we may disconnect U or not. 
The set U\Q has at most two connected components by the choice of Q. If it 
has exactly two, U, and U,, then they are simply connected by the induction 
hypothesis (for instance, S?\U, = QU U, U(S?\U) is connected). Applying 
§1.6.13 once gives Q U U, simply connected (with the correct sides of Q taken 
away), reapplying it shows that U = (QU U,)U U, is also simply connected. 

The troublesome case arises when U\Q has a single component. Then 
V = U\(Qis again simply connected by induction, but we cannot say anything 
about U. We are going to see that this case does not really arise. Let a and b 
be the midpoints of the sides of Q which are not exterior to U. Since V is 
connected one can find a special path y in V joining a to b. One can further 
assume that y has no self-intersections (i.c., the continuous map y: [0,1] - V 
is injective). Let a be the special path joining b to a in Q and passing through 
the center of Q. The path B = ya is hence a Jordan curve in U (not homotopic 
to a point!). One can see that this situation is impossible because it shows that 
S*\U is not connected. Namely, the square C from Figure 1.27 is in the 
bounded component of S*\U as one can see computing by continuity the 
index with respect to 8. The index changes from 0 to 1 when one traverses «a. 
This concludes the proof of Proposition 1.10.1. CJ 
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Figure 1.27 


1.10.3. Definitions 


(1) Let Q be an open subset of C and T a hole of Q. T is said to be admissible 
if QU T is open in C. 
(2) An open subset of C is called admissible if all its holes are admissible. 


For example, if Q = C\{0,1,1/2,1/3,...,1/n,...} then T, = {1/n} is an 
admissible hole for n > 1. Ty = {0} is not. Hence Q is inadmissible. 


1.10.4. Proposition. An open set Q in C is admissible if and only if the family 
(T));<, of its holes is locally finite in the open set U = S*\ T.,, where T.,, is the 
component of 00 in S*\Q. 


ProoF. If (7j);-; is locally finite in U then for every ip € I we have Qu T,, is 
open. In fact, since 7;, is compact and the family is locally finite we can find 
a neighborhood of T;, which meets only finitely many other 7;, by reducing 
the size of this neighborhood one finds an open set V that doesn’t intersect 
any T;,i # ig and V > T;,, hence VUQ = Qu T,, is open. 

Conversely, if Q is admissible, then every compact subset K of U must 
intersect only a finite number of holes 7;. If not, let (J));.; be a countably 
infinite family of holes intersecting K. Pick distinct z,; € T; 7 K. The sequence 
(Zj}jey admits an accumulation point z) € K 4(S?\Q). Therefore z, itself 
belongs to some T,,. It follows Q U T;, cannot be open, since every neighbor- 
hood of Z, (in particular, Q u T,,, if open) must contain an infinite number of 
Z;,j € J, which is clearly impossible. C] 


For example, if QO has only finitely many holes or if the set of holes is a 
discrete set of points, then Q is admissible. 
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1.10.5. Proposition. Let Q be an open set in C, T an admissible hole. There exists 
b7 € 2,(Q; 2) 0 B, (QU T; Z) such that 


(1) If be T, then Ind; (b) = 1. 
(2) If c€ QUT, then Ind; (c) = 0. 


Furthermore, if 67 € Z,(Q;Z)0 B (QUT; Z) verifies also (1) and (2), then 
Or — Or E BQ; LZ). 


PRooF. One applies Lemma 1.10.2toV = QUT, K = Tandae T, thislemma 
furnishes 0,. 

If 6; has the same properties as 6, then 6, — 67is a 1-boundary in Q since 
its index with respect to any z € S*\Q is zero. a 


1.10.6. Definition. Let T be a hole of an open set Q and 6 € Z,(Q; Z). We denote 
by Ind,(T), index of 6 with respect to T, the integer Ind,(a) for a € T (which is 
independent of the choice of a). 


1.10.7. Proposition. Let Q be an admissible open set. For every 1-cycle 
6 € Z,(Q; Z) one has Ind,;(T) = 0 for every hole T, with the exception of at most 
a finite number of holes. 


Proor. The connected component of oo in U = S*\supp6 contains all the 
holes of Q except possibly for a finite number (cf. §1.10.4), and Ind,(a) = 0 for 
ae U. CJ 


1.10.7. Residue Theorem (First Version). Let Q be an admissible open set. For 
every hole T of Q choose 67 € Z,(Q;Z) 0 B,(QU T; Z) such that Ind; (a) = 1 
if ae T, Ind; (a) = 0 if a€ QUT. Then, for every 0 € Z,(Q; Z) one has 


6’:= 6 — > Ind,(T)6; € B,(Q; Z). 
T 


Proor. Let us consider the index of 6’ with respect to a ¢ Q. If a is in the 
unbounded component, then Ind,(a), Ind,,(a) are all zero, hence Ind,.(a) = 0. 
If ae Ty, Ty hole of Q, Ind;(a) = Ind,;(7T)) and 


\ Ind,(7) Ind, (a) = Ind;(7T5) Ind,. (a) = Ind,(79). 
T ¢] 
Hence Ind;.(a) = 0. It follows that 0’ 1s a 1-boundary. O 


1.10.8. Remarks 
(1) If 6 is homologous to }'n;6,, then n; = Ind,(T). 
T 


(2) Let I be the set of holes in Q. The first version of the residue theorem means 
that H,(Q;Z) is isomorphic to Z (the set of maps I > Z with finite 
support) via the mapping 6+ (Ind,(T)),.;. 
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1.10.9. Definition. Let QO be an open set in C, T an admissible hole, w a closed 
1-form of class C' in Q, and 6, a 1-cycle corresponding to T. We denote 
Res,,(7), the residue of w with respect to T, the number 


Res,(T) = =~ lo(5z) 
ani 
We remark that this value does not depend on the choice of 6,, since if 6; 
is another cycle satisfying the same condition, 6 = 6; — 6, is a 1-boundary 
in Q and hence, I,,(6) = 0. Moreover, two closed 1-forms which are cohomo- 
logous have the same residue. 


1.10.10. Residue Theorem (Second Version). Let Q be an admissible open subset 
of C, w aclosed 1-form of class C’ in Q and 6 € Z,(Q;Z). One has the relation 
(“residue formula’) 

1 


oni |, w= » Ind,(T) Res,,(T), 


where | w= (6,@>, Le., | w=) nI,(y;) if 6 = > n,y;. The sum takes place 
5 5 i 
over all the holes of Q. 


Proor. We already known that 6’=6—)S Ind,(T)d, is a 1-boundary. 
T 


Furthermore, | 


w = 0 since w is closed. a 
oO’ 


1.10.11. Remark. With J the set of holes in Q as in §1.10.8, one can consider 
the map 


HQ) > C! 
ar (Res, (T))rer- 


This map is C-linear and injective. If Res,,(7) = 0 for every hole T, the residue 
theorem shows that <6,@> = 0 for every 6 € Z,(Q; Z). We already know that 
this implies that w is exact, hence @ = 0. 

Therefore, the residue theorem states that the “duality” H,(Q;Z) x H'(Q), 
(6, ®)+ (5, w>, is exactly the usual duality bracket of Z™ x C! via the injec- 
tion H'(Q)— C! given earlier. If J is finite, the map H'(Q)— C’ is clearly 
bijective. 


EXERCISES 1.10 
1. A Jordan region is defined to be Int(y), where y is a Jordan curve. Show any Jordan 
region is simply connected. 


2. (a) Let Q,, 2, be two connected open sets whose intersection is also connected. 
Show that if H'(Q,) = H'(Q,) = 0 then H'(Q, UQ,) = 0. 
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(b) Under the hypothesis of part (a), it follows that if w is a 1-form which admits a 
primitive in Q, and in Q,, then it admits a primitive in Q, UQ,. Is it true in 
general that ifa 1-form @ admits a primitive in two connected open sets Q,, 2, 
with Q, AQ, connected, then w admits a primitive in, UQ,? 


_ _ dz 
3. Let Q=C\(T,VUT,), T, = BO,1), T, = BG,1). Let a= —, compute Res,,(Jj), 
j= 1,2. 


4. Let Q be an admissible open set in C, possibly having infinitely many holes. Let T,, 

.., T, be holes of Q, and 4,,..., A, arbitrary complex numbers. Construct a closed 

i-form @ in Q such that Res,,(7}) = 4; for j = 1,..., n. Could this be done when 
n= 0c? 


5. Let Q be an open connected set in C, show it is simply connected if and only if, for 
every Jordan curve y in Q, one has Int(y) ¢ Q. 


$11. Holomorphic Functions 


In this section we introduce the subject of study of this book, the holomorphic 
functions, and point out some properties that are immediate consequences of 
the topological considerations in this chapter. The deeper properties of holo- 
morphic functions will be considered in the following chapters. 


1.11.1. Definition. Let Q be an open set in C. A function h € &,(Q) is said to 
be holomorphic if dh = 0, in other words, if its differential is of type (1,0). We 
denote by #(Q) the set of functions holomorphic in Q. A function in #(C) is 
said to be an entire function. 

It is convenient to say that f is holomorphic in a set K if there is an open 
set Q, K < Q, such that f is defined in Q and fe #(Q). 

The condition required for a function h to be holomorphic is that it satisfies 


, ; . Oh 4: 
the differential equation a5 QO, which is known as the homogeneous Cauchy- 
Z 
Riemann equation. 


. Oh ; ; 
Ifh = P + iQ, the equation a5 = 0 is equivalent to the system 


Zz 
OP 0Q 
Ox ody 
0 OP 
mt ay? 
It follows from these equations that if h is holomorphic 
oh oh d Oh _1d¢h 


dz ax dz i dy 
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These identities and the observation that when h is holomorphic, the differ- 
ential form w = hdz is closed, play a very important role in computations 
involving holomorphic functions. 

We recall from §1 that the condition of holomorphicity is exactly that the 
differential dh(z,.) be a C-linear map at each point zp) € Q. One can rephrase 
this observation as follows: since h is differentiable, if z is close to zy we have 


h(z) — h(zq) = dh(zo)(z — Zq) + |Z — Zol&(z — 29) 
oh 


with lim e(w) = 0. Since dh = 


F dz, the action of the map dh(z,) on the vector 
jw|>0 Z 


Oh 
Z — Z, becomes multiplication by the complex number a5 (Zo): 


OR | 
h(z) — h{29) = 3, 20) @ — 29) + |Z — ZolE(z — Zo). 


We profit from the fact that we can divide by the nonzero complex number 
Z — Z, (if z # z,.) to obtain the existence of the following limit 


sion HZ) — Meo) _ ah 


ZZg a Zo OZ 


(Zo). 


This formula is analogous to the usual definition in one real variable of the 
derivative of a function; for that reason we denote this limit also h'(Z), or 


dh. , , 
sometimes qo 2) and call it the derivative of the holomorphic function h at 
Z 


the point z,. The derivative is hence a new (continuous) function in Q defined 
by 


al 
h'(z) := =~ (2) 


A natural question arises here. Assume h : Q-— C has a “complex derivative” 
at each point in the following sense: the limit 


Z72Zo a= Zo 


exists for every Zz, € Q. Is ha holomorphic function? The answer is affirmative, 
as we will see in the next chapter. Meanwhile we will describe some elementary 
properties of holomorphic functions. 

From now on, unless otherwise mentioned, a polynomial is an expression 
of the form a, + a,z +-°:: + ,2z". That is, it is a polynomial in the single 
variable z (as opposed to the more general polynomials in the two real 
variables x, y, 5 a; ,x/y*, where z = x + iy). 


1.11.2. Proposition. The set #/(Q) is an algebra containing the polynomials. 


PROOF. Exercise for the reader. LJ 
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An entire function which is not a polynomial is said to be transcendental. 


1.11.3. Examples. (1) The following functions are entire: 


. d 
e* := e*(cos y + isin y) ( a er = “| 
dz 
sin ev ae" d sin COS Z 
inzi= — —sinz = 
21 dz 
Cc evte™ d COS sin Z 
OS Z = ——__— — z= — 
2 dz 
e*7—e”? d 
sinh z := ———_—— —sinh z = —coshz 
° 2 (5 
vA —Z d 
cosh z= — reo —-coshz = sinhz }. 
2 dz 


(2) nQ = C\]—,0], the function 
Log z = log|z| + iArgz, 


—n < Argz < 2,is holomorphic and satisfies exp(Log z) = z. It is the principal 
branch of the logarithm. One can verify that Logz is a primitive of the 


d = 
differential form @ = “= in Q. The function z* := exp(« Log z) (a € C) is holo- 
Z 


morphic in the same set. 

Let us show, for instance, that Log z is holomorphic in Q. The exponential 
function is a C® bijection of the strip S:= {w: —2 < Imw < 7} onto Q with 
Jacobian e*®*” > 0. It follows that there is a unique inverse ¢ of class C®, 
o:Q- S,expo o = idg, yp o exp = id,. Assume @ is a continuous function in 
© satisfying expo @ = idg. Then, for ze Q, one has e(z) — @(z) = 2zin(z), 
where n:Q— Z 1s a continuous function, hence a constant. Since the function 
Logz = log|z| + i Arg zis a continuous function such that exp(Log z) = z and 


Log: Q- S, it follows that Logz = ~(z). Therefore Log is a C™ function. 
7) 
Let us now compute ~ After differentiating the identity z = exp(@(z)), the 
z 


d 0 
chain rule allows us to conclude that 0 = exp(¢(z))- se Hence se = 0 and 
Zz 


; 7) 
~(z) is holomorphic. In the same way we find that 1 = exp(9)- ne Therefore 
z 


0 | dz 
ne =: — and Log z is the primitive in Q of the closed differential form @ = —, 
6z Zz Z 


which vanishes at z = I, 


dt 
Logz = | 1 
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where o, is the segment joining | to z in Q. (We can take any other path since 
Q is simply connected.) 


. b . . 
(3) If c 40 the rational function ze 7 from C\{—d/c} into C is 
CZ 


| 
holomorphic. In particular — is holomorphic in C* = C\ {0}. 
z 


(4) z++|z|* is not holomorphic. 
(5) Let Q,,Q, be open sets in C, fe #(Q,), g € A(Q,), and f(Q,) <Q). 
Then go fe #(Q,). 
This follows immediately from the chain rule applied to the differential 
0 
tor —. 
operator ag 


As we have already pointed out, when f € #(Q), the differential form 
a = f dz is of class C’ and closed. Therefore, Proposition 1.7.7, Proposition 
1.9.15, and Theorem 1.10.10 can be translated into the following. 


1.11.4. Cauchy’s Theorem. Let Q be an open set in C, fe H(Q). 


(1) If «, B are two paths in Q, homotopic with fixed endpoints, then 


| fac= | f dz. 
a B 


(2) If a, B are two loops which are free homotopic in Q, then 


| fae=| fae 
a B 


In particular, if « is a loop free homotopic to a point 


| faz=0 


If Q is simply connected, then one has { f dz = 0 for every loop a. 


(3) If 0, and 0, are two 1-cycles that are homologous in Q then 


| | fdz. 
5; dy 


If 0 is a 1-boundary in Q, then | fdz=0 


5 
(4) If Qis an admissible open set and 0 is a 1-cycle in Q, then the residue formula 
is the expression 


| 
ui | fdz=) Ind,(T) Res,q,(T). 
2ni |; T 


(5) If w = f dz admits a primitive F in Q, then F is holomorphic in Q. 
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Example. If Q is a simply connected set and f € #(Q), then w = f dz admits 
primitives. All of them are holomorphic. 

We conclude this chapter with a discussion of two generalizations of 
Example 1.11.3, (2). IfQ is a simply connected open set and f € #(Q), f(z) # 0 
for every z € Q, then we can define in a unique way a C’ function g(z) = log f(z) 
once a value for log f(z,) has been fixed for some zy) € 9. This follows from 
§1.6.29 (1). Since f(z) = exp(g(z)), we can apply the same reasoning as in 


Example 1.11.3, (2) to show that a = 0, hence g € #(Q). Furthermore, 
g'(z) = J) hence g is a primitive of the form LO) a. A priori this form is 
F(z) F(z) 
only of class C°, it follows from §2.1.6 that, in fact, it is a closed C° form. Note 
that in particular we can define other branches log z of the logarithm in any 
Q simply connected such that 0 ¢ Q. 
What happens when f omits not only the value 0 but also another value, 


say the value 1, in Q? We have the following lemma of Landau. 


1.11.5. Lemma. Let Q be a simply connected open set in C, f € #(Q), f(z) # 0,1 
for every z € Q. Fix a point zy € Q. There is then a function h € (Q) such that 


f(z) = exp(2zicosh(h(z))) 
and —n < Imh({z,) < 2. This function satisfies the estimate 


|h(Z9)| < log (2 + Heel coMl) + 7. 


Proor. Since f does not vanish, we can uniquely determine log f once 
we normalize its imaginary part at the point z,. Let gé #(Q) be such 
that —4 < Reg(z,) <4 and f(z) = exp(2zig(z)) in Q. It is then clear that 
g(Q) 0 Z = S, otherwise f(z) = 1 would have a solution in ©. In particular, 
g(z)? — 1 does not vanish in Q and has a holomorphic square root G in Q. We 
have then g? = 1 + G’, or 


(g-G)(g+G)=1. 
Let H be one of the functions g — G, g + G, chosen so that |H(z,)| > 1. It 
follows that H does not vanish and we choose 
h = log H, —nz <I Imh(z,) < 2. 


Let us verify that cosh(h(z)) = g{z). Assume that H(z) = g(z) — G(z), 
(H(z))7! = g(z) + G(z). We have 
eM) 4 eg h®) _ H(z) + (H(z))"* 


cosh(h(z)) = a an ae 


_ g{z) + G(z) + g(z) — Gz) | 
= 5 = g(z). 
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The other case leads to the same result. From the definition of g we see that 


f(z) = exp(2ni cosh A(z))). 


The estimate of |h(z,)| is left for the exercises. a 


EXERCISES 1.11 
Q represents a domain in C, B = B(0, 1). We collect here some geometric properties of 
the complex plane that will be useful in the study of holomorphic functions. 


1. 


Ww 


. Show that iff: Q-—C has a complex derivative at every point, i.e., lim 


Let ze C\ |] —00,0], w/z the principal branch of the nth root. Compute 


lim (n./z — 1). 


i> oO 


f(z+h)— fz) 


h+0 h 


exists for every z € Q, then f is continuous. 


. (i) Write down the Cauchy-Riemann equations in polar coordinates. That is, 


show that if f(z) = u(x, y) + iv(x, y) and (r,@) are the corresponding polar 
coordinates, the Cauchy-Riemann equations become 


du 1 dv Ov 1 du 


6r +00) Grr 08 


with some abuse of notation (see Exercise 1.2.5 for a precise version). 


~ 


.. | , 6 
(ii) Let {s,n} be an orthonormal basis of R* defining the usual orientation. Let = 
n 


and ——- represent differentiation directions n and s, respectively, at a point z, 


OSs 
in ©. Then the Cauchy-Riemann equations become 
Ou _ Cv Ou _ Ov 
és én’ én ~—s Os 


. Let f, g € #(Q), g(z) € 0 for every z e Q. Show that f/g € #(Q). 
. Show thatif f = u + ivis holomorphic in Q, then for p > 2 one has (Ais the Laplace 


operator): 
(i) Au = Av = Af =0 
(ii) AL F(Z)? = p*Lf@PCU'I/? 
(iii) Alu(z)/? = p(p — 1u(z)PP 71 (2). 
(In proving (ii) and (111) you should be careful about the points where f(z) = 0 or 
u(z) = 0. Forma as (11) and (i11) hold for every p real if f(z) # 0 or u(z) #0.) 


(iy Sf = OES (whenever fle) #0) 
bz fz) 
(v) © ute) = “ and —(z) = 5 fe 
(vi) A AeriFal — p renten( + Fa) (z z)|? (pe C, f(z) # 0) 
Alf’? 


(vii) A log( + [f(z z)|? )= — 1 4 Vita ka 
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10. 


12. 


. Consider z+» z” as a transformation of C into C: 


(i) What is the image of an angle 6, < argz < 6,,6, — 6) < x? 
(11) What is the image of a family of parallel lines not passing through the origin? 


. Consider the transformation ze’: 


(1) What is the image of a family of lines parallel to one of the coordinate axes? 
(The answer depends on the axis.) 
(11) What is the image of a line not parallel to any of the coordinate axes? 


. Consider the function f : z+» cos z. 


(i) What is the image of the segment y = y,,0 < x < a, in the three cases y, > 0, 
Yo — 0, Yo <= 0? 


(ii) Same question for the straight line x = x, in the two cases x) # ks (ke Z) 


‘ts 
dxy = k=. 
and Xo 5 


(iit) Let D be the strip 0 < x < x. Show f takes every complex value when z is in 
D, and it is injective in D. 


1 J 
. Show that the map f(z) = 5(2 +. -} transforms every circle 0B(0,r), r > 0, into an 
Z 


ellipse. Find the image of the segments z = te’*, 0 <t < 1 (a € [0, 2a[ fixed). 
Let f-(z) be defined for z € B(0,r) (r > 0) by the formula 


7 1\ dé 
fAz) = \. exp (: + \ ens 


(i) Show that f, is C', by taking derivatives as a function of a parameter, and 
; ; of, ; 
it satisfies — = 0 in B(0,r). 
OZ 


(1) Show that f,|B(0,r) = f, when R > r, using Theorem 1.11.4. 
(in) Conclude there is an entire function f,, such that f,,|B(0,r) = f.foreveryr > 0. 


1 
. Prove the inequality in the statement of Lemma 1.11.5. (Hint: Use that H + HH 2g 


and |H(z,)| > 1.) 
Show that the function h from Lemma 1.11.5 does not take any of the values 
+cosh"'(n+1)+2mni (ne N,me Z). 


Draw a picture of these points in the plane to convince yourself that any disk of 
radius > 4 contains one of these omitted values (actually 3.22 works). 


Notes to Chapter 1 


The reader will find [Gre] and [Go] as very reasonable introductions to algebraic 
topology, which is the subject of most of this chapter. The material on differential 
calculus can be found in [Ca] and [Sp]. We also recommend [Bur] and [Fo] for 
further insights into the relation between topology and complex analysis. 


CHAPTER 2 


Analytic Properties of 
Holomorphic Functions 


Sl. Integral Representation Formulas 


At the end of Chapter | we introduced the holomorphic functions, that 

is, those functions f e C'(Q) that satisfy the Cauchy-Riemann differential 
0 

equation = 0 throughout an open set Q < C. As an immediate consequence 
IZ 

of the topological tools developed in that chapter we found that the holo- 

morphic functions enjoyed the following remarkable property (Cauchy’s 

theorem 1.11.4). 


2.1.1. Proposition. If a is a loop homotopic to a point in an open set Q and 
f € A(Q), then 


| f(z)dz = 0. 


In order to study further the holomorphic functions we need to pursue their 
analytic properties, that is, those properties that depend on Stokes’ formula, 
integral representations, power series, etc. The first step in that direction is the 
following integral representation formula, valid for arbitrary C' functions. 


2.1.2. Proposition (Pompeiu’s Formula). Let Q be an open set in C, D an open 
relatively compact subset of Q with piecewise regular boundary of class C'. Let 
f be aC" function in Q. Then, for every € € D we have: 


_ 1 f(z) 1 of i _ 
f=, | Mart | Lo paz a dz. 


2ni zZ— 
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Proor. Let D, := {ze D:|z — ¢| > e} (0 < € < d(C, D‘)). We apply Stokes’ for- 
f(z) 


mula to the 1-form pd and the open set D,, whose boundary is piecewise 


regular and it is the 1-cycle 0D — OB(C,e) of QO. Parameterizing 0B(e,¢) by 
6 €[0,2n]r>C + ce’, we obtain: 


-| Fy Ae | IO a_i | HC + ce") a0, 
0 


p, OZ z—¢ apz—¢ 


St) dz|= 4 (z) dz 6 dz Let ¢ — 0 to obtain the result. CO 
z—€ Oz z—¢ 


As a consequence of the last proposition we obtain Cauchy’s integral 
representation for holomorphic functions. 


2.1.3. Corollary. Under the same hypotheses as in Proposition 2.1.2, we have 


fO=xe\ sede ed) 
for any fe A(Q). 


2.1.4. Corollary. If ue D(C) we have 


u(C) = | Uy st acadz (CeO) 
2ni |e z—¢ 


PROOF OF THE COROLLARIES. The first one is immediate from §2.1.2. For the 
proof of the second, let D = B(O,R) in §2.1.2 with R so large that 
supp u < B(O, R). Then let R > +00. O 


We are now going to consider a kind of converse to these corollaries. 


2.1.5. Proposition. Let 4 be a complex measure of compact support in C. The 
integral 


defines a function fi holomorphic outside supp yp. If in an open set w, the measure 
u has the form pdxdy, g € 6,(w), k => 0, we also have fic &,{(w), moreover, 
op 


a3 = if k > 1. The function ji is called the Cauchy transform of . 


ProorF. The function fis of class C® in C\supp pas one sees by differentiation 
under the integral sign. We find thus in that open set 
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oa, 1f ef i 7 


1 
since —-— is a holomorphic function for € ¢ C\supp wif z € supp yu. Therefore 
Z ——_ 


fiis holomorphic on C\supp xu. 
To prove the second part, let us first assume w= C and uw = gdxdy, 
yo € ZC). We have then: 


Let us introduce the change of variables z = € — u = f(u), then 
f* (24 dz x dz z) 06 du a di. 
Z 


The function 1/u € Lj,.(C) and supp ¢ is compact, it follows that fi is at least 
a continuous function of ¢. Furthermore, if g is of class C* (k > 1) then one 
can take derivatives under the integral sign and fi ec C* also. Hence 


Oft | 0 du A du 
“O=- | a) 
oc 2ni Jc OC u 
I 1 do. _ 
=| ty Blade a ae 


= (p(z) (by §2.1.4). 


In the general case, when wm # C, let z9 Ew and take we Aw), wy = 1 on 
a neighborhood V of zy. Let uw, =Wu, uw. = (1 — Ww). Since yp, = pw dm, 
ow € 9,(C) (after it is defined by zero outside w), we have fi, « C*,andifk > 1, 
Oft Oft, Lo 
an = py. Since V ¢ C\supp pp, fi, € C~ and WF = Qin V. The proposition 
c S 

follows. (J 


2.1.6. Corollary. Every h ¢ #(Q)is of class C® inQ. Furthermore, the derivative 
h’ is also a holomorphic function in Q. 


ProoF. For zy € Q, let @ = B(z), R) cc Q. Cauchy’s integral representation 
formula is then 


h(C) = 5 | — —dz,  Ceé€B(zo,R). 


2mi @B(zg,R) ~ 4 


In B(z,, R), h appears then as the Cauchy transform of a measure of support 
contained in the compact ¢B(z,, R). By §2.1.5, h is of class C~ in B(Zo, R). 
Therefore h € &(Q). 


§1. Integral Representation Formulas 101 


We have h’ = “ and, since h is of class C®, we have 


a2 
ah’ _ 0 (dh\ _ 2 (dh\ _, 
6z  «6z\éz)/ éz\éz) 


Therefore h’ is also holomorphic in Q. O 


2.1.7. Remark. Let €2 be a nonempty open set in C. The operator 
d . ¢ 
as :BQ) > DQ) is not surjective. In fact, if f ==, ué AQ), then 
Z 


other hand, there are f € (QO) such that | fdzadz#0. 
Q 
The following is an important result; in fact, 1t is the converse to Cauchy’s 


theorem 2.1.1. 


2.1.8. Proposition (Morera’s Theorem). Let f be a continuous function in an 
open connected subset Q of C. Assume that for every piecewise-C! loop « which 


is free-homotopic to a point inQ we have | f dz = 0. Then f is holomorphic inQ. 
Furthermore, it is enough to consider only rectangles with sides parallel to the 
axes and homotopic to a point in Q. 

PROOF. By §1.9.16, item (2), the differential form {dz admits a primitive F of 


, , _.. OF OF OF , 
class C’. Since F is a primitive, — = f, — = if, hence — =0. F is then 
Ox oy Oz 


. _ or OF , 
holomorphic, and so is its derivative F’. But F’ = a f, which shows that 
Z 


locally fis C~ and satisfies the Cauchy-Riemann equation. Since f is defined 
in the whole set Q, it follows that fe #(]). C] 


2.1.9. Remarks. (1) A first application of Morera’s theorem is the following: 
Let (X, u) be a o-finite measure space and px > 0 (or even just a complex-valued 
measure on X). Let f be a function Q x X —C such that 


(i) For every z € Q, tt f(z, t) is measurable and defined a.e. in X. 

(ii) For every z € Q there is a closed disk B(z,r) < Q and a function g on X 
integrable with respect to yu (respectively ||, if yp is a complex measure) 
such that | f(¢, t)| < g(t) ae. for every C € B(z,r). 

(iii) For a.e. t, z+ f(z, t) 1s holomorphic in Q. 


Then, the function 
F(z) := | f(z, t) du(t) 
X 


is holomorphic in Q. 


102 2. Analytic Properties of Holomorphic Functions 


The hypotheses (i) and (11) show that F is continuous. Moreover, the 
hypothesis (11) imphies that fis integrable on dR x X for every closed rectangle 
contained in B(z,r) cc Q. Thus we can apply Fubini’s theorem and obtain 


| Fe)de = | | fle. dude = | | f(z, t)dzdu(t) = 0, 
OR OR JX X JOR 


since by (ii), for almost every t we have f(z, t)dz = 0. 
aR 
(2) As other immediate corollaries of Morera’s theorem, let us mention 
here: 


« If f is continuous in Q and holomorphic in Q\ L, where L is an affine real 
line then f is holomorphic in Q. 

e If f is continuous in Q, A a discrete subset of Q, and f holomorphic in 
Q\ A, then f is holomorphic in Q. 


2.1.10. Proposition (The Schwarz Reflection Principle). Let f be a function 
holomorphic in the half-disk D = {z € C:|z| <r,Imz > 0}, such that f is con- 
tinuous on D and real valued on the real axis. Define a function F in B(O,r) by 


_ ff) ifimz>0 
F(Z) = 2 ifImz <0. 


Then F is holomorphic in B(O,r). 


Proor. One verifies easily that F is holomorphic outside the real axis and F 
is continuous in B(0,r). Apply then the previous remark. a 


We will find stronger versions of this principle in other parts of this text, 
e.g., the Edge-of-the- Wedge theorem in §3.6. 

We are now ready to prove that a function having a complex derivative at 
every point is holomorphic, thus answering a question raised at the end of 
Chapter I. 


2.1.11. Proposition (Cauchy-Goursat’s Theorem). Let f be a function whose 
complex derivative exists at every point of an open set Q. Then f is holomorphic 
in Q. 

ProoF. It is clear that f is continuous in Q. By Morera’s theorem it is enough 


to show that | f dz = 0 for every closed rectangle R in Q. For that purpose, 
OR 


denote 
a(R) := | f(z) dz. 
OR 


Let us now subdivide the rectangle in four parts by dividing each side in two 
equal parts. Let y, be the oriented boundaries of the four rectangles R; thus 
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obtained. We have 


| f(2)dz = | f(z) dz = a(R;). 
aR 1<i<4 Jy, i<i<4 


Among these four rectangles there must be one such that |a(R;)| > |a(R)|/4. 
Let us call R, this rectangle. Divide R, into four rectangles by the same 
procedure. At least one of them, denoted R,, verifies 


ja(R2)| = |a(R)/4?. 


Iterating this procedure we get a sequence of closed rectangles {R,}, 
Ruri S Ry, 
Jo(R,)| = |a(R)|/4*, 


1 
d, := diameter(R,) = 5k diameter(R) = d/2*; 


L, = length(dR,) = velength(oR) = L/2*. 


Let z, be the unique common point to all these rectangles. Since z7 e REQ 
and f has a complex derivative at Zz), we have 


f(z) = f(Zo) + F'(Zo)(Z — Zo) + |Z — Zole(z — Zo), 


with e(t) > 0 as t > 0. We have therefore 


| f(z)dz = fteo) | dz +(e) | (2 ~ Zp) dz 
OR, OR; OR, 


+ | |z — Zole(z — Zq) dz. 
aR, 


Since dz and (z — z,)dz are closed differential forms, the first two terms on 
the right-hand side vanish, leading to 


| f(z) dz 
OR, 


From here it follows that if 6(k) indicates the supremum in the last formula, 
we have 


|a(R,)| = < d,L,sup{|e(z — Zo)|:z € OR,}. 


[a(R)| < dL d(k). 
Since 6(k) — 0 as k — o0 we obtain a(R) = 0. 0 
2.1.12. Proposition (Cauchy’s Integral Formulas). Let f be a holomorphic 
function in the open set Q < C and let a € Q. The following two formulas hold. 


(1) Let y be a loop in Q\ {a} homotopic to a point in Q. Then: 


1 | F(z) dz = Ind,(a)- f(a). 


2ni|}.z—a 
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(2) Let 6 =) v,y, be a 1-boundary in Q such that supp 6 & Q\ {a}. Then: 
j 


i 2) -dz = Ind,(a): f(a) 


a 
In particular, if 6 = » yj, where the y, are loops in Q\ {a} such that for 


l<j<sn 


every z€ C\Q one has d Ind, (z) = 0, then 


I | J@ | 2 =( y Ind, (a fla. 


i za‘ L<jen 


ProoF. Let us note first that we are dealing with integrals of the closed form 
(f(2(z — a)) dz in Q/{a} along continuous paths. 

The function g(z):= (f(z) — f(@)(z — a) if z # a, g(a) := f'(a) is holo- 
morphic in 2\{a} and continuous in Q. It follows from §2.1.9, (2) that g is 


holomorphic in Q. Therefore | g(z)dz = Oif y is a loop as in (1). One obtains 
Y 
1 dz 
the first formula recalling that Ind,(a) = ; 
ni yZ—a 
The other relations are obtained in the same way. ‘a 


2.1.13. Definition. The holomorphic function h™ is the nth derivative of the 
holomorphic function h and is defined by recurrence as follows: 


A= (HOPY, AM =H, = h. 


2.1.14. Proposition (Cauchy’s Formula for the Derivatives). Let h be a holo- 
morphic function in an open set Q © C, @ cc QO an open subset with piecewise 
regular boundary. The following relation holds: 


j h(z) 
AC) =o aah gape Ceo) 


Proor. Let us show that 
h(z) 
OO oni wee sot Peo 


“0 


Consider the differential of the function F(z) = ———, holomorphic in 


C° 
2 — (z “a dz. We know that J,,-(y) = 0 for 


every loopy in Q\{¢}, hence the integral of dF over 6w vanishes. It follows that 
1 h'(z) 1 h(z) 
2ni Ja, (z — ‘aa ~ Oni aa (2 — CY 


Q\ {CO}. We have dF =( 


h'(C) = dz. 
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The proof continues by recurrence. The relation 
h'(z) 


=i) 


dz 


holds by induction applied to the nth derivative of the holomorphic function 
h’. Using now the differential of the auxiliary function F(z) = on pyri as 


done earlier, leads to the Cauchy formulas. Cc] 


A slightly more general version of the Cauchy formulas for the derivatives 
is the following. 


2.1.15. Proposition. Let f be a holomorphic function in the open set Q, ae Q. 
Then: 


(1) Let y be a loop inQ\ {a}, homotopic to a point in Q. We have 
$2) . 
Ind,(a)- f(a) = ZI Go grt U20. 


(2) Let 6 be a 1-boundary in Q such that supp 6 © Q\ {a}, then 


Ind;(a): fa )= ni ‘le ( — — a) jFi dz G = 0). 


In particular, if 6= > y,, where the y, are loops in Q\{a} such that 


1l<i<n 


> Ind,,(z) = 0 for every z € C\Q, we have 
1 | __ f@) _ a \P 1 


ProoF. It is analogous to the proof of the preceding proposition taking into 
account that integration over a 1-cycle annihilates the exact differential forms 
of class C' and degree 1. We also use the fact that a 1-boundary of Q with 
support in Q\{a} is a 1-cycle in Q\ {a}. 0 


We are going to show now that the holomorphic functions in an open set 
Q2 can be characterized as those functions that are locally representable by 
convergent power series. 


2.1.16. Definition. Given a sequence (a,),., of complex numbers, the power 
series about Zp (Zo € C) with coefficients (a,),. y is the formal series whose 
general term is a,(z — zo)", that is, }° a,(z — Zo)". 


rn>O 


We recall here that if a power series 5 a,z" converges at a point z, # 0, 


n>O 
then it converges for every z in the disk B(0,|z,|). It follows that if a power 
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series converges at some point z # 0, there is a largest R (possibly R = 00) 
such that the power series converges in B(0, R). This value R is called the radius 
of convergence of ) a,z". We declare it to be R = 0 if the series converges 


n>o 
only at z = 0, and R = oo if it converges everywhere. There is a very simple 


way of obtaining R, namely, 


R = sup{r > 0: 4M(r) such that |a,|r" < M(r) < 00 (n > O)}. 


2.1.17. Proposition. Given a power series }  a,(z — Zo)", its radius of con- 
n>O 


vergence is given by the formula due to Hadamard: 


I 
R= lim sup ./|a,|. 


n> CO 


The series converges absolutely in B(zy, R), and absolutely and uniformly in 
every compact subset of B(Zo, R). Moreover, it does not converge anywhere in 
the exterior of B(zZo, R). 


ProoF. It is left as an exercise to the reader (cf. [Mar], [Ah1]). a 


2.1.18. Proposition. Let Q be an open subset of C. For every f € #(Q) and 
Zo € Q, the power series 


1 
>» at (Zo)(z — Zo) 


converges uniformly and absolutely over any compact subset of B(Zo, d(Zo, &*)). 
Its sum equals f(z) at every point of that disk. 
Furthermore, this series (called the Taylor series of f at Z)) is the unique 


power series ) a,(z — Zo)" whose sum equals f in B(ao, d(Zo,*)). (Here we 
n>O 


have set d(z9,Q°) = +00 ifQ = Cand d(zy,) := inf{|C — z9|: 6 € QS, ifnot.) 


Proor. Let 0 <r < d(zy),Q°). For z € 0B(zy,r) and ¢ € B(Zy,r) we have 


— —_ ee ek 
PoE ez) Ca) C20), 2 an yr 
Z— Zo 


This series is uniformly and absolutely convergent over any set of the form 
K x 0B(Zo,r), where K <c B(Zg,r). 

We can therefore apply Cauchy’s formula with w = B(zo,r) and inter- 
change the order of integration and summation. For fixed ¢ € B(zo,r) this 


gives: 
l 1 _ n 
fo=e | | IO) ay = fey ¥ E20 a 


2ni Bi(zo.P) sm C 2ni OB(29,r) n>O (z ~ Zo) 
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f@) 
= >» (3. i (z —z,)jrt! én) (€ — Zo) 


(n) 
y f Vo) 


n>O n 


(C — Z)”. 


The last step is a consequence of the Cauchy formula for the derivatives. By 
choosing r € ]|€ — Zo|,d(z9, Q°)[ we can prove the same representation holds 
for any € € B(zo, d(z9, °)). 

This reasoning yields the uniform convergence of the series over any 
compact subset of B(zo, d(zp, Q°)). This can also be obtained from the general 
theory of power series since the argument shows that the radius of convergence 
is at least d(z,, °). (One can also estimate the coefficients using their integral 
representation and Hadamard’s formula.) Finally, the uniqueness of the series 
follows from the Cauchy formula for the derivatives. Cc] 


We will show later on that, conversely, a function representable locally by 
convergent power series is holomorphic. For the time being, let us recall some 
familiar examples of series expansions. 


2.1.19. Examples 


e=)— (GeO, 
n>O ff. 
gent 
: — nk Pb \ Cc 
sin z 2 ) Ons i) (z eC), 
gan 
COS Z = 2 (—1) On)! (ze C), 
74+ e 7 zen 
cosh = 7 = >» (2n)! (z € C), 
Zz  aw2 Z2nt+1 
sinh a= ana = y 4 — (z Ee C), 


2 n>o (2n + 1)! 


+p i 
a = E( )e (Izi< 1), peN*. 
So\ p- 


2.1.20. Proposition (Cauchy’s Inequalities). Let Q be an open set inC, f € #(Q): 
(1) For z,9€Q,0 <r < d(zy,Q*) we have 


zy < nh 
yr” 


with M(|f|,r) = max |f(z)|. In particular, if f is bounded in Q we have 


Z2-Zol=r 
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IF lh 


f(z) < Malay." 


with | f|l,., = sup |f(2)| 


As a corollary, if f is a bounded entire function, then f is a constant 
(Liouville’s theorem). 
(2) If w is a relatively compact, open subset of Q, with piecewise regular 
boundary of class C', and if z) € w, then: 


n} \. \F(z)| (dz| 
Mie Vibe ¥OP 
\f (Zo)| < a 2n(d(Zo, Gm))"*! 9 
which leads to 


n!/(0m) max {| f(z)|:z¢€ Go} 


IF (Zo) < In(d(zy, doy" 


where, we recall, ((0w) denotes the length of the boundary of w. 

(3) If K isacompact subset of Q and U a neighborhood of K which is relatively 
compact in Q, there are positive constants C,(néN) such that for every 
feHQ) 


sup IFO) < Calf lw. 


Proor. The statements (1) and (2) are immediate consequences of the Cauchy 
formulas for the derivatives. 

Let us prove (3). Let wy ¢ ZU) be identically equal to 1 on a neighborhood 
of K. We have 


7) 
and that, if K, := supp ~ K, is a compact subset of U and d(K, K,) > 0. 
Z 
Therefore, applying Pompeiu’s formula (cf. §2.1.4) to wf and differentiating 
under the integral sign gives, for ¢ € K, 
., Ow, . dz n dz 
(O =— mal. IZ) Vo mause 


The constants C, are obtained by estimating directly this integral. O 


2.1.21. Proposition (Principle of Analytic Continuation). Let Q be a connected 
open subset of © and h € H(Q) be a function such that for some zy € Q verifies 
h(z,) = 0 for every n > 0. Then h = 0. 


Proor. The set E := {z €Q:h(z) = 0 for every n > O} is closed in Q since 
all the functions h™ are continuous. It is also open by the convergence of the 
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Taylor expansion 


A 
no) = Ye - 2 


in B(z, d(z, Q°)) for every z € Q. This expansion implies that if z € E, then h = 0 
in that disk and hence, FE > B(z, d(z, Q*)). The hypothesis ensures that F is not 
empty, hence E = Q and the proposition follows. CJ 


2.1.22. Corollary. If his holomorphic in a connected open set Q and h # 0, then 
for every Z, € Q there is a unique integer k > 0 such that 

h(z) = (z — zo)*g(z) — (z € Q), 
with g € #(Q) and g(z,.) # 0. In particular, the zeros of h are isolated. 


Proor. We know that h is epee in B(Z9, d(Zy, Q)) by the Taylor series 


h(z) = dat — * A (29)(2 — Zo)" 


and that, by §2.1.21, the set {ne N: h™(z,) # 0} is not empty, hence it has a 
smallest element k. Therefore, we can define g by g(z) = h(z)/(z — z))* in 
Q\{z>} and 


1 
g(z) = \ to) (2 — Zo)" * 


n>k 
in B(Z9, d(Z9, Q°)). This shows that g is holomorphic in Q\{z,} and at least 


continuous at zo, hence g € #(Q). Furthermore, g(z,.) = ——-—- # 0. 4 


2.1.23. Corollary. If h,, h, € #(Q), Q open connected and h,\|E = h,\|E for 
some nonempty subset E of Q which has an accumulation point in Q, then 
h, = h,. 


PROOF. h, — h, would have some nonisolated zeros if it were not identically 
zero. CJ 
2.1.24. Example. We have the relation 

sin* z + cos?z = 1 
in C. (Since we already know it to be true in R!) 
2.1.25. Proposition (Open Mapping Property). Let Q be a nonempty open 


subset of C and h € #(Q) a holomorphic function which is not constant in any 
connected component of Q. Then h(Q) is an open subset of C. 


Proor. We can assume that 0 € Q and h(0) = 0. It is enough then to prove 
that h(Q) is a neighborhood of the origin. The zeros of h are isolated, hence 
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there is r > O such that B(O,r) < Q and h(z) ¥ 0 for 0 < |z| <r. Let 
O:= inf |A(z)| > 0. 
|zj=r 
We want to show that B(0, 6/2) S h(Q). 
Either B(O, 0) S h(Q), and we are done, or there is w, |w| < 6 and w € h(Q). 
Hence, the function 


1 
p(z):= ~ — 


1 1 
— 0)| < sup —-—-——. < ——-—— 
rap POS SP Rey pS wT 
Therefore |w| > 6/2. It follows that B(O, 6/2) < h(Q) as we wanted to show. 


C] 


2.1.26. Corollary. Let Q be a connected open set in C and f € #(Q), if either 
of Re f, Im f, or | f| is constant, then f is also constant. 


Proor. f(Q) would be a subset of the x-axis, y-axis, or a circle respectively. 
None of them could be open. 7 


2.1.27. Corollary (Maximum Principle). Let Q be a bounded connected open 
set in C, let h € #(Q) be nonconstant, and 


Ce dQ ze 
zeQ 


M = sup [tn sup He ; 


Then the inequality 
|h(z)| < M 
holds for every z€Q. 


Proor. We can assume M < oo. The function ¢ defined on the compact set Q 
by 


(4) ifCeQ 
PL) = 9 Jinn sup |h(z)| if dQ 
ze 
zeQ 


is upper semicontinuous in Q. Therefore, g is bounded. It follows that 
U = h(Q)is a bounded open subset of C. Since h is an open mapping, for every 
w € OU there is a sequence (z,),,, of points in Q such that w = lim A(z,) and 


Re a 


(z,Jn>1 18 itself convergent to a point in 0Q. We conclude that 


dU c {weC:|w] < M}, 
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hence 
Uc {weC:|wi < M}. 


This proves the corollary. O 


2.1.28. Corollary. Let Q be a connected open subset of C and h € #(Q) such 
that for some a € Q we have |h(z)| < |h(a)| for every z in a neighborhood of a. 
Then h is constant. 


Proor. The proof is left to the reader as an exercise. CO 


2.1.29. Proposition (Schwarz’s Lemma). Let g: B(0,1)—> B(0,1) be a holo- 
morphic function such that g(0) = 0. Then 

|g(z)| < |2| 
and 

ig'(9)| < 1. 


If either inequality becomes an equality (even at a single point, except for z = 0, 
for the first one) then g(z) = Cz for some constant C,|C| = 1. 


Proor. The function h(z):= g(z)/z(z 4 0), h(0):= g’(0) is holomorphic in 
B(O, 1) and, for anyr,O <r <1, 
max |g(z)| 
max |h(z)| = max |h(z)| = @Er  < 
r 


izisr [zj=r 


| 
r 
Since r is arbitrary, it follows that |h(z)| < 1 for every ze B(0, 1). If there is 
some Z, € B(O, 1)\{0} such that |h(z,)| = 1, then A is a constant C of absolute 
value 1 by §2.1.28. The same argument holds if |g’(0)| = |h(0)| = 1. O 


EXERCISES 2.1 
(82 represents a connected open set in C and B = B(0, 1). It is understood that a contour 


like |z| = r is traversed only once and counterclockwise.) 


1. With the help of Cauchy’s integral representation formulas compute the following 


integrals: 
(a) sin z 
Ietij=3 Z+1 
z 
(i1) dz 
jzi=2 ra _— 1 
COS Z 


(iii) 


(iv) — (n = 1,2,3,...) 
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2. Let f € #(B) 7 C°(B), show that 


*8. 


I(Qjdl = 0 


ICi=t 
and 
i . a | 
{= ani ect Me (z € B). 


Conclude that 
1 {* 
f0)= 5. | f(e*) dé. 
20 |» 


Write down the corresponding mean-value property for f(a), when B(a,r) SQ 
and f € #(Q). 


. Let f, g € #(B) 7 C°(B), show that 


I FO) zg) _ Sf) if |zj<1 
2ni J at (; —z° zt — a ~ oP if |z| > 1. 


. Let fe #(Q), Blzo, R) = 2,0 <r < R. Compute 


| F(z)dx dy. 
r<|[z—-zg/<R 


. Let p > O and f be an entire function such that for some constant M > 0, 


f(2)| < MCU + |2[)? 


for every z € C. Show that f is a polynomial of degree at most p. 


. Let f be an entire function satisfying | f(z)| < Me”! everywhere. Show that 


| f(0)| < M and 


He Kn 


I “0 I u(y (ne N*). 


. Let y be a piecewise C' Jordan curve, g a continuous function on Im(y), and 


0 € Int(y). Show that 


ptt 
| ott) dt =90 for every z € Int(y) 
yl -2Z 
if and only if 
| t"o(t)dt = 0 forn= —1, —2, —3,... 
y 


Let S = {ze C:|Imz| <a < oo} and f € #(S) satisfying the two conditions 


(Gi) lim —— = 0, 
|zima 2 
(11) LPG + < 0, for every y€ ]—a,al. 
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Show that there exist functions f, (resp. f,) holomorphic in the half-plane 
Imz > —a(resp.Imz < a) satisfying the conditions: for any ¢ > 0, f,(z) ~ 0 when 
|z| + co while Imz > —a + e (resp. f,(z) + 0 when |z| — o while Imz < a — 6), 
and 


f(z) = f(z) — f(z) for every zeé S. 
(Hint: For 0 < b < a, define f, in Imz > —b by 


_t fe” f© 
fa=z |" 


Use a similar definition for f, and Cauchy’s theorems 2.1.3 and 1.11.4.) 


9. Show that 


dl. 


co [e-8) 
(a) For any «eC we have | edt = e +a)" dr (Why is this not an 
OO = ao 
immediate consequence of the translation invariance of the Lebesgue 
measure?) 
(b) Consider the integral of the function e'**’ tan zz around the parallelogram in 
Figure 2.1. Let R — oo to show that 


\- e* dx = Jt. 


le 
Figure 2.1 


—g2 


(c) Integrate e~* along the contour of Figure 2.2 to show that 


ie-@) [9.0] 1 
| sin(x?)dx = | cos(x?)dx = ~ ia 
0 0 2 2 


Figure 2.2 
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10. (a) Prove Proposition 2.1.17 and the preceding statements about the radius of 
convergence. 


(b) Show that the radius of convergence of a power series }) a,z” and that of 
n>O 
the series of its formal derivative, )’ na,z""', coincide. 


azil 
(c) Show that the function (defined for h # 0, ne N*) 


(z + hy’ — 2” = 
h 
is a polynomial in z and h with positive coefficients. Use this fact to prove the 
inequality 
(c+hy—2" | Cel + lhl 
2 a Co _ nn! ; 
h = Tal me 


Conclude that 


n>oO0 a> n>O 
(\z| + [Al)" — Iz!" 
s » a, (ee — —— J — y nja,|(|z\|" 1 
n>O lh| n>O 


(d) Recall the following property of a family {u,},. 9 of C’ functions defined on 
a finite interval [a,b] of the real axis: if 5° uj, converges uniformly in (a, 5] 


n2od 
and 5° u,(xo) converges for some point Xp € [a, 5], then the series )° u,(x) 
n> 0 noo 


converges uniformly in [a, b] to a C’ function whose derivative is » u] = 
n>O 

). u,. (If not seen before, this is a good exercise). 

nm 


0 
Conclude that a power series }° a,z” with radius of convergence R > 0 
nzO 


is a holomorphic function in B(0, R). 


11. Give the Taylor series expansion about z = 0 and find its radius of convergence 
for the following functions: 


(1) re 7 
: z* + 424 4+ 76 
(it) —_——9a 

(1 — z*) 


(ii) (1 —zy™, meN 
(iv) (lL — 2°)"° 


2? 


“ @ypE-p 


(vi) Let 5° a,z", >, 5,2” have respective radius of convergence a > 0, B > 0. 
n>O n2O 
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12. 


13. 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


What can be said about the radius of convergence of the series y c,z", where 
n>O 


a 
Cy = > GAn—1~On? 


(a) Let w cc Q, dw piecewise regular, f € #(Q). Apply the Cauchy inequality 
2.1.20, (2) 


f(6m) max {| f(z)|: z € da} 


Zo) s 2nd (Zo, Ow) , 


which is valid for z) € w, to the holomorphic functions (f(z))", n = 1, 2,..., 
to show that |/f(z,)| < max{|f(z)|:z¢0@}. Obtain a proof of the weak 
maximum principle: 

If Q bounded, f € #(Q) 0 C°(Q) then || fila < I llevan): 

(By comparison with this exercise, the statement 2.1.27 is sometimes called 
the strong maximum principle.) 
Show that the open mapping property 2.1.25 implies the weak maximum 
principle. 


(b 


Nee” 


Show that the maximum principle 2.1.27 fails if Q is not bounded. 
Assume f € #(Q) is not constant. Show that | f| cannot have a minimum at a 
point Zz) € Q, unless f(z)) = 0. 


Suppose g € C'(Q), N := {z €Q: e(z) = 0}, and grad g(z) # Oifz € N. Show that 
if fe A(Q) and f(Q) c N then ff is constant. 


Let p be a polynomial of degree n and a > 0. How many connected components 
can the open set {z e C: |p(z)| < a} have? 


Let f be an entire function such that | f(z)| < e®*? everywhere. What can you say 
about f? 


1 1 
Assume f{ € #(B) and it satisfies f” (53) = f (53) for every ne N*, show that f 


is an entire function. 


Is there a function holomorphic in B such that it satisfies any of these conditions 
for every ne N*: 


@s(‘)=r(-l= 8 
i n n 
» i(,) ~f (-7) inet 
(Ql 
nh 
I | 
0G) 


Let p be a polynomial of degree n. M(r) = M(|p|,r) = max {|p(z)|:|z| = r}. Show 
that ifO<r< R < o then 


(c) 


2 
< 
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21. 


*22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
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M(r) | M(R 


rh “— R* 


What can you say about p if the equality holds for some r, R? 
Let B, = Bo{zeC:Imz>0}, fe #(B,) 0 ¢(B,). Show that if f(x) = 0 for 
—l1<x<1,then f=0. 


Let B, be as in the previous exercise, f € #(B,) 0 6(B,) such that fis real valued 
on the real axis, Im f(z) # 0 in B, and f is injective in B,. Show that there is a 
function F ¢ #(B), F injective and F|B, = f. 


Let f be holomorphic in the upper-half-plane and continuous up to the real axis. 
Assume f is real valued on the real axis and || f||,, < 1. Show f=ce[—1,1]. 


Show that the function z-> cos(./z) which is a priori defined only in 
—n < Argz < 1, can be extended to be an entire function. Give its Taylor series 
expansion about z = 0. Does it depend on the determination of VJ: z? 


Show that the I function defined here is holomorphic in the right half-plane 
{zeC:Rez >}, 


V(z) := \ et?) dt. 


0 
Verify that 
P(z + 1) = zP(z). 
Conclude that for ne N, 
T(in+ D=ni!. 


oO —tZ 
Show that the function z+ | <3 dt is holomorphic for Rez > 0. 
0 


Let f be holomorphic in B, f € #(B) (see §1.11.1). Compute 


) Zz" 'f(z) dx dy (n > 1). 


Let f ¢ #(B) and k a radial continuous function of compact support in B such 
i 
that | k(z)dm(z) = 2x | rk(r) dr = 1. Show that 
c 0 


f(0) = \. F(z) k(z) dm(z). 


(as always in this book, dm stands for the Lebesgue measure.) 


Let fi, ..., fy € H(Q) be such that | f,(2)/? + °°: + 14090 = 1 in Q. Show that 
fi, ---5 fy are constants. 


Let f: Q - QO be holomorphic and satisfy f o f = f. Show that either fis constant 


(a) Let fe #(Q), Q2> BO,n, fi) = y a,z" be its Taylor expansion about 
n>0 
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z = 0. Show that 
" a. AO 
22h i9\)2 OY 
Y lay? {" [fire 
(b) When r = | in part (a) show that 


|a,,|° 


1 
» = — | | f(z)? dm(z). 
vm JB 


sont. 


32. Apply exercise 31 to show that if f is a polynomial of degree n such that f(B) ¢ B, 
then 


I | Uf'(z)? dm(z) < n. 
1 Js 


Find all the polynomials for which this is an identity. 
33. Let fe #(B), f(z)= ¥ a,z". Write u= Ref, v=Imf. Show that for any 
n>O 
re jO,1f,neN*, 


1(* |... i (** | 
a, = | u(re® je"? d@ = —. | v(re®)e” i”? dé. 
Tr 


0 


Use the first identity to show that if (0) = 1, u > 0, then [a,| < 2, n= 1, 
2,.... Conclude that 


1 — |2| 1 + [2| 
< zyx —_, 
1 + {z| If) 1 — |z| 


(Hint: Use that f(z) # 0 to prove the lower bound.) 


34. Use Liouville’s theorem (cf. §2.1.20) to prove the Fundamental Theorem of 
Algebra, i.e., every nonconstant polynomial has a zero. 


§2. The Fréchet Space #(Q) 


We recall that the space @(Q) of all the continuous complex-valued functions 
in an open set Q < C admits the following metric: 


_ PAS — 9) 
UO DT + pf — a) 


where p,(h) = sup |A(z)| and (K,),>, is an exhaustive sequence of compacts in 


zeéekK,, 


Q. (Tha is, K, S Kyat foreveryn > 1landQ = |) K,. Anexample of sucha 


n>i 


, = 1 
sequence is K, = B(O0,n)o f EQ: d(z,Q°) > \.) This distance is invariant 
n 


under translations, ie, d(f + h,g + h) = d(f,g), and it induces the topology 
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of uniform convergence on every compact subset of D. @(Q) is then a complete 
metric space, 1.e., a Frechet space. 
We will always consider #(Q) with the topology induced from @(Q). 


2.2.1. Proposition. The space #(Q) is a Fréchet space. 


PrRooF. It is enough to show that #(Q) is a closed subspace of @(Q). Let (f,), 51 
be a sequence of holomorphic functions that converges uniformly over every 
compact subset of Q towards a continuous function f. We have to show that 
fis holomorphic. If R is a closed rectangle contained in Q, then 


| f(z)dz = lim | f,(z)dz = 0, 
eR n>o JaR 


by the uniform convergence on the compact @R. Morera’s theorem implies 
that f is indeed holomorphic in Q. CO 


2.2.2. Corollaries 


(1) If a power series 5 a,z" is convergent in a disk B(O,R), its sum is a 
n>O 
holomorphic function in that disk. 
(2) The space #(Q) is identical to the collection of all functions in Q that admit 


locally an expansion in power Series. 


ProoF. The proofs are left to the reader. O 
d 
2.2.3. Proposition. The mapping — ae r> f’ from F€(Q) into itself is continuous. 


Proor. Let K be a compact subset of Q and a relatively compact neighbor- 
hood of K in Q. The Cauchy inequalities assert that there is a constant C such 
that 


sup |f'(2)| < C sup | f(2)]. 


Zzée@ 


This proves the continuity of the operator — (J 
Zz 


2.2.4. Corollaries 
(1) If s(z) = py a,z" in the disk B(O, R) then s'(z) = >» na,z" | inthe same disk. 


(2) Uf oot is a convergent sequence in #(Q) to a - function f, then (fi )n>1 
converges in A(Q) to f’. 
(3) A similar statement holds for series: If | f, converges to f in #(Q), then 
n>1 


dX f, converges to f' in this space. 


n>1 
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2.2.5. Remark. If f(z) = )\a,z" in B(O, R), then a primitive for f in the same 
disk is 


2.2.6. Examples. (1) Let f(z) = its expansion in B(0,1) is 5° z". The 


2 
1—z n>O 


function F(z) = | f(¢) dC is a primitive of f and admits the expansion 
8] 


nti 


F(z) = . 
@) 2, n+ I 

Consider now the holomorphic function g(z) := e~*. Its derivative can be 
readily computed by the chain rule 


The product function fg is also holomorphic in B(0, 1) and 
(fo! = fo + f'9. 
Since g’ = —fg and f' = 1/1 — z)* = f? we have 
(fo! = —f7g + fg =0. 


Therefore fg is a constant equal to f(0)g(0) = 1. It follows that —F is a 
determination of the logarithm of 1 — z. Moreover, if |z| <1 we have 
1 —zeC\]—o,0] and we have already defined the principal value of its 
logarithm, Log(1 — z). The two continuous functions Log(1 — z) and — F(z) 
are determinations of the logarithm of 1 — z in B(O, 1) and coincide for z = 0. 
Therefore F(z) = — Log(1 — z) throughout B(0, 1) and we have 


Log(i-z)=—-¥ a (jzl <1). 


n>o ht + I 
(2) Consider the function (1 — x)* (a € C) defined for x e ]—1,1[ by 


(1 _ x)" _ e% Log(i—x) 


From calculus we know that this function has the Taylor expansion con- 
vergent in |—1,1[, 
: ,wa@—1)...a—-n+1) , 
(l—xf= ¥ (-1) Mew Deane), , 
n>O WH? 

The power series obtained by replacing x with z converges in B(0, 1) and hence 
defines a holomorphic function there, also denoted (1 — z)*. One can verify 
that (1 — z)* coincides in B(O, 1) with e**°8"~”), In fact, these two holomorphic 
functions already coincide on ]—1, 1[. 


120 2. Analytic Properties of Holomorphic Functions 


(3) Let f(z) = ——, = ) (—1)'2*" in B(O,1). The function F(z) = 


| f(¢) dC is a primitive of f whose Taylor series expansion about 0 is 
0 


wenth 
FE)= Vi-Wg tlel<d, 


Let us recall that the entire function cos w vanishes exactly at the points 
m/2 + kn(k € Z). Therefore, the function tan w = sin w/cos w is holomorphic 
in C\{n/2 + kZ}. It is well known that tanx is strictly increasing in the 
segment |—2/2,2/2[ of the real axis, where it admits an inverse function 


Soo, I 
arctan x whose derivative is bax 


There is a connected open set w in C containing ]|—72/4,7/4[ such that 
g(z) :== F(tanz) is well defined and holomorphic in w. One has g(O) = 0 and 
d sec* z 
t dt SEE cern = | 
g'(z) = F'(tan z) 5 anz = Pe tan? 
hence g{z) = z. It follows that in ] — 1, 1[ the function arc tan x is the restriction 
of the holomorphic function F. 


2.2.7. Definition. A subset A © #(Q), A # @, is said to be bounded if for every 
compact K ¢ Q there is a constant M(K) < o such that 


sup (sup F(z ") = sup | fllk < M(K). 
fea fea 

This is a particular case of the usual definition of bounded subsets of 
a topological vector space. The reader should note that the sets that are 
bounded for the metric defining the topology of #(Q) are not generally 
bounded in the sense of Definition 2.2.7. For instance, #(Q) is itself bounded 
for this distance being contained in the ball centered at the zero function and 
radius one. Evidently, #(Q) is not bounded in the sense of §2.2.7. 


2.2.8. Theorem (Montel). The bounded sets of #(Q) are precisely the relative 
compact subsets of #(Q). Un other words, #(Q) is a Fréchet-Montel space (cf. 
[Sch ]}).) 


Proor. Since for every K cc Q, the numerical function ft ||f||, is con- 
tinuous in #(Q), it is clear that every relatively compact subset of #(Q) 1s 
bounded in the sense of §2.2.7. 

Conversely, if A is a bounded set in #(Q), it is also equicontinuous by the 
Cauchy inequalities. The theorem of Arzela-Ascoli now shows that A is 
relatively compact in @(Q). Since #(Q) is a closed subspace of @(Q), A is also 
relatively compact in #(Q). C] 
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2.2.9. Examples. (1) Let Q be a connected open set in C, (f/,),., a bounded 
sequence in #(Q), and E a subset of Q which has an accumulation point in 
©. If for every z € E, (f,(z)),>, 18 a convergent sequence, then the sequence 
(fn)n>1 Converges in H(Q). 

In fact, let (f,,, x>1 be a convergent subsequence, its limit g does not depend 
on the choice of convergent subsequence since it is completely determined by 
its values on E. Therefore the sequence (/,),., converges to g in #(Q). (If not, 
there is ¢ > 0 and a subsequence (/,,),., such that d(f,,,g) =. This sub- 
sequence will have itself a convergent subsequence (f,, Dyes and its limit will 
coincide with g on E, hence everywhere. This is an obvious contradiction with 
the choice of ¢ and (f,,,).) 

(2) Let OQ = B(O,1) and (f,)ns0 be a bounded sequence of holomorphic 
functions in Q. Let f,(z) = X C,.42* be their Taylor series expansion about 


the origin. Then (f,,),>1 converges in #(Q) to fo if and only if for every k > 0, 
lim Cyn = Con 


FE 20 


If lim f, = fo then it is clear that (c, ,),>, converges to Cy , for every k > 0. 


FE CO 


Conversely, since c, , = f, (O)/k!, if g = lim f,, is the limit of a subsequence, 
then g“(0)/k! = lim c,,,, = Co,,,and hence g is independent of the subsequence. 


The rest of the proof is the same as in Example 1. 

(3) Let U be an open set in C, f € #(U) such that f(U) © U, and z, EU 
be such that f(z)) = Z, and | f’(z,.)| < 1. Under these conditions, there is a 
disk B(z,,r) S U such that lim f(z) = z, uniformly in that disk. (Here f™ 


denotes the nth iterate of f, fU) = f, f™ = fo f™ "Uforn > 2.) If U is bounded 
and connected, it is also true that lim f'"! = z, (the constant function) in 
HU). 
I 
Set R= 5(l + | f'(Zo))) < 1. From the definition of f’(z,)) it follows that 


there is r > O such that B(zo,r) & U and 
f(2)—-f (Zo)| _ 


if 0 < |z— Zo| <r. 


Therefore, since f(Z)) = Zo, 
| f(z) — Z| < Riz — Zo| fO0<|z—z | <r. 
This implies that f(B(z,,r)) © B(zp,r) and hence we can iterate the last 
inequality, whence 
f(z) — zo| < R"\z — z9| < R"r (z € B(Zo,7)). 
From this inequality the uniform convergence of f! to the constant z, in 
B(zo,r) is evident. Finally, if U is bounded and connected, the sequence 


(f™),>, is bounded in #(U). From (1) it follows that f'™ converges to zy in 
HEU). 
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(4) Let Q be a connected open subset of C and f € #(Q) be such that f(Q) 
is a compact subset of Q. The iterates f'"! of f converge to a constant zy € . 


n>i1 
F(Q,) S f(Q,) S f(Q,—,) = Q, by induction. It follows that K is also given by 
K = () Q,, hence it is compact and nonempty. Let (f'!),.. , be a subsequence 
n> 2 
of iterates of f converging to g in #(Q). It is clear that g(Q) © K. We claim 
that g(Q) = K. Ifwe K thenweQ,,, = f@7UQ) = £™Q,), hence for every 
n > 1 there is w, ¢ Q, such that w = f'"(w,). Since Q, is compact, we can find 
a subsequence (Wr, jz1 Of the sequence (w, ),., Converging to Wo € Q,. The 


uniform convergence of (f'«!),., to g on Q, implies that lim f@™)(w, ) = 
jr , 
g(wWo), so that w = g(wo) € g(Q,) S g(Q). 

We can conclude that g must be a constant function Zp, 2) € Q. If not, g 
will be an open mapping, K = g(Q) will be both open and closed, hence K = 0 
which is impossible. 

We recommend [Ab] and [BI] as introductions to the iteration theory of 
holomorphic maps. 

(5) Let f € L,,.(Q) be such that for every g € BQ) one has 


We claim there is a holomorphic function f in Q such that f = f a.e. Let @ 
1 
be a standard function and set ¢,(z) = n’e(nz). LetQ, = f ED: d(z,Q°) > it 


The C® function 


F(z) = \, F(z — C)pn(o) dm(C) 
BO, 1/m) 


is then holomorphic in Q,. In fact, we can write 


F(Z) = | fue, (2 — u) dm{u), 
B(O, 1/n) 


and hence, by differentiation under the integral sign, 


OF, 4) 4 
a= | _ Sw) sa(onlz ~ 1) dm(u) = — | _ Sw selonle ~ 1) dm(u) = 0, 
since ur ,(z — u) € AQ) when z € Q,. 

For no fixed, the sequence (F,),>,, 18 bounded in Q,: Let K cc Q 


Ko? 


_ 1 = 
r>0O such that (Kr + | <Q. (We recall that for e>0, V(K,e) = 
0 


{ze C:d(z,K) < «}.) For n > ny and z € K we can write 


1 
F(z) = xr I, ) E(w) dm(w). 
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(In fact, we have, forO <p <r, 


1 FAC) _ | on id 
F(z)= = | 73 dt = an \ F(z + pe) dé. 


Integrating this identity with respect to p dp, we obtain 


_ | (|. F(z + pe\d0)pdp =, \, F,(z)p dp = F,(2), 
0 


nr? Jo tr* Jo 


which yields the preceding claim.) 
Writing now w =utiv,C =¢ + ly, we obtain 


it 
|F(Z)| < 3 | |F,(w)| du dv 
ar Bi(z,Pr) 


cy aude | tw — Dla@)dé dn 
B(z,r) 


ar B(O, 1/n) 


3 a | f(w)| du iv] | p,(C) dé dn. 
mr V(K,r+1/no) B(O, i/n) 


That is, for ze K and n > ng we have 


1 
F,(2)| <3 | Lf(w)| du de. 
Me JV (Kr +t /no) 


This shows that the sequence (F,),,>,, is bounded in H (Q.,,,). 
The sequence (F,),>, has the following property: for every W € Z(®), 


nm 00 


lim | Fiwdxdy = | fis dx dy. 
Q §2 


To verify this identity, let n be such that Q, 2 supp Ww. Then 

| (f — F,)ydxdy = -| | (f(z — 6) — £(2)) ald) dx ay |e) dx dy. 
Q Q LJ B(O, 1/n) 

The function (7,0) » (f(2-9-f@)v@Qe,C ) is integrable on 

_ | _{ | 

V (supp v1) x B (0 ‘), hence we can apply Fubini’s theorem and obtain 
| (f — F,)W dx dy = | (| (f(z — ©) — f(z) (2) dx iy) pnlo) dg dn. 

Q B(O, 1/n) Q 
Letz-~C=w=u + iv, the identity becomes 


| (f — F,)¥ dx dy = | (| fw) Qe + w) — w(w)) du iv) @n(C) de dn. 
2 B(O, i/n) 2 


By the uniform continuity of y, given é > 0 there is N such that ifn > N 
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(f — F,)y dx ty < :| | f(w)| du do, 
2 


Visupp w, 1/N) 


which shows the limit of | Fw exists and equals | fu. 


Q Q 
If mo is such that Q, > supp y, and if (F,, ),., is a subsequence of (Fi), n, 
which converges in #(Q,,) to g, then 


im | Fy drdy = | (tim f,, )ydrdy = | gw dx dy, 
k>o JQ 2,,. \k7 2 Q,, 


Therefore 


| gwdxdy = | fi dx dy, for every yw € ZQ,,,), 

Qn, 2 

which shows that the holomorphic function g coincides with f ae. in Q,, and 
hence g does not depend on the subsequence (F,, ),.,. We can conclude that 


7) 
the condition f € L;,.(Q) and | f = dx dy = Ofor every gy € @Q) implies that 
q OZ 


there is a function f € #(Q) such that f = f ae. 

(6) Let (f,),>, be a sequence of holomorphic functions in Q such that 
Cfnadn>t converges in Li..(Q) to a function f € Li,.(Q) (ie., for every K cc Q, 
f,—> f in L'(K)). Then there exists f € #(Q) such that fe fae.and ff 
in #(Q). 

In fact, one verifies easily that for every g € FZ(Q), 


6p 
ie f dx dy = = lim | fnawadxdy =0 
n>0 Jq 02 
and then one can use (5) and inequality 2.1.20, (3). 

(7) Let O<d<a<2, Q the angular region given by Q:= 
{zeC:0 < |z|<1,-a«< Argz < a}, and fe #(Q), be a bounded function 
such that lim f(x) = L € Cexists. It follows that lim f(z) = L holds uniformly 


x-7O+ z70 
within —« + 6 < Argz <a—d/(ie., only |z| > 0 counts, as long as z lies in 
the smaller angle). 

To see this, let us introduce the bounded sequence of holomorphic func- 
tions in Q, f(z) := f(z/2"). This sequence verifies, for every x € ]0, 1[, 

lim f(x) = L 
It follows from (1) that (/,),>, converges uniformly on every compact subset 
of Q to the constant L. 

Let K = {ze€Q:}<|z| <4,-a+6< Argz <«— 64}. Fore > 0 there is 
no € N such that if n > ny we have | f,(z) — L| < « for every ze K. Let z be 
such that 0 < |z| < 2°", —~a#+6<Argz<a+ 0, and let j >, such that 
1/2/*? < |z| < 1/2/*1 (which means that 2/z € K), then f(z) = ,(2/z) and 
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f(z) — L| = |f(2’z) — Ll <e. 


Therefore, —a+6<Argz<a—6 and O<{z|<1/2"° implies that 
| f(z) — L| < e. This means that the uniform convergence to the constant L 
holds in the smaller angle. 


2.2.10. Remark. A different generalization of the Cauchy-Goursat Proposition 
2.1.11 than the one given in 2.2.9, (5) is the Loman-Menchoff theorem: Let 


Of of... , 
f € 6(Q) be such that the partial derivatives J 2 exist at every point ze Q 


0 
and satisfy 35 f(z) = 0 everywhere, then f € #(Q). 
Z 


For a proof see [SZ] or [Nal]. This theorem is not so frequently used as 
Example 5 in §2.2.9. 


*2.2.11. Definition (Analytic Functionals). An analytic functional T defined 
on the open set Q of C is a continuous linear function T : #(Q) — C. The space 
of all those functionals is the topological dual of the Fréchet space #(Q) and 
it is denoted #7’ (Q) (cf. [Sch]). 

Since #(Q) is a closed subspace of @(Q), the Hahn-Banach and Riesz 
theorems allow us to conclude that for any T ¢ #’(Q), there is at least one 
complex-valued measure p with compact support in Q representing T, that 
means: 


CT, f> = | fa (f € F€(Q)). 


It is easy to see that in general the measure p is not unique. For instance, 
if T is the evaluation at the point ae Q, the measures p, (0 < r < d(a,)) 
defined by 


1 (7 , 
| fu, = a fla + re”) dé, 
2ni Jo 


as well as the Dirac measure 6, represent T: (They are not the only ones!) 

One can define a topology in #’(Q) that makes it a Hausdorff locally 
convex topological vector space. To every bounded set A © #(Q) we associate 
the seminorm p, on #’(Q) given by 


pa(T) = sup KT SAI. 


With this topology, one can consider the topological dual #7” (Q) = (47’"(Q))’ 
of #’(Q). Montel’s theorem 2.2.8 has as a consequence that #”(Q) can be 
identified to #(Q). This is a classical result in the theory of topological vector 
spaces (cf. [Sch]). We will return to the study of #’(Q) in the sequel to this 
volume. 
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EXERCISES 2.2 
(B = B(O, 1) and Q is a domain in C). 


1, Let f © #(B) be holomorphic and nonconstant, || f||,, < 1. Show that g(z):= 
y (f(z))" is holomorphic in B. Is g bounded? 
n=O 


2. Show that thefamily ¥ < #(B),F = {f:\|fllp2 < 1} isacompact family in #(B). 
3. Let (fino, S HB), Allin. < 1 for all n, and lim f/(z) exists for every z € B. Show 
that (f,),>, has a limit in #(B). Show that it is enough to assume that lim f,(z) 


exists for z € A, where A is a set with an accumulation point zy, € B. 


*4. Let T be an analytic functional in #’(C) (cf. §2.2.11), let a, = <T,z">, n > 0. Show 
that 
(a) The function f defined by 


MO= Ye 


20 


is an entire function which satisfies for every C € C, 


IF) < Ae™ 
for some constants A, B > 0. 
(b) Let p € #(C) be arbitrary, p(z) = > b,z", then 
n>o 
(TQ = d, anbn, 
Formally this can be interpreted as showing that 


n a a, 
T= Yael = (I 8, 
z=0 n>O A. 


where 0, is the Dirac mass at z = 0. 
(c) Can you find a function ® defined in C x C which is entire holomorphic in 
each variable separately, and such that for fixed € e C 


CF, ®(-,C)> = f(¢) 
with f as in part (a)? 
5. Let 0 <A, <1, <--+:+ be a sequence such that 
0 <a = limsup = < OO, 


and let {a,},., be a sequence of complex numbers such that 


1 < p= limsup ."/\a,| < oo. 


moO 


Show that the series 


§2. 


10. 


11. 


. Show that the function zr [a 
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¥ a,e *n? 


n> il 


converges to a function holomorphic in the half-plane Rez > alog p. 


. Show that the following series of holomorphic functions converge to a holo- 


morphic function in the indicated domains: 


(a) 2 


COS NZ (2 e C); 


i 
(b) ) ——~_ @ €N%*); 


noi A(z — n) 


' 
(c) * sin nz (\Imz|<1) (use Stirling’s formula for n'); 
n>i ht 


(d) ¥en? v" (\are:1 <3) 
n>o 4 


© tsint 
sin 5 dt is holomorphic when Rez > 0. (Note the 


integral has to be considered as an simproper integral.) 


. (Abel summation theorem). 


(i) Let u,,...,U,,0,,---, 0, be a collection of 2n (not necessarily distinct) complex 
numbers. Let s, = u, +--> + u,(1 < k <n). Show that 


n n-i 
DUM = SpPp + DY, 54 (0q — Vest). 
k= k=1 


(ii) Show that if > u, is a convergent numerical series and v,(z) is a sequence 
anal 


ie) 
of functions on a set K such that |v,(z)| + >» |v,,(z) — v,4,(Z)| is uniformly 
bounded on K, then the series >» u,v, (Z) 1S uniformly convergent on K. 
(in) Consider now a convergent numerical series A = y a, Show that the func- 
n2o 


tion f(z) = >> a,z”" is holomorphic in B and, moreover, for any « > Oifze B 
20 


remains in the angle |1 — z| < a(1 — |z|), the limit iim f(z) = Ais uniform. 


. Suppose ¥ is a relatively compact family in #(Q) such that for some open set D 


one has f(Q) ¢ D for every fe ¥. Let g € #(D), which is bounded on bounded 
sets. Show that the family of {go f: f €¢ F} is also relatively compact in #(Q). 


Let F¥ | #(Q), suppose that F is a bounded family, show that ¥’ = {f': fe F} 
is also a bounded family in #(Q). Is the converse true? 


Let (no: S= H(B), f,(0) = 0. Suppose Re f, converges to zero locally uniformly. 
Show that f, > 0 in #(B) (Hint: consider g, = e*.) 


. Let QO be a bounded domain in C and F = { fe #(Q): f(Q) SQ}. 


(a) Show that ¥ is a relatively compact family in #(Q) and find its closure F. 
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(b) Show that under the operation of composition of maps, ¥ is a semigroup. 
(c) Show that if (f,),51. (Gnadnai1 are sequences in ¥, f, > f, g, > g in #(Q) and f, 
g © F, then f,og, ~ fogin #(Q). 
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A holomorphic function f = u + iv € #(Q) can also be interpreted as a trans- 
formation from Q into C. It is evidently a C® transformation. One can 
compute the Jacobian matrix D(f) of the transformation 


Q 4 R? 
(x, y)+ (u, v) 
(Z=x+iprw = f(z) =u + iv) 


Ou cu 

O(u, v Ox Oy 
pif) = Me”) 

O(x, y) Ov Ov 

dx éy 


The Jacobian J(/) = det D(f) of this transformation equals | f’|*, hence it is 
greater than or equal to 0 and f preserves the orientation. This is a direct 
consequence of the Cauchy-Riemann equations but it can also be seen as 
follows. 

From dw a dw = —2idu a dv, dz a dZ = —2idx a dy and the relation 


f*(du a dv) = J(f)dx a ay, 


one deduces 
J(f)dx a dy = 1+ (Saw A iw) = jf dz A f'dZ=|f'P dx a dy, 
hence, 
J(f) = |f'l?. 


One concludes from the inverse function theorem that if f’(z,) 4 0 then f 
is locally invertible at the point zy) as a C® map. Before proving that this local 
inverse is also a holomorphic map, let us reobtain a result already mentioned. 


2.3.1. Proposition (Composition of Holomorphic Maps). Let Q,, Q, be two 
open sets in C, f € #°(Q,) taking values in Q, and g € #(Q,). The function 
h = g 0° f is holomorphic in Q, and 


hi = (gio fyf. 
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PROOF. We will prove first: 


2.3.2. Lemma. Let 9: Q, >Q, be a C' map, ¢ is holomorphic if and only if 
the inverse image of every form A dw of type (1,0) (in w) is a form of type (1,0) 
(in z). 


Proor. For a C' map ¢ we have 


0p 
* = ° = °o @)<—-dz + — . 
o*(A dw) = (Ao o)dg =(Aog) 3 dz+ as 


0 
If @ is holomorphic, then oe = 0 and hence 


7) 
p*(A dw) = (Ao 9)" dz = (Ao @)o dz, 
which is clearly of type (1, 0). 
Conversely, if @*(A dw) is of type (1,0) for every C® function A, then 


0 
necessarily i = 0 and ¢ is holomorphic. Cc 


2.3.3. Remark. If @ is holomorphic one has 
0° Qg* = gtod and 00 Q* = —g* od, 


so that ~* preserves also the forms of type (0, 1). 


PROOF OF 2.3.1. Since h* = (g o f)* = f* o g*, and both f* and g* preserve 
the (1,0) forms, then h* also preserves the (1,0) forms and h is holomorphic 
by Lemma 2.3.2. Besides, using d(g o f) = f*(dg), one sees that 


, oh oa a 0g | Of — opel 
n= 2 =a(9 n= (4 )o =e PF’, 


which concludes the proof. OJ 


2.3.4. Corollaries 


(1) If f: Q, > Q, is a holomorphic map which is also a C'-diffeomorphism, then 
the inverse transformation f~' is holomorphic. 

(2) If g:, + Q, is a holomorphic map such that for some z, € Q,, g'(zo) ¥ 9, 
the local inverse is holomorphic in a neighborhood of g(zo). 


Proof. They are an easy consequence of Lemma 2.3.2; we encourage the 
reader to prove them in that framework. A direct proof of (2) can be obtained 
as follows. 

Let f:Q-— C be holomorphic and such that f'(z) # 0 for every z € Q. If we 
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fix Z) € Q and consider z, € near z, we obtain 
f(z) = f(Zo) + f'(Zo)(z — Zo) + O((2 — Z0)”) 
f(2) = £20) + f'(Zo(E — 20) + OE — Z0)”), 
hence, 
F(z) — fC) = f'(Zo) (2 — 0) + (2 — JOU Zz — 29] + 1S — Zo). 


Therefore, 
fl) — MOE 51 Codllz — 


if both z and ¢ are close to z,. Hence / is injective near z, and the inverse f~! 
can be defined near f(z,.), which is continuous since f is an open map. 
Let now w = f(z), o = f(C) for z, ¢ near zo, then 
fTCwW-f"@) z-¢ I 


“= Snare when w > a, 


w-o fv- ff) f'O 
which shows that f~' is holomorphic with derivative 1/f’(C) at o. Cc 


2.3.5. Remark. The inverse of a differentiable homeomorphism is not differ- 
entiable in general as shown by the example x» x? from R to R. Nevertheless, 
for holomorphic maps we have the following. 


2.3.6. Proposition. A bijective holomorphic map f :Q, —- Q, has a holomorphic 
inverse. 


Proor. We already know f is a homeomorphism since f is an open map. It 
suffices to prove that f’ does not vanish. Let us assume that for some z,) € Q, 
we have f{'(z,) = 0. We might as well suppose that z, = f(z) = 0. 

There is then an integer k > 2, a function g holomorphic near 0, g(0) = 1, 
and a number c e C\ {0} such that 


f(z) = cF2"g(2). 


There is a 6 > 0 such that |g(z) — 1| < 1 if |z| < 6. The function wre w'* = 
et/klogw ig holomorphic in B(1, 1). By composition, the function h(z) = (g(z))'* 
is holomorphic in |z| < 6. This implies that f cannot be injective in a neighbor- 
hood of zero. In fact, the map @ : z+ czh(z) is a local diffeomorphism about 
z=0 by §2.3.4 since its derivative at the origin is c. Hence, there is an 
open neighborhood V (Vc {|z| < 6}) of the origin and ¢ >0 such that 
o:V — B(0,e) is bijective. In V, f = o*, and since w+ w* is a k-to-1 map on 
any circle centered at the origin, f cannot be injective. O 


2.3.7. Corollary. Let f be a nonconstant holomorphic function in a connected 
open set Q, z, € Q, and f(Z,)) = Wo. There is an integer k > 1 and a holomorphic 
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function @ defined in a neighborhood of zy such that o(z,)) = 0, (zo) # 0, and 
F(z) = Wo + (e(2)*. 


ProoF. It is a consequence of the proof of §2.3.6. CO 


2.3.8. Remarks. (1) From the local representation 2.3.7, one can give a new 
proof of the fact that a nonconstant holomorphic map is an open map. This 
is left to the reader as an exercise. 

(2) Let Q be open and connected, f : Q — C holomorphic and nonconstant. 
The set U of points in Q where f is locally injective is open and its complemen- 
tary D = Q\U is a discrete set. Namely, D is the set of zeros of f’. A point 
Zp € Q1s in U if and only if the integer k in §2.3.7 equals 1. 

For a point z, € Q there is a neighborhood W of f(z.) = wo, and a neigh- 
borhood V of z, such that f(V) = W, f-'(wo) OV = {zo}, and, for every 
Ce W\{wo}, the equation f(z) = ¢ has exactly k distinct solutions in V\ {zo}. 

The integer k is sometimes called the ramification index (or branching order) 
of f at 2). If wy = 0 it is also called the multiplicity of z. as a zero of f. The 
proof of characterizes k as the smallest positive integer such that f(z,) 4 0. 


2.3.9. Definition. A holomorphic map f:Q, ~ Q, between two open subsets 
of C which is byective is called a biholomorphism or a conformal map. 

If QO, = Q,, it is customary to say that f is an automorphism of Q,. The 
collection of all automorphisms of an open set Q is a group under composition 
denoted Aut(Q). 

We would like to explain here where the name “conformal map” comes 
from. Given two vectors z,, z, € C*, let us recall that the oriented angle 
0 = 6(z,,z,) between them is defined to be the value of 6,0 < 0 < 2x, such that 

| a a 

Given a differentiable map 9:Q, >Q, and aC! curve y: ]—g,e[ ~Q,, 

recall that the tangent vector &(0) of the curve « = po y at «(0) is given by 


where (0) is the tangent vector to the curve y at y(0). 

Let now y,, y2 be two curves of class C' in Q, such that y,(0) = y,(0) = 
Z9€Q,, and leta, = @oy,,0, = Moy. 

Assume g is holomorphic in a neighborhood of z) and 9’(z,) #0. If 
0 = O(,(0), },(0)) and 6 = 0(«,(0), a, (0)) then we have 


6 &(O)a, (0) 0'(29)}20) @'(Z0)},O) _ 6 


Therefore 6 = 6 and we see that @ preserves the oriented angles between the 
two tangent vectors at Zp. 
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Conversely, suppose the differentiable map @ preserves the oriented angles 
between any two tangent vectors at z) and J(@)(z,.) # 0. Consider the two 
curves 


y(t) = Zo + te, y(t) = Zy + te, 
0 < 6, < 2z. For them 7, (0) = e: and ¥,(0) = e’. Also, 


0p 


O@ - 
=— (Zo) + € "= (Zo) 


* 0) = ié; 
a,(0) =e ae 


. 0, OP -i9, OP 
42(0) =e "2 =~ (Zo) +e "2 (Zo). 
The condition e = e® implies that the quadratic form 


a a , \/so. . de | 
Z(e!1, oi82) = (|? (25) + Pay )e- 22 | (25) +P lzg)e 2 | > 0 
OZ OZ OZ z 


for all choices of 0,, 8,. This immediately implies that — (z)) = 0. Ifnot, taking 
OZ 


0, = 0 and varying 8, one sees that the point Z(1,e'’?) describes a circle of 
positive radius. 
We have therefore shown the following. 


2.3.10. Proposition. Let @ :Q, — Q, be a differentiable map with nonvanishing 
Jacobian J(p). Then ¢— is holomorphic if and only if @ preserves the oriented 
angles. 


2.3.11. Remarks 


(1) Let g be holomorphic in a neighborhood of Zo, if @’(z)) = 0, then the 
angles between tangent vectors are not preserved but amplified by the 
factor k > 2, ramification index of @ at Zo. 

(2) There are differentiable maps @ which are not holomorphic but 

J(@~)(Z,) = Oand @ preserves the angles between tangent vectors at Z). For 

example, Zz) = 0 and ¢(z) = z|z|. This transformation preserves lines in a 

wide sense. For instance, the image of a ray through the origin is exactly 

the same ray. Only the parameterization changes. 

A useful corollary of Proposition 2.3.10 is the following: Let @:Q, - Q, 

be a differentiable homeomorphism between two open subsets of C, then 

~ is a biholomorphic map if and only if J(@) never vanishes and @ preserves 
the oriented angles. 


(3 


“eso” 


2.3.12. Examples. (1) A transformation o of S* = C vu {oo} of the form 


_az+b 


o(2) = cz +d’ 


§3. Holomorphic Maps 133 


with ad — bc # 0 is called a Moebius transformation. If c = 0 it is a similarity 
(an invertible affine transformation of C onto itself) and we have o(00) = oo. 
If c 4 0 we have ao(—d/c) = o and o(0) = a/c. If o is a Moebius transforma- 


, ; dz—b_ ., 
tion, the new transformation o / defined by o '(z) = aaa 8 also a 
—cz +a 


Moebius transformation and o(o7'(z)) = o ‘(o(z)) = z. If o and t are two 
Moebius transformations one can see without difficulty that the same holds 
for the composition o o t. Hence the family .@ of Moebius transformations is 
a group. It is clear that if 4 « C* and a is the transformation just described it 


Aaz + Ab 
is also true that a(z) = - jer + Ad’ therefore the coefficients a, b, c, d are not 
Cz 


uniquely determined. But this is really the extent of the indeterminacy, one 
can say this more precisely as follows. 
Let GL(2,C) be the group of invertible 2 x 2 matrices. The map 


b 
®:GL(2,C)— -@ given by o((2 ")) = o, where o is the transformation 
C 


just described, is a group homomorphism whose kernel is the subgroup of 
GL(2, C) of diagonal matrices. 
(2) IfaeC, |a| < 1, consider the Moebius transformation 


zZ—a@ 


Pal2) = 5 —. 
— GZ 


Note that g, is holomorphic in the disk B(0, 1/|a|) and that o;7' = o_,. We 
claim that g, is an automorphism of B(O,1). It is enough to show that 


|o,(z)| < 1if|z| < 1. But the condition |@,(z)| < 1 is equivalent to |g,(z)|? < 1, 
which itself is equivalent to 


\z/? + jal? < 1 +4 Ja|?|z|?. 
This last inequality is a consequence of the identity 
Iz|? + Jal? — [al?|z|? — 1 = (Iz/? — 1 — Jal’) < 0. 


It is also easy to see directly that o,(dB(0, 1)) = dB(0, 1); it 1s only necessary 
to observe that for@ eR 


Let us note also that @,(0) = —a, g,(a) = 0, ¢/(0) = 1 — |a|* and gi(a) = 
1/(1 — Jja|*). More generally, the following relation holds 


lpalz)i(L — |zI?) = 1 — |@,(z)|?. 


Let now f/f: B(O, 1) > B(O,1) be a holomorphic map. Let ae B(0,1) and 
b = f(a). Consider the holomorphic map 


g:= 9,° f° g_,: BO, 1) > BOO, 1) 
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which satisfies g(0) = 0. By Schwarz’s lemma we have ({g’(0)| < 1, unless 
g(z) = Cz, |C| = 1. Computing this derivative we find 


J (0) = (© f)'(@-a(0))- mC = (@, ° fY(a)- (1 — |al’) 


= w(b)f(@it —laP)= 7 Fa 

Therefore, 
ny 2 bbe 1 U@e 
POS a= a 


and the first inequality is an equality only if |g’(O)| = 1, in which case, we will 
have 


f(z) = p-(C@,(z)), fz < 1. 


Since |C| = 1, this says that fis an automorphism of B(0, 1) (as a composition 
of three automorphisms: ¢,, multiplication by C, g_,). One can find by direct 
computation that f is then of the form Cg, for some |a| <1, |C| = 1. In 
particular, we can show that every biholomorphism f of B(0, 1) is of the form 
f = Co, for a convenient constant C,|C| = 1 and point a € B(0, 1). In fact, let 
a= f~'(0), then g = fo g_, is another biholomorphic map of B(0, 1) with 
g(O) = 0. If his its inverse, then by Schwarz’s lemma |g’(0)| < 1 and |h’(0)| < 1 
but g’(O)h’(0) = 1, hence g(z) = Cz and, hence f = Cog,. 

Summarizing, we have shown that every holomorphic map of B(0, 1) into 
itself satisfies 


1 — | f(2I’ 


1 —{z/? 


IP's (Iz| < 1) 

and that equality at a single point occurs if and only if f is a biholomorphic 
map, hence of the form Cq,(\a| < 1,|C| = 1). In this last case equality holds 
everywhere. 


EXERCISES 2.3 
Q is an open connected set in C, B = B(O, 1). 


1. Let us recall that the explicit identification of unit sphere S?* = 
{p = (X1,X2,x3)€ R?: xi +x3+x}=1} with CuUf{oco} is given by the 
stereographic projection: C is considered as the plane x, = 0. The north pole 
N = (0,0, 1) is identified to oo and a point z = x + iyeé C corresponds to the 
unique point pe S? such that the straight line through N and p passes also 
through (x, y, 0). The chordal distance of two points z,, z, € C corresponding to 
Pi, Po € S* is o(z,,2,) = |p, — p2| = Euclidean distance in R°. Show that: 

(a) z+Z z—Z {zi* — 1 
a yp Res ; X= >, x, = ——_, 
eS TE Le? >i) + [z2?) aT lee 


and 
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What is the image of a circle in S* under stereographic projection? 
The topology in S* induced by the chordal distance and that considered in 
the text coincide. Moreover, 


(b 


New” 


o(2,,25) = 2|Z, — Z4| 
PO" ($+ [2470 + [22 /7))?" 


1 1 
Find o(z, 00) for z € C. Show also that a & ) = 6(Z,,Z,),forevery pair z,, 


21 <2 
z,EC*. 
Let I be a piecewise-C! path in S? and y the piecewise C‘-path in C u {00} 
obtained by stereographic projection. Then, if we consider the length of T in 
the metric induced by o, we have 


2 
length(T) = | ———z |dz|. 
yi t+ [zl? 


aan” 


(c 


This length induces the usual metric on the sphere S?. 

The aim of the following questions is to find out what kind of transfor- 
mation of C uv {oo} corresponds to a rotation of S* under stereographic 
projection. 

(d) Show that every rotation of R° admits 1 as an eigenvalue, hence a fixed axis. 

(ce) Show that every rotation is the composition of rotations about the coordi- 
nate axes. Show that in the complex plane, these rotations correspond via 
stereographic projection to a Moebius transformation. 

(f) Compute the Moebius transformation corresponding to the matrix 


I 0 0 
0 -!I 0 |. 
a 0 —I1 


*(2) Does every Moebius transformation correspond to a rotation of S*? (Show 


+b 
that only those z1> — + 7 such that ja|* + |b|* = 1,c = —b,d = ahave this 
Cz 


property. The corresponding group of matrices is denoted PSU(2, 2), cf. 
[JS].) 


2. Let f ¢ #(Q) be an isometry for the chordal distance, that is, o( f(z,), f(z2)) = 
a(z,,Z,) for every z,, z, €Q. We want to find f- 
(i) Show that f satisfies the differential equation 


1+ ry 


1+ |z|? 


IFO? = ( 


(ii) Show that by composition with Moebius transformations one can assume 
OE Q, £(0) = 0, f’(0) = 1. 

(iti) Show that under the conditions of (11) one has | f(z)| = |z| in a neighborhood 
of 0. Conclude that f(z) = z in this case. 

(iv) (Alternate proof of (iii)). Differentiating the differential equation obtained in 


0 
(i) with respect to 35" show that f'(0) = 0 for n > 2. Conclude that every 
z 
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local holomorphic isometry for the chordal metric is a Moebius transfor- 
mation. (In fact, it is possible to show that if f preserves the metric (locally) 
and the orientation, it is differentiable and conformal, hence f is automati- 


cally holomorphic.) 


Let f € #(Q). Show that, if o is the chordal distance, 


£#(2) = tim PL O-IO) _ AION 
(a) f *(z) ae if —z| 1+ f(z)? 


(b) If f(z) ¥ 0, show that f *(z) = (;) ° (z). 


(c) The length in S* (in the metric induced by the chordal distance) of f oy, » 
piecewise-C' path in Q, is 


| f*(z)\dz\. 


The function f * is called the spherical derivative of f. 
(d) Let y be a piecewise-C' path in Q, starting at a and ending at b. Then 


o( f(a), f(b) < | f*(z)\dz\. 


. (a) Show that any Moebius transformation can be obtained as a composition of 


the following three kinds of simpler Moebius transformations: (i) translations: 
Zt>z+a,aeC; (ii) dilations: z+ bz, b € C*, and (iii) inversions: z+> —. 
a 

(b) What does this say about the group GL(2, C)? 
(c) Conclude that any Moebius transformation preserves the family composed 
of all circles and lines in C (you can think of the lines as being circles through 
oo € §*). 
(d) Show that a Moebius transformation is determined by the image of three 


different points. 
(ec) The quantity 
2) 23 22 23 
(21,22,23,2Z4) = | 
Zy — 24 | 24 —_ 24 


is called the cross ratio of the four points z,, Z,, 23, 24 € C when at least three 


of them are different. If one of them is oo it can be defined by limits, e.g., 


(00, 25,23,2Z4) = — oman ~ 


Show that Moebius transformations preserve the cross ratio. Moreover, 
show that if m is a Moebius transformation and z, = o 1(1), z3 = yg '(0), 


Z4 = p ‘(00), then 
pz) = (Z, 25,23, 24). 


Conclude that given two triples of distinct points {z,,z,,z,} and 
{W1,W2,W3} in S*, there is a Moebius transformation w such that W(z;) = w, 


(j = 1,2,3). 
(f 


~~” 


ona circle or on a line. 


Show that the cross ratio (z,,22,23,24) € R if and only if the four points lie 
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5. 


10. 


*i1. 


*42. 


l 
. (a) Show that the map zrew = — 


Show that the Moebius transformations which map the unit disk onto itself can 
b 

also be identified to the subgroup SU(1, 1):= (5 *) = fal? — |b|? = i of 

GL(2,C). More precisely, SU(1,1)/{+/}, I = identity matrix. Conclude that 

Aut(B) is isomorphic to SU(1, 1)/{+J}. 


. Show that if @ is a Moebius transformation of B onto itself, it preserves the 


hyperbolic length of curves, defined by 


|dz| 
vor [ 
y L- [z|? 


where y is a piecewise-C' path in B. It also preserves the hyperbolic distance 
between points 


2,—-2 
p(z,,Z,):= arctanh (w-"). 


[i — 2,2, 


Taking for granted that the geodesic, with respect to this metric, joining the origin 
to the point r in the segment ]0, 1[ is the segment [0,r], find all geodesics. 


. LetQ ¢ B, f € #(Q), f(Q) & B. Assume f is an isometry for the hyperbolic metric. 


Show that f is a Moebius transformation from B onto B. (Hint: Compare with 
Exercise 2.3.2). 


. Let fe #(B), f(B) S B, f(z) # z. Show that it can have at most one fixed point. 


. Let f: B- B be holomorphic; let me N* be the multiplicity of the origin as a 


zero of f. Show that 
[f(z siz (ze B). 
Let {f: B > B be holomorphic and vanish at z,,..., z,,. Show that 


| f(O)| < 121... 2m. 


Suppose that f € #(B) is injective, f(0) = 0, | f’(0)| < 1, and f(B) > B. Show that 
f(z) = cz, for some constant c, |c| = 1. 


Let ae B, W(z) = z@,(z) = z(z — a)/(1 — az). Consider the sequence of functions 
ylal = yy o--- ow. Show that 
(i) if ze B then y'"(z) > 0 as n > 00 (uniformly on compacts of B); 
(ii) if ze B° then y'"(z) > co as n > co (uniformly on compacts of B‘); 
(iii) if |z| = 1, then either w'"(z) does not have a limit or the limit is the solution 
Zo of Pq(Zo) = |, 


. Let f € #(Q) be injective, D = f(Q). Show that 


area(D) = \ f(z)? dx dy. 
© 


. LetO < a < 2. Show that the map z+ z*is a biholomorphic mapping of the upper 


half plane H onto the angular region {ze C:0 < Argz < az}. 


z+1 


is a biholomorphism of B onto 


+H = {weC:Imw> 0}. 
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17, 


18. 
19. 


20. 
21. 


22. 
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(b) Use part (a) and Example 2.3.12(2) to show that every biholomorphism of H 
onto itself is given by a Moebius transformation 


aw+b 
bi] 
cw+d 


This identifies the group Aut(H) with SL(2,R)/{+J}, where SL(2, R) is the 
group of 2 x 2 real matrices with determinant equal to 1. 

(c) Show that if fe Aut(H) fixes the points 0 and oo in S$’, then f(w) = aw, 
a € |0, oof. When ts « = 1? 

(d) Show that every conformal map of B onto H is a Moebius transformation. 

(ec) Show that if f ¢ Aut(H) is such that w = 0 is a double zero of f(w) — w= 0 


a,b,c,deR, ad — be = 1. 


then f(w) = ow ~ >> c € R. When is c = 0? What is the form of f when w = oo 
w 


is a double fixed point? 


(a) Let g € Aut(B). Show that 9 has either exactly one or exactly two fixed points 
in B or ~ = idg. If the fixed point z, is in B, show [g’(z,)| = 1. 

(b) If @ has exactly two fixed points, show there is a Moebius transformation w 
from B onto H so that yo go! € Aut(H) and fixes 0 and o. 

(c) Show that if @ has exactly two fixed points then there is one of them, say zp, 
such that the iterates go"! converge in #(B) to the constant function zp. 

(d) Show that if @ has exactly one fixed point z,) in 0B then the conclusion of (c) 
also holds. (Hint: cf. Exercise 2.3.15, (e).) 


Find a biholomorphic map of B onto the first quadrant {ze C: Rez > 0 and 
Im z > 0}. 


Construct a biholomorphic mapping from B, = {z € B: Imz > 0} onto B. 


Construct a biholomorphic mapping from Q = {ze C:|z| > 1 and Imz > 0} 
onto B. 


Find a conformal map from the strip S = {ze C:0 < Imz < 1} onto B. 


Construct a conformal map of the half-strip Q={zeC:Imz>0 and 
0 < Rez < 1} onto B. 


Let f € #(B(0,r)) be such that 
[F'(z) — FO) < [F'(0)| 


for every z € B(0,r). Show that f is injective. 


Isolated Singularities and Residues 


2.4.1. Definition. Let f be a holomorphic function defined in an open set 
Q of C. A point ae C will be called an isolated singularity of f if a is an 
isolated point of cQ. 

It is the same as saying that there is r>0 such that B(a,r)\{a} CQ 
and a¢Q. Note that this concept is very dependent upon the set Q where 
we consider the function f, for example, the function 
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fi)=* in C\{0} 


Z 


has an isolated singularity at z = 0. But the function 
i | 
g(iz)=-— in {Rez>0} 
z 


does not have an isolated singularity at z = 0. This ambiguity will be removed 
later when we discuss analytic continuation. 


mamas with the origin as an Isolated Singularity. 


—- COSZ. 


(1) f,(z) = ———-— in C\ {0}. 


(2) frlz) = ~ in C\ {0}. 
(3) falc) =e" in C\ {0}. 


The reader should note that f, is bounded in a neighborhood of 0 and can 
be defined in the whole C; lim | f2(z)| = co and iim | f,(z)| does not exist. 


Moreover, for every p > 0 one can verify f,(B(0, p)\ {0}) = = C\{0}. We will see 
that the distinction between these three types is a general phenomenon. 

Let us remark also that if f is not identically zero in a connected open set 
Q and fe #(Q), then the function 1/f is holomorphic in Q\Z(/), where 
Z(f) = {z EQ: f(z) = 0}, and every point of Z(/) is an isolated singularity of 


the second type for 1/f (ie, lim |1/f(z)| = co ifz)e€ zi1)) 


Z 729 


2.4.2. Proposition. A function f that is holomorphic and bounded in a punctured 
disk B(a,r)\ {a} is the restriction of a unique function f, holomorphic in the disk 
B(a,r). 


ProorF. Since f is bounded, f € Lj,,(Q),Q = B(a,r). From §2.2.9(5) we conclude 
it suffices to prove that for every g € BQ) one has 


ae —dz v dz = 0, 


because, in that case, there is f e #(Q) such that f = f ae. hence f = f in 


B(a,r)\ {a}. 
For g € AQ) we have 


fredz \dz= im | ana dz n dz 
Z e<|z-al<r OZ 
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x OC 
since d( fg dz) = 0( fo dz) = —f se dz a dzand we can apply Stokes’ formula. 
The functions | f|, |@| being bounded, say by M, we have 
fodz| < 2neM’, 
lzj=e 
which ends the proof. Oo 


A different way of proving the same statement is the following: The function 
g(z) = (z — a)f(z) for z # a, g(a) = 0 is continuous in B(a,r) and holomorphic 
in B(a,r)\ {a}. By one of the corollaries of Morera’s theorem, g is holomorphic 
in B(a,r). Since it vanishes at z = a we know also that g(z) = (z — a)f(z) for 
some f holomorphic in the whole disk. Evidently f = fin B(a, r)\ {a}. 


2.4.3. Definition. An isolated singularity of f ¢ #(Q) such that f is the restric- 
tion of a function f holomorphic in Q u {a} is called a removable singularity. 

Therefore, if f is holomorphic and bounded in B(a,r)\ {a}, the singularity 
a is removable. 


2.4.4. Proposition (Classification of Isolated Singularities). Let f be holo- 
morphic in B(a,r)\ {a}. Only the following three cases are possible: 


(1) The singularity is removable and this holds if and only if 


lim sup | f(z)| < oo. 


27a 


(2) If limsup| f(z)| = +a, 


(i) either lim | f(z)| exists in R and equals +00, or 


(ii) lim | f(z)| does not exist in R and this holds if and only if {(B(a, p)\{a‘) 


is dense in C for every p,O<p <r. 


This theorem is often referred to as the Casorati-Weierstrass theorem. A 
stronger version, Picard’s theorem, will be proved in §2.7. 


PROooF. It is enough to prove the equivalence of the two conditions stated in 
(2), item (11). 

It is clear that if, for every p € J0,r[, f(B(a, p)\{a}) is dense in C, then 
lim sup | f(z)| = +00 and that hm|/f(z)| does not exist since, for instance 
lim inf| f(z)| = 0. 

Let us show that if the lim|f(z)| does not exist in R then the density 
condition is satisfied. Suppose there are p (0 < p <r), we C and 6 > O such 
that | f(z) — w| > 6 in Bla, p)\{a}. Then, the function g(z) = 1/(f(z) — w) is 
holomorphic and bounded in B(a, p)\ {a}. Its singularity at the point a will be 
removable and g extends to g, holomorphic and bounded in B(a, p). It is not 
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possible that g(a) # 0, otherwise f would be bounded in a neighborhood of 
a. On the other hand if g(a) = 0 then 


l 
lim ——— = lim | f(z) — w| = +00 
za lg(Z)| za 


and, hence, lim | f(z)| exists in R and has the value +00, thereby contradicting 


the assumptions. Cc 


2.4.5. Definition. Let a be an isolated singularity of f which is not removable, 
if lim | f(z)| = +00 we say that a is a pole of f. If the limit does not exist we 


Za 


say that ais an essential singularity. 


2.4.6. Remark. If ais a pole of f € #(B(a,r)\{a}) there is ro € ]0,r[ such that 
| f(z)| = 1 if 0 < |z— al <rg. Hence the function g = 1/f has a removable 
singularity at a and it takes the value 0 there. If k is the multiplicity of this 
zero of g one can write f(z) = h(z)/(z — a) with h holomorphic in a neighbor- 
hood of aand h(a) 4 0. The number k will be called the order of the pole a of f. 

Using the Taylor expansion of h about z = a, one can find complex numbers 
A,;, -k < j < —1,anda function g holomorphic in a neighborhood of 0 such 
that A_, # 0 and 


A, A, 
“G—ako tei? OF. 


Conversely, if f can be written this way, then z = a is a pole of f of order 
k. Therefore, to say that a is a pole of f means that f can be extended to a 
continuous map f: B(a,r) > S? with f(a) = 00 and i/f holomorphic in a 
neighborhood of a (we define for this purpose 0 = 1/00). 


2.4.7. Definition. Let Q be an open subset of C, g:Q— S* a continuous 
function such that g~'(0o) is a discrete subset of 2. We say g is a meromorphic 
function in Q if g\(Q\g~'(co)) is a holomorphic function. 

In other words, if g is meromorphic in Q, the set P(g) := g~'(co) is exactly 
the set of poles of the holomorphic function g{Q’, Q’ = Q\ P(g). 

The collection of meromorphic functions in Q will be denoted .4(Q). 

Let us also observe that if A is a discrete subset of an open set Q in C, 
g € A(Q\ A) and every point of A is either a removable singularity or a pole 
of g, then there is a unique continuous g : Q > S? which extends g. Clearly the 
function g is meromorphic in Q. 

A function f which is holomorphic in the set C\ B(a,r), can be considered 
as a function defined in S* in a punctured neighborhood V of the point of oo. 
In that sense oo is an isolated singularity for this function. By introducing the 
change of variables z+ 1/z one can classify this singularity the way we did 
earlier, namely, consider the function g(z):= f(1/z) defined in a punctured 
neighborhood of z = 0. 
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For instance, oo is a removable singularity of the functions 1/z, 1/z", 1/p(z) 
(p(z) = a,z" + +++ + ao, a, # 0). It is an essential singularity of every entire 
function which is not a polynomial. In fact, 00 is a pole of the entire function 
f if and only if g(z) = f(1/z) has a pole at 0. In that case, g(z) = h(z)/z* for 
some integer k > | anda function h holomorphic in a neighborhood of 0 with 
h(0) # 0. It follows that for |z| large there is a constant M > 0 such that 


If(@i < MIz/ 


From the Cauchy inequalities it follows that f 1s a polynomial of degree less 
than or equal to k. 

From now on we will also consider the spaces #(Q) and .@(Q) when Q is 
an open subset of S*. Assume f is a holomorphic function in the annulus 
O<r< |z| < o, with o being a removable singularity or a pole of /. Then 
g(w) = f(1/w) will be defined in 0 < |w| < I/r, with w = 0 being at most a pole 
and, hence, it can be written as 

g(w) = om Ajwi. 


J27 


As a consequence 
k A 
f@)=Agehtot Age YS 


If the singularity at oo were essential, we are going to see that the poly- 
nomial part in the expansion will have to be replaced by an infinite series. 

Note that the concept of spherical derivative f * from Exercise 2.3.3 makes 
sense for functions meromorphic in an open set of S*. It is enough to note that 


d _ 
if co is not a singularity of f, then f'(oo) can be defined as is f(1/z) evaluated 


_ wo) = lim 2 ZFC) AIF (oT 
at z = 0, and f *(0o):= lim a = TA TH? holds. 


2.4.8. Proposition. A holomorphic function f in an annulus A(a;r,,r.):= 
{freC:0<r, <|z—a| <r, < «} can be written in a unique way as 


f(z) = du a,(z — a)”, 


in such a way that: 
(i) The series )° a,w" converges in B(O,r,), defining a holomorphic function 
n>O 


f,(w). 


(ii) The series }\ a_,w" converges in B(O, 1/r,) defining a holomorphic function 


n>O 
ftw) 


fad=fe-a+ Ff ) 


za 
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Furthermore, the coefficients a, are given by the formula 


I I) 


a = —— — 
"2m Jy-ai=p (t— aye” 


where p is an arbitrary value in the interval r, < p < ry. 


PROOF. For zeé A(a;r,,r,) choose p,, p. such that r, < p, <p, <r, and 
z € A(a; p,, p.). We have then 


1 1 
f2=— | JO y+ LO ay 
2ni Jy-ai=p,t — Z 2ni Jy-ai=p, tf — 2 
For |t — a| = p, let us write 
tL 1 _ 1 -y (z — a)" 
t—z (t—a)—(z—a) _ z—a\ nso(t—aj") 
(t—a)jil— —_ 


The series converges uniformly for ¢ in the circle |t — a| = p,. 
For |t — a| = p, we can write 


1 1 _ — |] _ (t — a)" 
t-—z (t—a)—(z—a) ( ay nso (z — a)"*? 
(z-aiil— 


zZ2—-€ 


and the series converges uniformly for t in the circle |t — a| = p,. Hence 


I Ip) 


2ni 


dt = Y) a,(z — a)" = f,(z — a), 


[—Z n>o 


_ i f(t) 
a, = ni | (t _ a)"*! dt, 


which shows that |a,| < C(p,)p;" for some constant C(p,) > 0. Therefore the 
series } a,w" converges for |w| < r,, because p, could be chosen arbitrarily 


[t—-al=p2 


n>O 
close to r,. Similarly, 
1 f(t) 1 1 
a anion dt = ee ———— J, 
2ni Jy-ai=zp, — Z >» ° "(z — a)" i; _ ;) 
1 _ 
a_» SOE ~ a)" ; dt, 


ni \t-aj=p, 


which shows that }° a_,w" is convergent for |w| < 1/r, by the same reasoning 


n>1 


as earlier. 
Finally, we remark that by Cauchy’s Theorem 1.1.4, the integrals 


| 
5 | f(t — a)’ dt are independent of p € Jr,,r,[. 
lt—al=p 
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The uniqueness of the expansion being evident (by integration), this con- 
cludes the proof of 2.4.8. a 


2.4.9. Definitions 


(1) The expansion of f obtained in §2.4.8 is called the Laurent series expansion 
of f in the annulus A(a;r,,r,). 
(2) In the case when a is an isolated singularity for f € #(Q) the annulus 
becomes A(a; 0, d(a,(Q u {a})°) and the series }° a,(z — a)" is called the 
n<O 


principal part of f at a. 
(3) When Q = A(0;r, co), the Laurent development of f is called the Laurent 


series about z = oo, and the principal part is now ) a,z”. 
n>QO 


2.4.10. Proposition. Let a be an isolated singularity of a function f holomorphic 
in B(a,r)\ {a}. We have the following equivalences: 


(i) The singularity is removable if and only if the principal part of f at ais zero. 
(ii) The singularity is a pole if and only if the principal part is a polynomial in 


i/(z — a). 


(iii) The singularity is essential otherwise. 


Proor. The proof is left to the reader. 0 


EXERCISES 2.4 
B = B(0, 1). 


1. Let Q be an open subset of C, g: Q + S* continuous. Let Z(g) = {z € Q: g(z) = 0} 
and P(g) = {z €Q: g(z) = oo}. Assume that: 
(i) g is not identically equal to oo in any component of Q; 
(ii) g is holomorphic in Q\ P(g); 


1 
(ii) ~is holomorphic in Q\ Z(g). Show that g € “(Q). 
g 


1 -1 
2. Is the function z+ (sin (*)) meromorphic in C? In C*? 
Zz 
3. If Qis a connected open set then #(Q) is an integral domain and .#(Q) is a field. 
Moreover, the quotient field of 9(Q) is a subfield of .(Q). 
4. Show that #(S*) = C. 
5. Let f € (Q), Qconnected, and f not constant, then {(Q) is an open subset of S?. 


6. Find the isolated singular points of the following functions and determine the 
type of singularity: 


Z 


(a) 


sinz: 


§4. Isolated Singularities and Residues 145 


7. 


12. 


13. 


1 
(b) cotanz — -; 
Z 


(d) z(e"* — 1); 


1 —cosz 
(e) ——. 


Z 
Let f, g be holomorphic functions in a neighborhood of z = 0 such that (0) = 
0 

g(0) = 0. L’Hospital’s rule F is normally stated as 

tm 1? = tim 1 @ 

im —— = lim —— 

270 9(2) 240 9'(2) 
when g’(0) # 0. Why is it correct? Generalize to the case g'(0) = 0 and also study 
the indeterminacies 2 and 0: oo. What can you do if the indeterminacy occurs 

00 


at z = co? 


. Let f be a function holomorphic in B(0,r)\{0} such that | f(z)| < c|z|~1". Show 


that 0 is a removable singularity of f. 


. Let fe #(B\{0}), M(r) = max | f(z)|, 0< r <1. Show that for every ne N, 


iz|=r 


limr”M(r) = oo if and only if 0 is an essential singularity of f. Conclude that if 


r-0 
g € 4(B)\ {0}, g(0) = 0, g(B) © B, and 0 is an essential singularity for f, then fo g 
has an essential singularity at z = 0. 


. Let f € (C) whose set of poles is Z. Show that for every r > 0, f(B(0,r)) is dense 


in S*. (Hint: The proof is similar to the Casorati-Weierstrass theorem.) 


. Let fe #(B\{0}), Re f(z) = 0. What kind of singularity can z = 0 be? What 


happens if we only know that f(z)¢[—1,1] ¢ R? (in For the second part 


z)—1 
consider the function pe ; -) 


Let B, = {ze B:Imz>0} and fe #(B,) 0 ¢(B,) such that | f(x)| =1 for 
x € ]—1,1[. Show that f has a unique meromorphic extension to the whole disk 
B. Do poles actually occur? 


For each example that follows define a holomorphic function in an annulus such 
that it has the following as its Laurent series development: 


ay y= 


nto |n|! 


(b) y 2-"l(z — 1)". 


n= — oO 
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14. 


18. 


19. 


20. 
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If f(z) = y a,z" is the Laurent series of f in A(O;r,,7r,), which is the Laurent 
series of f’ in the same annulus? 
. If f and g have Laurent series s a,z”and ) b,z" in the annulus A(0;r,,7r,), 
find the Laurent series development of the product fg in the same annulus. 
. Determine the Laurent series development of f(z) = (z* — 1)7! in the following 
regions: 
(a) B(O, 1); 
(b) ACL; 0, 2); 
(c) A(—1,9, 2); 
(d) A(O;1, co). 
z—1 
. Let f(z) = | 1 in |z| > 1, f(2) > 0. Find its Laurent series development in 
z 
1 <{z| < o. 
Let fe #(Q\{a,,a,,...,a,}), where the a, are distinct points of O. Let f,,..., f, 


be the corresponding principal parts of the Laurent series development of f about 
Z=4d,,..., 2=a,, respectively. Show that f —(/,; +°:: + f,) has removable 
singularities at every a,. 


Let f be an entire function such that f(z + 1) = f(z). Show that there is a 
holomorphic function g in C\ {0} such that f(z) = g(exp(2ziz)). Conclude that f 
can be represented in the form 


F(z) 


oO 
—_ y a,errhe 
k == — 00 


the series being convergent in #(C). It is called the Fourier series of f. 
Show that the Fourier series converges uniformly in every strip a < Imz < 5. 
Furthermore, the coefficients can be computed from the formula 


i 
a, = | f(x + ibjeW 27707) dx, ke Z, 
0 


for any fixed be R. 
Generalize this expansion to the case when the periodic function f is not entire, 
but only holomorphic in b, < Imz < by. 


Show that the Fourier series expansion of f(z) = cotan 7z in Im z > Ois given by 


fay = ~i(1 +25 ent). 
k=1 


(Bessel functions of order, n € Z). 
(a) Show that if the differential equation 


2°f"(z) + of (2) + (2? — A*) f(z) = 0 


admits an entire solution f # 0, then the parameter / must be an integern eé Z. 
Prove that the converse is also true. 
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For A =n > 0, the solution of this equation that starts its Taylor series 
development about z = 0 with the term (5) is called J,, the Bessel function 
(of the first kind) of order n. Show that 

2 (— 1)"(z/2)** 
J,(z) = y —: 
mM kint kL 


One defines J,,n = —1, —2,..., by J_,(z) = (— D(z). 
(b) Let z be a fixed complex number. Show that the Laurent expansion in C* of 


wl *) |= >. J,(z)t”. 
ne Zz 


(c) From (b) obtain the development in Fourier series of 6+ e'7*"° and conclude 
that 


1 rH 
J(z) = — | cos(z sin @ — n@) dé. 
RX Jo 
(d) Show that forne N: 


(i) J,_,(z) + J,4, (2) = 7" J (2) (Hint: Use Part (c).) 


d 
(ii) 7, eal) = z"J,_,(z). (Hint: Use Taylor series expansion.) 


(iii) — ae ot) = _ al). 


a 


(iv) J,-1(Z) — Jnai (Zz) = 2J,(z). 
*22. Assume f to be a holomorphic function in the strip S = {ze C: ~p < Imz < p} 


(p > 0). Suppose further that the series y f(z + k) converges in #(S). Let F 


= 00 


be the holomorphic function thus defined. 
(a) Show that one can expand F in a Fourier series: 


F(z) —_ 3 A,e77n, 


n= —0O 


o a k+i 
A, = | S(x)e7 27" dx. (Tre integrals converge as 7 f(x)e7 77" dx 
~o k= 


oo It 
due to the hypothesis. 


(b) (Poisson summation formula). Show that 


>? f(k) = x { fixe? dx. 


(c) Let t > 0. Apply the last two parts to the function {(z) = e~™”’ to show that 
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if A(t):= SY eo! then 
k=-o 
Q(t) _ y etx? + 2ninx dx. 
Use part (a) of Exercise 2.1.9 to compute the integrals and conclude that the 
following functional equation holds for t > 0: 


1 (*) 
A(t) = —-6| — }. 
Jt \F 


23. Show that if the f, are functions in #(B\{0}) with a pole of order exactly n at 
z = O, then the function F,, 


Foe fi tot tn 


has also a pole of order exactly n at z = 0. 


1 i 1 


What happens with the F,, when f, = a and we let n > co? 
z z 


24. Let f be a rational function and 


G_, a 
f(z) = a,2" +0 + ag t+ — +H + 
z z 


be its Laurent development about z = oo. Show the a; satisfy a recurrence 
relation. Is the converse true? 


Residues and the Computation of Definite Integrals 


§5. 


2.5.1. Definitions. Let Q be an open subset of C, fe #(Q). 


(1) Let a € 0Q be an isolated singularity. We call residue of f at the point a, 
Res( f, a), the residue of the closed form w = f(z)dz with respect to the hole 
{a} of Q. 

(2) If Q > C\ B(O, R) we call residue of f at «, Res(f, 00), the residue of the 


1\d | 
closed form w = —f “)e = @*( f(z) dz) with respect to the hole {0} of 
w/w 


gp” *(Q), where z = —(w) = — 


2.5.2. Remark. The reader should consult §1.10 for the background material 


on residues of a closed form. We recall here that in case (1), if y is the loop 
y(t) = a + re?" (r > 0 sufficiently small), then 


In case (2), denote y the loop y(t) = re?™" (0 < r < 1/R), then 


§5. Residues and the Computation of Definite Integrals 149 


] 
Res(f, 00) — Res,*(542)({0}) = ai | gp*(f dz) 


i 
1 1 
= haw =| fede 


2ni J, Ww 


—2nit 


where [ is the loop I(t) = (gc y)() = 


The oddity of the definition of Res({ f, 00) disappears a bit when we imagine 
{oo} as a “hole” of Q, the orientation of the loop T’ being such that the “index” 
of this loop with respect to the hole {oo} is +1. Since the index should be 


1 | d | 

something like x | ia and this integral is exactly Ind,(0), and can be seen 
r 

to be —1 by direct computation, we find ourselves justified in the choice of 

definition. 

2.5.3. Proposition. Let Q be an open set of C, f € (Q): 


(1) If ae OQ is an isolated singularity of f and the Laurent expansion of f about 
a is given by 


fO= >) a,(z — a)", 


RE 


then 
Res(/, a) = a_,. 
(2) If Q > C\ B(O, R) and if the Laurent expansion of f about oo is given by 
F(z) = » yz", 
then 
Res( f, 00) = —a_,. 


1 1 , 
PRooF. It is enough to compute —— | f dz in the first case, and —. | fdzin 
2ni J , 2ni Jr 


the second, using the notation from §2.5.2. CO 


2.5.4. Proposition. Let f be holomorphic in B(a,r)\ {a} and have a pole at z = a 
(i.e., f is meromorphic in B(a,r)). Then 
(1) If ais a simple pole of f (i.e., the order of the pole is k = 1), then 

Res( f, a) = lim (z — a) f(z). 


In particular, if f(z) = P(z)/Q(z), P and Q are holomorphic in a neighborhood 
of a, P(a) # 0, and Q has a simple zero at a, then ais a simple pole of f and 
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P(a) 
Q'(a) 
(2) If a is a pole of order k of f, then the function g(z) = (z — a)*f(z) is 
holomorphic in a neighborhood of a. Let 5° b,(z — a)" be the Taylor expan- 
n>O0 


Res(f, a) = 


sion of g. Then we have 


] de} , 
Res(f,a) = by, = him coal gate — a) f12)}) 


ProoF. (1) The first statement is clear. The second follows from the fact that 


Q(z) 


—--- can be extended to be a nonvanishing holomorphic function in a 
zZ—a 


neighborhood of a, hence the order of the pole is 1, and 


7 _ P(z) , _ 
(z — a)f(z) = O(z) — Ova) ) (since O(a) = 0) 
z—a 


has P(a)/Q’(a) as a limit when z tends to a. 
(2) We have g(z) = bo + by(z ~ a) + -°* + by (z — a? 4 (2 — af h(z), 
with h holomorphic near a. Hence 


— b, eee Dy 1 
N= apt grant tea 
and the formula for Res( f, a) follows from §2.5.3, (1). a 
| 1 


2.5.5. Example. The function f(z) = 


24+)z-13 (@+i)(2—)e—- 1) 
has simple poles at +i and a triple pole at 1. We have 


, ; _ | _ iti 
Res(f,i) = lim (2 — I) f(2) = ss = 3 
Res(f, —i) = hm (2+ OHf(z)= sa Res(f,i) = _! = 7 


For the computation of Res(f,1), we need to find the expansion of 


1 
(@ — Ife) = 


near z = 1. Letz = 1 + h, we obtain 


| l h? 
2=3(1 —h +" +00) 


hence 


Res(f, 1) = ; 
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Before we draw some consequences of the Residue Formula we will apply 
it to the computation of definite integrals. We recall that the Residue Formula 
1.11.4, (4) is the following. 

Let Q be an admissible open set and 6 a 1-cycle of Q, then 


l 
x | f(z)dz = » Ind,(T) Res;g,(T), 


where the sum takes place over all the holes of Q. 

The method of computation of integrals using residues uses quite frequently 
the idea of taking limits on the cycles, and it depends on the following classical 
lemmas (usually attributed to C. Jordan). 


2.5.6. Lemma 
(1) Let f be a continuous function on the set 
S, ={zeC:0<|z—a|<r,a, < Arg(z — a) <2,}, 
aeC, r>0, a, < a. 


Let y, be the arc of the circle of center a and radius p contained in S,. 
The condition 


lim (z — a)f(z) = 0 
ze! S, 


implies 
lim | f(ajdz = 0. 
pro” Jy, 
(2) Let f be a continuous function in the set 
S, = {zeC:|z—al>R,a, < Arg(z —a)<a,},aeC,R>0,a, <a. 


As before, let y, be the arc of the circle of radius p and center a contained 
in S,. 
The condition 
lim (z — a)f(z)=0 


implies 


lim | f(z)dz = 0. 


p>t+a 


ProoF. In the two cases the length of y, is (a, — «,)p. Then 


| J (z) dz 


and the result is clear. J 


< (a2 — &,)p sup | f(z)| = (a, — a,) sup |(z — a) f(z)|, 


ZEYp ZEYp 
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2.5.7. Lemma. Let g be a continuous function in the half-plane Imz > 0 tending 
to zero when |z| — 00 in that half-plane. Let C, be the semicircle of center 0 and 
radius p in that half-plane. Then, for a > 0 fixed, we have 


lim | e'9(z)dz = 0. 
Cp 


poo 
PRooF. It depends on the inequality (see Figure 2.3) 
20 
—<sind <6 for 0O<@< 2/2. 
T 
Let us write z = pe’, 0 < 6 < x. The integral becomes 
I, — | g(z)e'™” dz — | g(pe'® )eiar(cos 8 +i sin i pe? de. 
Cp Oo 
Let M, be the maximum value of |g(z)| on C,, then 


Z| <p| lg(pe)ie 7 in 8 dg < pM, | eg wesing yp 
0 0 
l[—-e’ 
< z)\. 
upijn ~ 4 SUP ig(Z)| 
The lemma follows since lim M, = 0 by hypothesis. CI 


pra 


n/2 
< 29M, | e 7728/7 dO < 29M, 
0 


2.5.8. Lemma. Let a be a simple pole of a function f, y, an arc of circle positively 
oriented of angular opening a, center a and radius p. Then 


lim | f(z) dz = ia Res{ f, a). 


por 


Figure 2.3 
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PROOF. Since a is a simple pole, the Laurent expansion of f about z = a gives 


nest AUG) a) 


f(z )= ~~ + (2), 


where |e(z)| < M, if z is sufficiently close to a. Therefore, 


[ feraz=Resifiay| B+ | oterde 


A direct computation yields 


On the other hand 


| e(z) dz 


2.5.9. Examples. (1) Integrals of rational functions. Let f(z) = P(z)/Q(z) be a 
rational function with no poles on the real axis and deg P < degQ — 2. 
Therefore, lim zf(z) = 0 and hence 


|z{—> 00 


< M¢(y,) = Map > 0 as p 0. C7 


lim | f(zjdz = 9, 
Cr 


R-~-+0 


where C, is the semicircle of center 0 and radius R in the half-plane Imz > 0 
(by §2.5.6). 
Passing to the limit in the following identity, valid for R sufficiently large 


| fleydc+ | f(z)dz=2ni > Res(f,a), 


{-R,R ima>0O 


we find 


im a> 


[- f(x)dx =2ni > Res(f,a), 
— oD €) 


where the sum is over all poles of f in the upper half-plane. 
As an application we obtain 


« x? dx _1y[* x? dx Tt 
> 2 + 9x27 +4) 24S. 2 +90? +4)? ~~ 200 
0 if pis an odd integer 


oO p 
| a ade ee — @<ps2n—2, 
x nsin((p + 1)n/2n)' pis an even integer 


(2) Trigonometric integrals. Let R(u,v) be a rational function of the two 
variables u and v which is continuous on u* + v* = 1. Consider the integral 
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2n 
[= | Ricos 6, sin 8) dé. 


0 


where C is the unit circle tr e*™". If 
1 l 1\ 1 i 
—- —_ Ri _ Aye _ 
J@) iz (; (- * ta (: ‘)) 


T= 2ni Res(f, a). 
1 


la|< 


then 


As examples we obtain 


2" cos mé 9 (De me N: 
o S5+3cos@ 2:3" ” 


a = on O<r<l 
r?>—2rcos@+1 1—r?’ ~ 


0 


(3) Fourier-type integrals. By this we mean an integral of the form 
+00 
I -| I (xje'™ dx, 


where a > 0, f holomorphic on Imz > 0, with the possible exception of a 
discrete set A which does not intersect the real axis. We also assume 
lim | f(z)| = 0. 


[z|— 00 
Imz>0 


(We remind the reader that f holomorphic on Im z > 0 means that f « #(Q), 
Q open, {z:Imz > 0} ¢ Q. Moreover, A © {z: Imz > 0}.) It follows from the 
classification of singularities that A is finite and we have, as a consequence of 


§2.5.7, 
I:= lim | f(xje'** dx = 2ni Y Res(f(ze™, a). 
—F aceaA 


r7++a 


Note that the integral J is defined to be the limit on the right-hand side. 
By way of example: 


© cosx 1 oe Tt 
dx =—R ax) a = 
\ i¢x? 2 ({° So <] 2e 
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(4) Principal-value of Fourier-type integrals. The same kind of integrals as 
in (3) except that we now allow for a finite number of simple poles at the points 
a, <a, <°*: <4, of the real axis. A will still denote the finite set of isolated 
singularities of fin {Imz > 0}. 

There is first the question of how we should define the integral I in (3). Let 
us set 


Hrstis neste) | +| ot | +] (f(x)e!**) dx, 


“Fr a, +e, Bn-1FEp-1 apyte, 


where r > 0 is sufficiently large, ¢; > 0 are sufficiently small. We set 


I:= lim I1(7,€,...,&,). 
ro 
£;70 
i<jsp 


This definition determines the so-called principal value of the integral I. 


Figure 2.4 


We apply the residue theorem to the contour and use Lemmas 2.5.7 and 
2.5.8 to obtain 


[= ic} >» Res(f(z)e'*,a,)+2 ¥ Res( /icea)} 


1l<j<p 


For instance, 


(5) Integrals of the type | R(x)dx, R rational function. We assume 


0 
R(z) = P(z)/Q(z) is a rational function with no poles on the positive real axis 
[O0, co) and deg P < deg Q — 2. We are going to apply the residue theorem to 
the contour y, , , Shown in Figure 2.5. 
The idea is to apply that theorem to an auxiliary function, meromorphic 
in C\[0, cof, f(z) := R(z) log z, where Im log z = arg z € 0, 2z[. Its only poles, 
a finite number, are located at the zeros of Q(z). 
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Figure 2.5 


For ¢, h > 0, small, and r > 0, large, we have 


f(z)dz=2ni SY Res(R(z)logz,a). 
Yre,h Q(a)=0 


For ¢, r fixed, we have the limits, uniform on x é€ [¢,r], 


lim R(z)logz = R(x)logx 


Therefore, if y, denotes the circle of center 0 and radius p, positively 
oriented, we have 


R(x)dx = 2ni } Res(R(z) log z, a). 


E 


| R(z) log zdz — | R(z) log zdz — 2ni | 
Yr Ye 

The first two integrals satisfy the hypothesis of §2.5.6, where now S denotes 
the sector S = {ze C*:0 < argz < 2z}, and we have 


lim zR(z)logz = 0 and lim zR(z)logz = 0. 


z+0 jz] co 


As a corollary, one obtains 


|. R(x)dx = —)> Res(R(z) log z, a). 


0 
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For example: if p and q are integers, 0 < p < q — 2, 


~~ x? 1 
| ____— dx = a aaa | 
q sin —q 


0) 


(6) Integrals of the type | R(x)x *dx, 0<a< 1. R is again a rational 
0 


function without poles in the ray x > 0. We assume that im R(z) = 

We note that the last hypothesis means that if R = 0 then deg P < 
deg Q — 1. We consider the function f(z) = R(z)/z*, z* = e*'°®*, with the same 
choice of logarithm as in (5). Integrating on y, , , and letting first h — 0, as was 


done earlier, we obtain 


| Ra —| & RO) a, +(1— granny [TR RO) 5, = 271 y Res(*O) a) 


Q(a)=0 


We also have here that lim z f(z) = 0 and hence, 


“ R i R 


n 
o (lL + x)x* 7 sin(7a) 


For instance, 


(0<a< 1). 


ie.@) 


(7) Integrals of the type | R(x)logx dx. Here R is a rational function 
0 
without poles in x > 0 such that 


lim xR(x) = 


x oD 


We proceed as in (5) and (6) with f(z) = R(z)(log z)*. This yields the relation 
| R(x) log? x dx — | R(x)(log x + 2ni)? dx = 2ni ¥° Res( f(z), a). 
0 0 a 


Therefore 


—2 | R(x)log x dx — 2zi | R(x)dx = } Res(R(z)(log z)’, a), 
0 ) a 

and one can use (5) to compute the second integral. If R(x) is real-valued for 

x € R, then one can separate the real and imaginary parts in this relation and 

obtain 


\- R(x) log x dx = 5 Re (5 Res(R(z) (log z)’, a) 


0 
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\. R(x)dx = —,_Im (5 Res(R(z) (log z)’, “)) 


0 


In this way we have obtained 


oO 


(8) One can apply the preceding method to | R(x)log x dx when R has 


0 
a simple pole at the point x = 1. In this case the vanishing of log x at x = 1 
keeps the integral convergent. One needs to modify the previous contour as 
shown in Figure 2.6. 
If R is real-valued on the real axis one obtains the relation 


ne 1 
| R(x) log x dx = n? Res(R, 1) — 7 Re > Res(R(z)(log z)’, a). 
0 axl 


An example of an application of this identity is given by: 


| 2 
| dogx 


9 x*- 1 4 


One can compute integrals of the form | R(x)(log x)? dx, p € N, by inte- 
0 


grating R(z)(logz)’**. A priori one assumes R has no poles in x > 0 and 
xR(x) - 0 as x — oo, but one can accept a pole of order less than or equal to 
pat x = 1 as we have just done. 


Figure 2.6 
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b _ aw 

(9) Integrals of the type | I(x) (; a : dx,0<a< 1. Here we assume 
that fis holomorphic in the whole complex plane with the exception of a finite 
number of points, none of them lying in ]a,b] and having at most a simple 
pole ata(—7w <a<b< o). 


Let (= — this map is a biholomorphism from C\[a,b] onto 
C\(J—0,0] uv {1}). Hence, if Log¢ is the principal determination of the 
logarithm (Arg ¢ € ]—7, z[), we have that the function g(z) = f(z)e™*°#*™ has 
only the same singularities as f has in C\[a, 5]. 

Consider the i-cycle y, , , in C\[a, b] suggested by Figure 2.7. 

For r, é, h conveniently chosen we have 


| g(z)dz = 2ni } Res(g, w). 
Yr.&,h 


w #4 


Now, if we fix s, r, and let h > 0+-,, we obtain 


b-eé 
lim | g(z) dz -| f(xjeMowl-a/0-2))-inl gy 
[a’,b'] ate 


ho O+ 
b-s x—a a _, 
=| feo(7—) eax, 
: b—x 


at 


x—-a 
since |¢| > —_ and Arg¢ — —x when ze [a’,b’]. 


Figure 2.7 
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b-e x—a\* . 
lim g(z)dz = — F(x) e'*™ dx, 
h>O+ Jla”’,b”} ate b—x 


this time Arg ( > 2. 
Let y,, and y, , be the positively oriented circles of radius ¢ and centers a 
and b respectively. Then 


im | g(z)dz = im | g(z)dz =9 
Yea Er OF J yep 


e7ot+ 
since 


lim (z — a)g(z) = im (z — b)g(z) = 


zZ-a 


(Note that the first identity 1s valid even if f has a simple pole at z = a.) 
Therefore, if J denotes the integral we are trying to compute and C;, is the 
positively oriented circle of center 0 and radius r we have 


| g(z)dz + I-(e7'* — e") = 2ni SY Res(g, w). 
C, 


w <a 


Our assumption indicates that g is holomorphic in C\ B(0,r), hence 


| g(z)dz = — 27i Res(g, 0). 


a 


| ; fx) (* — 


1 3/y (1x), ax = h(E 2%sin 
3 12 


Summarizing 


a\* —T 
dx = — 5° Res(g, w). 
x SIN TK 43 


\{a} 


Let us see that 


vita” 3 


“ z) . z 


We take f(z) = 


We compute Res(g, oo), the other residues being elementary to compute. 


1 
Let z = —, then for |u| smail 
u 


| t—-uf 1. \%2 I-u(/, 20, aly 
yo t-uf 3 yet 2 ae le -talyaeee 
Ia i¢wi\t—u i+w 3 3 
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11 
Hence g(z) = —1 + 33 +--+ for |z| large and 


1 
Res(g, co) = 3: 
EXERCISES 2.5 
1. Evaluate, using residue calculus, 


" d@ 
{7 ope (er 


Use this to compute the Cauchy transform of yg, B = B(0, 1), namely, 


2. Let -1 <a<b<1,neN*, and B = B(0, 1), evaluate 
z-a 
z" Log (=) dz. 
2% 
\ exp(cos 9) cos(n@ — sin 6) dé. 


oe) ‘ 2 
4, Compute | (=*) dx. 
o \ x 


oO ax 


3. Evaluate 


Bz 


5. Compute | dx (0<a< 1). (Hine Consider the function f(z) = 


-~it+e* 1+ e? 


along the rectangle of vertices —R, R, R + 2ni, -R+ 2. 


6. Let Ima > 0, Im b > 0, and b # a. Show that 


Ima {* 1 —b 
m4 loghx_ ~Ol dx = log|b — al. 
a 


nxn |i, |x- 


, * x ; 4: 
7. Compute the integral | oa Ds dx using as an auxiliary contour the boundary 
9 (x 


of the sector 0 < Argz < _ 


8. Alternative proof of the Jordan Lemma 2.5.7: Show that if 0 < 4 < 1 then 


n/2 
R’| e Rsin8 7g _, 0, as R-> 


0 


by dividing the interval of integration into c 4 and EB | In the first one use 
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9. 


10. 


12. 


13. 


14. 


15. 
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1 
that cos 8 > 5 to conclude that 


a/3 x/2 
| e Rsin6 9 < 2| e Fsin8 ogg Odd. 


0 0 


Show that fora > 0, b > 0: 


(a) [- ex = 596 lV? sin 
x* + at 
cos bx 1 ~ ba nx 
b gq dx = 6 V2" sin( — + — }; 
w xt ate & 7) 
b 
(c) —— * dx * en bal J2 sin —— 
o x + 2 


— 
aan ee. 


o l+x+x? /3  sinna 
. Show that 
; 0 ifn = 1, 3,5,.. 
cos" @d@ = 1°3°S-(n —] 
\, mm OMY” nin 4... 
ie See 


Forr > 0,5 > 0, and 0 < a < 2, prove that 


* al o3 Om by dx fF a2 on ib 
| xX in -— 5° cos( 4 rf, 


Substituting x = tan 0, show that if —1<a<1land —-l<re< l, 


"2 1 — rcos 26 T 1—r\? 
——— ~——_—-, (tan 0)* d@ = —— 1+ ;-——] |. 
\ 1 — 2rcos20 +r z{tan oy seas ( + ") | 
© log? ; 16 x 
Prove that | 8X * 
Show that 


OD es 2 
@ | sin(x ax = 


(b) |< Fe dx = * 


6. Leta > vs use the rectangle [0, R] x [0, 1], conveniently indented, to compute 
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17. Find a function f € .@(C) such that 


[5.6] t* 
fay = | tant! when 0 < « < 1. 


18. Let f = P/Q be a rational function with deg P < deg Q — 2. Evaluate 


lim | f(z) cotan nz dz 
lr, 


n- 00 


and 


lim \ f(z) cosec nz dz, 
Tn 


> 00 


1 1 
where né N and I, is the square with vertices + (n + 5) +i (x + 5) Evaluate 


(d) ¥ =——, (we €\2) 


o | 
(e) dirk (ke N*). 


19. Show that if f ¢ #(B(0, R)) and f does not vanish, then for 0 < r < R we have 
i l 
log f(0) = — | og S(2) dz. 
jzi=r 


2ni Zz 


Use this formula to evaluate, for a e C fixed, 


2n 
\ log|e’® — al dé. 


0 


Deduce from this computation the Poisson-Jensen formula: Let f € 9(B(0, R)), 
0 < m, the multiplicity of the origin as zero of f, a,, ..., a, (counted with multi- 
plicities), the zeros of f in B(O, R)\ {0}, then 


(mm) n 2x 
log (‘4 0) R™ 7] R = =| log| f(Re'®)| dé. 


m! jailal/ 2x 


20. Let f ¢ #(B(0,r)), f(z) ¥ 0 for |z| < r. Show that 


F') 
, 


iy elo if(Re®)| a9 =- 
In |, . ~ 3" FO) 
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Replace the hypothesis that f does not vanish by the hypothesis that (0) 4 0 
and let z,,..., z, be the zeros of f (counted with multiplicity) in B(0,r). Show that 


e 6 i Lf (0) 1 . z 


(cf. Exercise 2.5.19). 


2niz2/n 
21. Use the loop in Figure 2.8 to integrate | canis t Use this computation to 
e — 
¥ 
n-l ; i+ ji7n 
evaluate the Gauss sums ) e?™***/" =. /n——__— 
k=0 i+ 1 


IR ——_—_ —— IR + n/2 


—~iR a ae -iIR + n/2 


Figure 2.8 


22. Recall from Exercise 2.1.25 that the F function is the holomorphic function in the 


right-hand plane defined by ['(z) = | e't?"! dt. Write 


0 


oO i 
T(z) = | et? | dt + | e 't? | dt, 
1 0 


expand the function e‘ in a Taylor series about t = 0, and evaluate the second 
integral term by term (why is it permissible?) to obtain 


re)= | end + Y 7 are = 


Conclude that I has an extension to the whole plane as a meromorphic function 


a: , ; ; — 1) 
with simple poles at z = —k, k € N, with corresponding residues ae 
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$6. Other Applications of the Residue Theorem 


We are now going to explore several other interesting consequences of the 
residue theorem and the argument principle (cf. §1.10.10 and §1.6.30). 


2.6.1. Proposition. Let Q be an admissible open subset of C, 6 € Z,(Q; 2), fig 
holomorphic in Q, f taking values in C*. Then 


1 df 
= | g = J Ind,(T) Resja/(T) 
5 J F 

the sum takes place over all the holes of Q. 


PRooF. It is a direct application of the residue theorem to the closed form 
df -) 
g-—. 
f 


2.6.2. Corollary. Let Q be an admissible open subset of C, f a meromorphic 
function in Q which is not = 0 on any component of Q. Let Z(f), P(f) be set 
of zeros and poles of f, respectively. Assume D2 = Q\(Z(f)v P(f)) is also 
admissible. Let g € #(Q) and 6 € Z,(Q;Z). The following relation holds: 


ani g f = » Inds(T) Resi) pap(T) + » m( f, a)g(a) Ind,(a) 
é T aeZ(f) 


- d m(f, a)g(a) Ind,(a), 


ae 


where m(f, a) is the multiplicity of a asa zero of f (resp. pole of f). 


PRroor. It is enough to observe that if ae Z(f), 


ReSio/ pyar ({a}) = m(f,a)g(a) 
and ifae P(f), 


Resp ar({a}) = —m(f,a)g(a). C] 


2.6.3. Corollary. Assume the same hypotheses as in §2.6.2, assume moreover that 
6 € B,(Q; Z) (for instance the 1-cycle a, associated to a loop y homotopic to a 
point), then 


1 a 
> = Y m(f,a)g(a)Inds(a)— Y m(f,a)g(a)Ind,(a). 


aeZf) ae P(f) 


ProoF. Ind,(7T) = 0 for every hole T of Q since 6 1s a 1-boundary. CO 
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2.6.4. Corollary (Argument Principle). Let f be a meromorphic function in an 
open set U,aa Jordan curve in U whose interior Int(a) is contained in U. Assume 
a does not intersect Z( : yU P(J), then 


T' i I 
wi | 5S Fin” = Ny np = 5A, log f = = = A, arg f, 


where 
nz = #(Int(a) Z(f)), 
Np = #(Int(a) > P(f)), 
the points being counted according to their multiplicity. Here A, arg f (resp. 


A, log f) indicates the variation along « of a branch of the argument of f (resp. 
a branch of log f). 


Proor. The hypotheses imply that f# 0in the component of U which contains 
a (f# 0 by our definition of meromorphic function), hence nz, < o and 
Np < 00. We can construct Q, admissible open set, with 


auInt(a) C©QCU, 
and apply §2.6.3. The last identities are a consequence of Remark 1.6.30. [1 


f 


Note that when « is piecewise-C' one can consider oe : 2 as | 7, U0 og f(z)), 


where log f(z) is a continuous (but multiple-valued) determination of log f. 
Locally, this derivative makes sense, so that 


i), 
> ohare =a d(log f(z)) dz. 


2.6.5. Proposition (Rouche’s Theorem for Holomorphic Functions—Strong 
Version). Let Q be an open subset of C, « a Jordan curve in Q with its interior 
contained in Q, and f and g meromorphic functions in Q without poles on « such 
that 


2) -9@)<lf/@l+lg@l (ea). 


Let nas), Nzig)> Npcpys Np) De the number of zeros and poles of f and g in Int(q), 
counted according to their multiplicities. Then 


Nzggy — "pcp = "zgy — "Pe: 


Proor. In fact, from §1.8.6 the two loops in C*, fo a and go a, have the same 
degree, 1.e., 
Ind,,,(0) = Ind, ,(0). 


On the other hand 
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Ind,,,(0) = > ) FO y, 


a J (2) 
1 | g() 
= dz. 
Inge) = | oa) 
Now we can apply §2.6.4. 0 


2.6.6. Proposition (Rouché’s Theorem for Meromorphic Functions— Usual 
Form). Let Q, a be as in §2.6.5 and f, g meromorphic functions in Q without 
poles on a such that 


If) -g@\<lg@l = (Ze). 


With the same notation as in §2.6.5 we have 
Nagy — Mecyy = M2z@ — "Pe 


Proor. It can be obtained as a corollary of §2.6.5 or directly from §1.8.7 and 
§2.6.4. CO 


2.6.7. Example (D’Alembert-Gauss’ Fundamental Theorem of Algebra). Let 
f(z) = a,2" +++: + dg, a, # 0, and g(z) = a,z". Let R be sufficiently large so 
that 


| f(2) — g(z)| = |a,-12"™* +++ + aol < [g(2)| = 1a,|R” 


ona = {ze C:|z| = R}. Proposition 2.6.6 tells us that the number of zeros of 
the polynomial f inside « equals that of g, that is, n. 


2.6.8. Proposition (Hurwitz’s Theorem). Let Q be an open subset of C, A a 
topological space, f:Q x A-»+C a continuous map such that, for every A € A, 
the function z+ f,(z) := f(z, A) is holomorphic in Q. Let Zo be a zero of multi- 
plicity k(1 < k < co) of f,,. There is an &q > 0 such that for every &,0 < & < & , 
there is a neighborhood V, of A, such that f, has exactly k zeros (counted with 
multiplicities) in the disk B(zo, &) if 4 € V,. 


PROOF. Since Zp is an isolated zero of f,,, there is £9 > 0 such that f,,, does not 
vanish on B(Zo, €9)\{Zo}. For ¢ € ]0, &9 ] let 
m(e)= inf |f,.(z)| > 0. 
|z—zol=e 
Since f : 0B(z),6) x A — C is continuous, the family (f,) converges uniformly 


to f,, on OB(Z9,) when 4 - A. Therefore, there exists a neighborhood V, of 
A, such that if A € V, and |z — z)| = € we have 


|fulz) — fa.(2)| < mle) < [f,,(2)|. 


Hence, by §2.6.6, the functions f, and f,, have the same number of zeros in 
B(Zo, €). CJ 
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2.6.9. Examples. (1) Let P(z;dao,...,a,) = 4,2" + °°° + @ be a polynomial of 
degree n in the variable z. Assume that for some choice ag,..., a° of coefficients 
the value Zz, is a simple root of P. Hence, for coefficients ap, ..., a, sufficiently 
close to ag, ..., a? the corresponding polynomials have exactly one root in 
a neighborhood of z,). This shows that, locally, the root z = z(dp,...,a,) 18 a 
continuous function of the coefficients. In fact, we can show that this function 
is differentiable (and even holomorphic in each a,). Namely, we can write 


OP 
——(t3ap,...5 4, 

1 ét” ° 

a dt 
201 Jizg-tize P(t do,---5 An) 


Z(Qp,.--,4,) = 


for « > 0 sufficiently small and one can differentiate under the integral sign. 

(2) The function f(z) = 4 — z — e* has a single root (in fact, a real root) 
in Rez > 0 for each / real > 1. In fact, it is easy to see that f(x) must vanish 
for some x real, x € ]0, A[. If we set g(z) = 4 — z and consider the contour a, 
suggested by Figure 2.9, one verifies that |e~*| = | f(z) — g(z)| < 1 < |A— zl if 
Z € Mp. Therefore, the number of roots of f = 0 in the interior of a, does not 
change with R and remains equal to 1, the number of roots of g. 


Figure 2.9 


2.6.10. Proposition. Let f be a holomorphic function in |z| < R such that 
f(0) = 0, f’'(0) #0. Let re ]0,R] be such that 0 <|z| <r implies f(z) # 0. 
Then, for 0 < p < R, the relation 
(w) ! tf “(t) 
w) i= — 
9 Qt iz|=p f(p) —~- W 


determines a holomorphic function defined in |w| < m:= inf | f(t)|. For such 
[t= 
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values of w,z = g({w) is the unique solution of the equation f(z) = w, which tends 
to zero when w -— 0 (in fact, g(w) also lies in |z| < p). The coefficients of the 
Taylor expansion of g about 0, g(w) = >. a,w” can be computed by 

n>i 


1 dt 1 (d"™} t 
"Onin \.. fo)" ae Gia) |jo 


PROOF. For |w| < m and |z| = p we have | f(z)| > m > |w|. Hence Rouche’s 
theorem asserts that the two functions f(z) and f(z) — w have the same number 
of zeros in |z| < p, that is, exactly one root. Denote g(w) the root of f(z) — w = 0 
in |z| < p. It is given by the integral formula 


LO 
g(w asa | FO—w 


which shows that it is a holomorphic function of w (by differentiation under 
the integral sign). We remark that for |t| = p, 


n 


i Ww 
f(t)-—w 2, fo? 


which converges uniformly and we can integrate termwise. This implies 


= > at. 


Note that ay = 0 (as it should) since the corresponding value g(0) is the root 
of f(z) = 0 in |z| < p, which is exactly z = 0 by the hypotheses. 
Since (t/((f(O)"Y = IFO) — nif" (O/ f(OY, we find 


—_ 1 | dt 
" 2nin Ink=p (f())"’ 
4: , . 1 
which is the residue at zero of the function Ait (t))”. The origin is a pole of 


order n for this function, therefore 


] q™} tn 
“6 Ga ago, 4 


2.6.11. Corollary. Let f be holomorphic in a neighborhood of B(a,R) and 
injective in B(a, R). [f Q = f(B(a, R)) and y = GB(a, R) then the inverse function 
f~* is defined for w € Q by the relation 


4 tf (0) 
fow)= sai | Foo! * 
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2.6.12. Remark. In many applications the equation one tries to solve has the 
form 


z — wep(z) = 0, (0) # 0. 


This equation fits the Proposition 2.6.10 with f(z) = z/g(z). Therefore the 
solution z = g(w) has the expansion g(w) = >. a,w” with 


n>1 


a = ae Cov] pO. 


"nt lat" 
Let us apply this to the equation 
A-z-e7?=0 (Rez >0,/4> 1) 


from §2.6.9, (2). Intuitively the solution is close to 4 when / is large. We 
transform this equation to bring it to the preceding form by writing z = A + s, 
then 


s+e ‘es =0. 
Set w= —e“, then we find s — we‘ = 0. The solution z of the original 
equation is now given by 
n-1 
n 
z=A+s=)~— } —-e™ 
n>1 n! 


Stirling’s formula gives the asymptotic behavior of the factorial: 
ni~ /2n nnti2enn 


and therefore 


so that the series is convergent for 4 > 1 (and it also allows us to estimate very 
well its value). 

Let us recall that a meromorphic function in S? is a function which is 
meromorphic in C and has an isolated singularity at 00 which is at most a 
pole. Clearly any rational function is meromorphic in S?. 


2.6.13. Proposition. The class of meromorphic functions in S* coincides with 
the class of rational functions. 


Proor. Let m(z) be a meromorphic function in S*. The total number of poles 
is finite. Let us denote z,,..., Z, the poles in C. For each j, let 


Ax, j | A 


l,j 
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be the principal part of the Laurent expansion of m about z;. The function 
P(z) := m(z) — ), mz) 
J 


is an entire function and at ©o it has at most a pole, hence P is a polynomial. 


CI 


Note that we have simultaneously proven the validity of the well-known 
partial fraction expansion for rational functions. 


2.6.14. Proposition. Let m be a rational function (m #0). The sum of the 
residues over all poles of m and the point of oo is zero. In particular, the number 
of zeros and poles of m in S?, counted with multiplicities, is the same. 


Proor. Let R > 0 be sufficiently large so that all the poles of m in C lie in 
B(O, R). Then the residue formula gives: 


i 
— Res(m, oo) = — m(z)dz = > Res(m,a). 
271 J aBo,R) 


ae€ 
poles 


The second part of the proposition is a consequence of the first applied to 


m'/m. [J 


2.6.15. Example (Abel’s Formula). Let P, Q be polynomials, deg P < deg Q — 2, 
every zero of Q is simple. Then we have 


P(a) _ 
{a: dfa)=0} Q'(a) 
2.6.16. Proposition (Cauchy’s Expansion in Partial Fractions). Let f be a 


meromorphic function in C for which there is a family (y,),>, of rectificable 
Jordan curves such that y, & Int(y,,;) and C = (J Int(y,). Assume further that 
n>1 


lim | PACA = 0. 


n-> 00 [Z| 


Denote by (a,),>, the poles of f, assume no a, lies in any curve y,. Then we have 
the following expansion: 


I 
fo=>% r,( tL ) 
n>1 a,eéD,, k 
where D, = Int(y,), D, = Int(y,)\Int(y,-,) (n = 2), and P, is the principal part 


, 1 
of f at a,. The series whose generaltermis )\ P,\ —---— converges uniformly 
a, € D,, — ay 


on every compact subset of C\ {a,:k > 1}. 
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ProoF. For z € D,\{a,:k > 1}, we have 


| fy _ fp) ft | 


Now, it is immediate that 


Res( Lo) t= :) = f(z), and 
[—Z 


Res( 0. a) = —P( __ =). 
[—Z zZ— a, 


On the other hand, for K compact in C\{a,:k > 1}, z € K, one has 


lim sup LO. a < C(K) lim sup | FO jdt} 
n-> 00 vy, f '; coat 6) Yn |¢| 
The expansion is therefore valid. C 


cotan z 


2.6.17. Example. Let f(z) = and y, be the circle of center 0 and radius 


(2n + 1). The periodicity of cotan z implies that there is M > 0 such that if 
|z —nn| > n/4 for every ne Z, then |cotanz| < M. Hence 


| |dz| C 
< 
Yn 


cotan Zz 


z jz) ~ on 


i tanz. 1 ae 
The principal part at z = 0 of conte is -, and the principal part at z = nz 
Z Z 
1 | 
(n 4 0) is —-—— since the points z = nz are simple poles of residue — 
nn(z — nm)’ nn 
Therefore, for z ¢ nZ 
t _! | 
cotanz | + lim 


noo —n<k<n kn(z _ kn) 
where s" means that k ~ 0 in the summation. It follows that 
k 


1 1 
cotanz = — + 2z >» Ee) 
The last formula follows from the previous one by adding together the terms 
ofindex k and —k. Note that this series is absolutely and uniformly convergent 
on compact subsets of C\zZ. 


2.6.18. Proposition (Hurwitz’s Theorem— Second Version). Let Q be an open 
subset of C, A a topological space, f:Q x A—-C a continuous function such 
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that, for every A€ A, 
Si : ze f(z, A) 


is holomorphic inQ. Let Ag € A and y be a Jordan curve inQ such that Int(y) S Q 
and f,, does not vanish on y. There is a neighborhood V of 4, in A such that for 
any A€ V, f, and f,, have the same number of zeros in Int(y). 


PROOF. Let m := = inf | f,,(z)| > 0. By the uniform continuity of (f,),-, on y we 


have a neighborhood of V of 4, in A such that ifAe V andzey 
[filz) -— fi l2l<mslfi(2)l (27). 


The proposition follows now from Rouche’s theorem. Ol 


2.6.19. Proposition. Let Q be a connected open subset of C, (f,)y> 1 4 Sequence 
of injective holomorphic functions that converges in #(Q) to f. Then, either f 
is constant or f is injective. 


Proor. Assume f(z,) = f(z.) = a for some z, # z,. If f# a then Hurwitz’s 
Theorem 2.6.18 (with A = Nu {co} and f,, = f) implies that f, — a has at 
least one zero in B(z,,p) and one in B(z,,p), for n sufficiently large and 
p conveniently chosen satisfying 0 < 2p < |z, — z,|. This contradicts the 
injectivity of /,. Ol 


2.6.20. Proposition. Let B = {ze C:|z| <1} and let Q be a connected open 
subset of B containing the origin. Let BS of © H#(Q) be defined by: 
={fe _ f(Q) S B, f injective, f(0) = 0} 
={fed:|f'| > I}. 
Then the set B is compact in A(Q) and there is f € @ such that 
|f'(0}| = sup |g'(9)}.- 
ge ff 


If we assume further that Q is simply connected then this function f is a 
biholomor phism of Q onto B. 


PRrooF. Since Q ¢ B, at least the identity function z+» z belongs to &. Let us 
show that # is compact in #(Q); it will then follow that 


sup |g(0)| = sup |g'(0)| 
ge of ge B 
is, in fact, achieved at some f € &, since gr |g'(0)| is a continuous function 
on &. 
Since # is a bounded subset of #(Q), it is enough to show that it is see 


If 9 € B there is a sequence g, > ¢ in #(Q), {¢,}n51 & B. Hence —(0) = 
and |g’(0)| => 1. It follows that g is not constant and hence, by §2.6.19, @ is 
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injective. Since ~,(Q) < B, it follows @(Q) < B. But the maximum principle 
implies now that @(Q) ¢ B. Therefore ¢ € &. 

Let f e @ have the largest possible derivative at 0. To show that in the case 
when 1 is simply connected f is a biholomorphism onto B we only have to 
prove f is surjective. Assume there is a € B\ f(Q). We want to construct g € 
such that |g’(O)| > | f’(0)|. This will contradict the choice of f. 

The simple connectivity of Q assures us of the existence of the logarithm 
of any nonvanishing holomorphic function. Let 


F(z) - 4 
1 ~ af(z)) 


F(z) := oe 


F is then holomorphic in Q and since < 1 wealso have Re F < 0. 


1 — af(z) 


Clearly, it is also injective. 
To construct a function in ./ we use the inequality 


Reu <0, Rev <0 implies 


(For u fixed, this is just a conformal map of {Rev < 0} onto B.) Therefore the 
function 


F(z) — F(0) 
F(z) + F(0) 


Let us now compute g'(0). We note that 


g(Z) := 


vay la Ven oy FO 
F o=(a :) f'(0) and gO) FO + FO 


Hence, 


g'(0)} Lt — Jal? 


If'O)| = —2|a|logia| 


Consider the auxiliary function w:tre1 —t? + 2tlogt in O<t <1. It is 
strictly convex, W'(1) = 0, and w(1) = 0, therefore w(t) > 0. This implies that 


gO) > [F'O)L, 
which is the contradiction we were looking for. Therefore f is a biholo- 


morphism of Q onto B. C) 


2.6.21, Riemann Mapping Theorem. Every proper simply connected open subset 
of C is biholomorphic to the unit disk B. 


Proor. Let us assume ©, is a simply connected proper open subset of C. To 
show it is biholomorphic to B it is enough to show that it is biholomorphic 
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to a bounded open subset of C. The rest follows by applying a similarity and 
the result obtained in Proposition 2.6.20. 


isa 


If there is a closed ball B(a, p) disjoint from Q,, the map 0: z+ 


biholomorphism for Q, onto 0(Q, ), which is simply connected and bounded. 
In general, let b € 6Q, (it exists since Q, # C), the holomorphic function 
z+»z — b does not vanish on ©,. Hence there are two determinations R,, 
R_ of ./z—5 in Q,. We have R_ = —R,. The open sets U, = R,(Q,) 
and U_ = R_(Q,) are disjoint, otherwise if R,(z,) = R_(z,) we would have 
z, ~b=2z, —b. Therefore z, = z, but R,(z,) = R_(z,) = —R,(z,) implies 
Z, = b, which is impossible. It follows that Q, is biholomorphic to U,, but U, 
is disjoint from the nonempty open set U_. Hence U, is disjoint from some 
closed ball and we are back in the previous case. O 


The ramifications of the Riemann mapping theorem will be explored in 
§2.8. Meanwhile, we conclude this section with another application of the 
argument principle. 

Given a connected open set 9 < C, we have that ./(Q) < @(Q, S’), the 
space of all continuous mappings from Q into S$*. Since the Riemann sphere 
is a metric space with the chordal distance, we can consider in the space 
6(Q, S*) the topology of uniform convergence on compact subsets of Q. When 
restricted to the subspace #(Q) of ¢(Q, S7), this topology actually coincides 
with the usual topology of #(]@). 


2.6.24. Definition. A sequence (f,),>, = 4(Q) converges normally to a function 
f:Q— S? if o(f,(), f(z) > 0 as n> co uniformly on compact subsets of Q, 
where o is the chordal distance in S* defined in Exercise 2.3.1. 

The crucial property of this notion is the following proposition, whose 
proof is left to the reader. 


2.6.25. Proposition. Let (f,),> 1, S @(Q) converge normally to f, Q connected 
open set in C. Then, either f € M(Q) or f = 0. Moreover, if all the f, are 
holomorphic and f # oo, then f € #(Q) and f, — f in the topology of #(Q). 


The concept of normal convergence can be extended to sequences in 
@(Q, S*) and, even further, assume that Q is a connected open set in S?. The 
previous proposition still makes sense and it can be translated into the 
following. 


2.6.26. Proposition. Let Q be an open connected set in S*, €(Q, S*) is a Fréchet 
space when considered with the topology of normal convergence. The closure of 
M(Q) in this topology is M(Q)v {oc}, oo representing the constant function 
identically equal to oo inQ. 
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Finally, we have the following generalization of the concept of relatively 
compact families in #°(Q). 


2.6.27. Definition. A family ¥ | .@(Q)(Q open connected subset of S7) is said 
to be a normal family if every sequence (f,),>, G& ¥ has a normally convergent 
subsequence (to an element in .#(Q) VU {00}). 


EXERCISES 2.6 


Q represents an open connected subset of C, though some statements are clearly valid 
also when Q & S?. B= B(O,1) SC. 


I. 


*7, 


10. 


11. 


12. 


*13. 


Let Q be an open connected subset of S*, fe .4(Q). Then f(Q) is open and 
connected. Moreover, if f is injective then f~' € M(/(Q)). 


. Prove Propositions 2.6.25 and 2.6.26. 


. Show that any bounded family in #(Q) is a normal family in the sense of 


Definition 2.6.27. Is the converse true? Is it true that if F © #(Q) and the family 
F' ={f': feF} is normal, then F is normal? Is the family F¥ = (f =c,ceC} 
normal? 


. Show that the family F = { f € #(Q): Re f > 0} is normal. 
. Show that if fe #(S*) then f=ceC. 
*6, 


Let fe #(C) and 0 <r< R < o be two fixed numbers. Consider the family ¥ 
of functions f,, f(z) = f(kz), k e N*, for z € A(O;r, R). Show that ¥ is normal if 
and only if f is a polynomial. 


(Marty’s Theorem). A family ¥ © .#(Q) is normal if and only if the family 
F* ={f*: fe F} of spherical derivatives is locally uniformly bounded. (Hint: 
See Exercise 2.3.3 for the definition of spherical derivatives. Use this exercise 
together with Arzela-Ascoli’s theorem to obtain the result.) 


. Show that all the fixed points of the meromorphic function tanz are real and 


simple. 


. How many roots does the polynomial z* — 5z + 1 have in B(O, 1)? Write down 


the first two terms of the power series expansion about 4 = 1 of the root 
z(A) € B(O, 1) of the equation 


z*—Sz+A=0. 


How many roots does p(z) = z> + 12z° + 3z7 + 20z + 3 have in the annulus 
{z:1 <|z| < 2}. 

Show that all the roots of the equation z? — z + A = e77(z + 2) lie in the half- 
plane Rez < 0, if A > 2. 


Let f ¢ #(B), f(0) # 0, me N*. Show that there exists p > 0 such that for every 
w, 0 < |w| < p, the equation z” = wf(z) has m distinct roots in B. 


Let @ be a continuous real-valued nondecreasing (or nonincreasing) function in 
the interval [0, 1]. Show that the entire function 
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14. 


15. 


*16. 


17. 


20. 


21. 


22. 


. Use Example 3.6.17 to compute 5° - 
n=l 


f(z) = |. p(t) cos(tz) dt 


0 


has only real zeros. (Hint: Use Exercise 1.8.5.) 


Let F = {fe #(Q): fQ) S B, f injective}. Determine the closure of the family 
F in H(Q). 
Let fe #(B), f(0) = 0, f'(0) = 1, f injective, | f||,, < 1. Consider the family 


{ fil) ., ofiterates f"! = fo---o f. Show that every limit function of this family 
is a conformal map of B onto an open set QO ¢ B. 


Show that if Q is a proper connected subset of C such that every nonvanishing 
holomorphic function admits a continuous square root, then Q is simply connected. 
(Hint: This requires a modification of the construction of the auxiliary function 
F in the proof of Proposition 2.6.20.) 


Let S = { f € #(B): f(0) = 0, f'(0) = 1, f injective}. Show that S is a closed subset 
of 4(B). 


1 
n> 


. Let f: B > B be holomorphic and have the property that there is a unique point 


Zg € Bsuch that f(z) = Zo. Show that if F is a family of holomorphic functions 
in Bsuch that g(B) S Band fog = go fforeveryg € F, then g(zy) = Z, for every 
gE F. 


Let f ¢ #(B) and f(B) ¢ B. Assume there is some increasing sequence n, — co 
of integers and some g € Aut(B) such that f'"! + g in #(B). Show that f € Aut(B). 


(a) Prove Abel’s Formula 2.6.15. 
(b) Let ¢, a,,..., a, be distinct complex numbers, P a polynomial of degree n — 1 
such that 


P(a;) = 5,, jHl,...,m. 


Compute P(¢) using Abel’s formula and Q(z) = (z — ()(z — a,)...(z — a,) 
(You will obtain Lagrange’s interpolation formula). 

(c) Let ¢,a,,...,a, asin(b),v,,...,¥,EN*,d =v, +-°°+ 4, — 1, Pa polynomial 
of degree d such that 


need = b, l<j<n, O<k<y,—1. 


Find a formula for P({) using Abel’s formula as in (b). 


Let f ¢ #(B(O, 3)) and f ¥ 0 on |z| = 3. Assume that 


1 f') | 
— dz = 2, 
ami Izi=3 F(z) ° 
1 f'(2) dz =2. 


—_—— Z— 
2ni Jij-3 f(z) 
and 
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I f(z) 
— dz = —4 
2ni J izj=3 ° f(z) 


Find the roots of f in B(0, 3). 


$7. The Area Theorem 


In this section we consider some simple properties of a particularly interesting 
class of conformal mappings of the disk, the class S. These properties are 
consequences of the area theorem (Lemma 2.7.3). We will use variants of 
these ideas to obtain Picard’s theorem about the behavior of a holomorphic 
function near an essential singularity. The main theme is the interplay between 
covering properties of holomorphic maps and the concepts of bounded and 
normal families. 


2.7.1. Definition. We denote by S the class of holomorphic functions in B(0, 1) 
which are injective and satisfy the normalization conditions f(0) = 0 and 
F'(0) = 1. 

This notation comes from the German word schlicht which means precisely 
injective. We are going to show that S is a compact subset of #(B(0,1)). We 
already know that as a consequence of Hurwitz’s theorem, S is closed (cf. 
Exercise 2.6.17). To prove the compactness, all we need to do is to obtain a 
uniform estimate for each r < 1 of the values | f(z)|, where |z| <r <1 and 
f €S. This will follow from an estimation of the second coefficient a, of the 
Taylor development of f at the origin 


f(2j=z+a,27 +a,2°4+°°°. 
2.7.2. Proposition. For every f € S,|a,| < 2. 


ProorF. To every f € S we will associate a function g injective and holomorphic 
in the region 1 < |z| < o; furthermore it will turn out that 


g(z) = Z + bo + 7 + =] +- see 


Before making the b, more precise, we consider the following useful lemma. 


b, b 
2.7.3. Lemma (Area Theorem). Let g(z) = z+ bp + = + 3 +--+: be holo- 


morphic and injective in 1 < |z| < 00, then 
> nlb,|* < 1. 


n>l 


Proor. Let E be the compact set E := C\g({z: 1 < |z| < o}). Since g is 
injective then the image of the circle |z| = r> 1 is a Jordan curve whose 
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interior E, contains E (this follows from g(oo) = oo). Therefore the area 
m(E,) > m(E) > 0 can be computed as follows: 


—|] | i 

: = —— Aya — Ww a = — % wd 
m(E,) 5; I. dw A dw 5; lo w= 5 I. _9 (w dw) 

1 20 _ ing —i(nti ye 
= | (re +) b, « : )(: —~¥ nby ar )re 

2 n>1 r 

b 2 
=1("- » n! r) 
n>1 r 


Letting r > 1 we obtain 


0 < mE) = x(1 -~y nib) 


This proves the lemma. O 


From the lemma it follows that [b,| <1. Returning to the proof of 
Proposition 2.7.2, to every f € S we associate the function 


1 a, 1 


= Tf) 2 


Once we show that g is well defined, satisfies the properties of Lemma 2.7.3, 


, —a ws ; 
and has the coefficient b, = ae then the proposition will be proven. 
First we note that ./f(w?) makes sense since 
f(w*) = w? + ayw* + agw® +--+: = w2(l + a,w? + aw +--), 


and the function (1 + a,w? + :--)is holomorphic in B(0, 1) and never vanishes 
since f is injective (hence f(w*) only vanishes at w = 0, where it has a 
double zero). Therefore we have a well-defined holomorphic square root 
(1 + a,w* +-:-)'” which takes the value 1 at w = 0, 


(l+a,w2 4-0) =14 Sw poe 
and 
h(w) := </flw?) = w(1 + Owe 4 ~), 
is holomorphic in B(O, i), and vanishes only for w = 0. Let us check that this 
function is still injective (and hence it is in the class S). If h(w,) = h(w,), wy, 


w, € B(O, 1), w, # wy, then f(w7) = f(wZ). Hence w? = w? and w, = —wy,. But 
h is an odd function, h(w,) = h(—w,) = —h(w,) implies h(w,) = 0, hence 
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Ww, = w, = 0, which is impossible. (The reader should compare this argument 
with the proof of the Riemann mapping theorem.) 

It follows that g(z) := 1/h(1/z) is holomorphic and injective in the annulus 
1 < |z| < o. Furthermore, 


Z a, |i 
g(z) = =z— 4+ 
a, i 22 
1 + 5 + 
The proposition has therefore been proven. CO 


Recall that for a € B(O,1), we denote by g, the Moebius transformation 
o,(z) = (z — a)/((1 — az). For f € S, consider the function f o g_,. The latter is 
injective in B(O, 1) but it does not satisfy the normalization conditions to be 
in S. Its derivative at the origin is (f o g_,)(0) = f'(ao_, (0) = (1 — al’) f’(@). 
Hence, the function 


F(z) = 1 Pel) IO) 


(1 — |a|*)f’(a) 


is in the class S. The Taylor development of F at the origin is F(z) = 
z + A,(a)z? + -::. The chain rule gives 


(f° p_,)"(0) = f"(a)(l — |al?)? — 2af"(a)(1t — Jal’), 


| , 
A,(a) = 5(« _ ary ~ 2a), 


whence 


From here we obtain the following. 


2.1.4. Proposition. For every f € S and ae B(O,1) we have 


fa) 2? 
“Flay 1-P <j 


where |a| = r. 


Proor. From the preceding computation we get 


A,(a) f"(a) 2 al? 


“t—|a? “fay 1 — fal 
Using now that |a| = r and that, by Proposition 2.7.3, |A,(z)| < 2, we obtain 
the desired inequality. O 


For a function fe S we have that f’(z) does not vanish and f’(0) = 1, 
therefore we can define the holomorphic function g(z) = Log f’(z). We would 
like to estimate its real part, Re g(z) = log] f’(z)|. For that purpose, we consider 
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its derivative in the radial direction: 


; P | " 10 
oO -Reg(re®) = _ Re( § <are®)) = Re 0) 


Hence, for z = re”, 


r © loglf’(re®)| = Re (72) 


Note that the right-hand side contains one of the quantities that appears 
in Proposition 2.7.4. From that proposition we conclude that 


2r* — 4r 2f"(z)\ . 2r? + 4r 
yo < Re( ae an a |Z) = 1. 


J’) 


Divide by r and integrate in r between 0 and p, 0 < p < 1, we obtain 


l—p 8 L+p 
oe Gey) steed oe = 6(¢F) 


It follows that 


1 — id + p 
4 Ta gp <i ee ee o>? 


for any f € S. Therefore if |z| = r < 1 we have 


7) r 
If) < [, Lf (pe) dp < la i TE dp = = FF 


Since this estimate is independent of f, it follows that S is a bounded family. 
We already know that S is a closed subset of #(B(0,1)). This proves the 
following. 


2.7.6. Theorem. The family S is compact in #(B(O, 1)). 


We have not used the lower bound on | f’(z)| obtained earlier. If we do, we 
obtain a more precise result. 


2.7.7. Proposition. If f € S, then 


<If(@ls 


ian < Sq aoe izj=r<l. 


Proor. We have already proven the upper bound. To prove the lower bound, 


r i 
note that (ie? < 2’ hence the lower bound is automatically valid if 


I 
| f(z)| => 4 In the other case, let us assume for the moment that the segment 
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L = [0, f(z)] lies entirely in the image of f. In that case, let y be the Jordan 
arc in B(0,1) going from 0 to z, which is the inverse image of L. Over y we 


dt 
have that Arg ( MCG i) = Arg f(z) = 6, where s = arc length in y. Therefore 


f(z) = | P(@)de = | PA (SICISE 


If we consider |{|* as a function of s, we see that there are only finitely many 
intervals where this function is not increasing (use that |¢|? is a real analytic 


function of s). Disregarding those intervals, we obtain a chain ¥ where |¢| takes 
values from 0 to r. Moreover, it is easy to see that > lin ¥, where p = [€). 


These observations, plus the previous identity, show that 
r 1 _ 0 r 
F(Z) = | FO) lade] = | — "dp = 
j o (I + py (1 +r) 


We have to justify now our assumption. This is also a consequence of 
Proposition 2.7.2, as seen from the following. 


2.7.8. Lemma (Koebe’s One-Quarter Theorem). If feS then f(B(0O,1)) > 
B(O, 1/4). 


Proor. If ¢ ¢ f(B(0, 1)), consider the auxiliary function 


ry -. SZ _ IV. 
MW) = FG 2+ (a+ 7): + 


I 
a, + 5S 2 
Therefore, 
l 
|< 4. 
C 
which shows that the lemma is correct. C] 


As we said earlier, the only case where we needed the segment L = [0, f(z) ] 
to be entirely contained in the image of f occurred when | f(z)| < 1/4. This is 
now assured by Lemma 2.7.8. C 


We have seen the importance of the estimate |a,| < 2. This estimate was 
originally obtained by L. Bieberbach. He also conjectured that if (a,),,..5 are 
the Taylor coefficients of a function f in the class S, then |a,| <n. This 
conjecture stood open for close to 70 years; its simplicity motivated a large 
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amount of research on variational methods and other aspects of the theory of 
functions in the class S. In 1984, L. de Branges [de B] gave a beautiful and 
relatively simple proof of the correctness of this conjecture. The reader will 
find some references to these questions in the notes to this chapter. Let us also 
point out the fact that the only functions in the class S$ for which some 
coefficient a, satisfies |a,| = n, are the Koebe functions: 


Z 
k(z) = = = $222 432 4-° 


and 
ka(z) = e ®k(e®z), (6 € [0, 2x[). 


These functions also have the remarkable property that they are the only 
functions in the class S for which (/(B(0, 1)))° 7 dB(O, 1/4 4 @ (cf. [Du]). 

We present here another application of the one-quarter theorem, which 
will be used in the proof of Lemma 3.7.2. The reader could very well bypass 
this statement until he arrives at that point in Chapter 3. 


2.7.9. Lemma. Let K be a compact connected set in C of diameter greater than 
or equal to r > 0. Assume further that K° is connected. Then there is a unique 
biholomorphic map F : B(O, 1) ~ S*\K such that 


FQ) =— + y b,2", a> 0. 


Z n>0 


r 
Moreover, a => 4° 


Proor. The hypothesis on K shows that S*\K is simply connected and 
biholomorphic to the unit disk by the Riemann mapping theorem. The 
uniqueness of F follows from the normalization conditions F(0) = co and 
a> 0. 

In order to estimate a using the one-quarter theorem, we construct an 
auxiliary function ¢ in the class S. Let wo € K, then 


This function is clearly holomorphic in B(0,1) and a conformal map as a 
composition of F with a Moebius transformation. Hence g ¢ S. It is clear that 


for any w, € K we have so — ¢ :p(B(0, 1)). Therefore §2.7.8 implies that 


1 Wo 


Since Wo, w, are arbitrary, the condition diameter of K > r immediately shows 
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that 
r 


a27 CJ 


This lemma is related to the concept of analytic capacity a(K) of a compact 
set K. The analytic capacity is defined by 


a(K) := sup{|Res(f, 00)|: fe #(S*\K), If ll. S 1}. 
Considering the function f = F~* in Lemma 2.7.9 we see that the lemma states 
that a(K) > 7 when K is a connected compact set of C with diameter greater 


than or equal to r > 0 and S*\ K is simply connected. 

In Chapter 4 we will also consider the logarithmic capacity C(K) of a 
compact set. It will not be hard to see then that C(K) > «(K) (cf. Exercise 
4.9.12). Otherwise, the properties of «(K) still are not well understood (see 
[Zal], [ Vil). 

It is natural to ask whether the one-quarter theorem can be generalized to 
functions that are not injective. This is the content of the following theorem 
of Landau. 


2.7.10. Proposition. Let f be holomorphic in B(O,1) and f'(0) = 1. Then 


_ I 
f(B(O, 1)) contains a disk of radius greater than or equal to 16. 


This theorem has been further strengthened by Bloch, who showed that 
under the same hypotheses, there is an absolute constant f (Bloch’s constant) 
and a disk A in B(0, 1) such that f is injective in A and f(A) contains a disk of 


. L. - 
radius > f. The largest constant / that can replace 162 Proposition 2.7.10 
is called Landau’s constant [Ah2]. 


PROOF OF PROPOSITION 2.7.10. There is a largest value 0 <r < 1 such that 
max | f‘(z)|(1 — |z|) = 1. In fact, for r=0O we have equality, and r = I 1s 


|z|=r 

| 
not possible. Let z, be a point with [z)| =r, |f'(z9)| = tor Consider the 
auxiliary function g(f):= f(€ + Zo) — f(Zo). It is clearly enough to show that 


i , 
the image of g covers a disk of radius greater than or equal to 16: The function 


1 
g is holomorphic in |¢| < 1 — r, g(0) = 0 and [g’(O)| = pop Moreover, for 


r 
[¢, = > we have 
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g(Ml=If' Zot Oils max |f'(2)| 


Izj=(1 +r)/2 


2 
max (1 — {z\|)| f’(z)| < ——., 
~ 1 —rigj= (1+r)/2 | i: [—r 


l—r 
by the definition of r. It follows that for |f| < — x 


< |, 


(Ol = | * g's) dw 


_f{ {— 
Suppose that a point wo € o(B(0 — > : )). Clearly wy) # 0 and we can 
| 


— fF 


h(z) = ./1 — g(z)/wo = L+a,z+a,2*7+°° 
g (0) 


We have a, = a hence 
Wo 


Moreover, 


at) <1 + PP 4 


[Wo] [Wol 


From Exercise 2.1.31 one obtains 
1—r)\* 1—r\?" 
1 2 < 2 
rinr('S) 2 5 mr('32) 


~ On 


2 


It is now immediate, from this inequality and the value of |a,|, that 


l 
>. 


This proposition and Lemma 1.11.15 allow us to prove the little Picard 
theorem. A different proof, depending on the uniformization theorem, can be 
found in Chapter 5. 


2.7.11. Theorem (Little Picard Theorem). Any entire function whose range 
omits at least two values is a constant. 
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Proor. Let a, b € C be two distinct values not taken by the entire function F, 


F(z)—a 


then the function f(z) = —--—— 1s an entire function that omits the values 0 
a 


and 1. We can therefore apply Lemma 1.11.5 and obtain an entire function h 
such that 


f(z) = exp(2zi cosh(h(z))). 
It is clear that ) must omit the values in the set & 
& := {+cosh"'(n + 1) + 2mni;ne N,me Z} 


(cf. Exercise 1.11.12), otherwise f would take the value 1. The successive 
differences cosh”'(n + 2) — cosh”'(n + 1) decrease with n, the largest value, 
for n = 0,is about 1.317. A quick glance at the set & will convince the reader 


. I 
that any point of the plane is at a distance at most 5 (n° + 1.3177)? = 3.22 


from a point in &. Therefore any disk of radius R = 4 contains a point omitted 
by A. 

Assume that / is not constant. Let z, be such that h’(z,) 4 0. Consider the 
auxiliary function 


1 64z 
H(z):= —-h ; 
©) 64 (veg r =) 
Then H’(O) = | and we can apply Proposition 2.7.10 to it. That means the 


_ | 
image of B(0, 1) by H contains a disk of radius at least 16 Therefore the image 


~ 64 
of Boga by Ah covers a disk of radius at least 4. This is clearly a 
Zo 


contradiction to the preceding discussion. It follows that h, and hence f, is 
constant. Cl 


The reader should remark that it easily follows from this that, whenever 
f € MC) and it omits three distinct values a, b, c ¢ S*, then f is constant. 

There are several ways of obtaining the big Picard theorem from here. It is 
more standard to again use this reasoning to prove a normality result due to 
Montel, and then obtain Picard’s big theorem. We prefer to use a nice proof 
of Zaleman of a heuristic principle conjectured originally by A. Robinson, 
which leads directly from Picard’s little theorem to Montel’s normality criterion 
(we follow [Za2]). 

We first need some precision on the concept of function, so that we indicate 
its domain of definition. For D a connected open set in C, one denotes <¢ f, D> 
a function f ¢ #(D) (or f € (D)). For instance, ¢e7,C> # <e’, B(O, 1). 

A property P of holomorphic (resp. meromorphic) functions is just a set of 
elements <f, D>, e.g., the property P of being a solution of the differential 
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equation f’ — f = 0, f(0) = 1, coincides with the set P = { <e?, D> : D domain 
in C}. 

We say a property P is invariant under linear transformations if whenever 
<f,D> € P and o(z) = az + b,a #0, then (fo go '(D) € P also. 

Recall from §2.6.24 that the natural mode of convergence for a sequence of 
meromorphic functions is that of normal convergence, 1.e., o( /,(z), f(z)) > 0 
uniformly on compact sets. We say that a property P is complete if: 


(i) whenever <f,,D,>¢P, D, © D, <---, D=\)D,, and fe #(D) (resp. 
f € M(D)) such that f, > f normally in D, then <f, DD € P. (Why does it 
make sense to say that f, — f normally, even though f, is only defined in 
D,,?); and 

Gi) if <f,D> € Pand D’ ¢ D, then <f, D’) € P. 


2.7.12. Theorem. Let P be a property of holomorphic (or meromorphic) functions 
which is invariant under linear transformations and complete. Assume further 
that whenever < f,C) é€ P it follows that f is a constant function. Then, for any 
fixed domain D, the family ¥ = {f:<f,D> € P} is a normal family in #(D) 
(resp. M(D)). 


We leave the exercises in this section to show that the completeness and 
the invariance under linear transformations are necessary conditions. Exercise 
2.6.6 shows that under the assumption of completeness, the final condition 1s 
also necessary. 

The proof depends on Marty’s theorem, which was stated as Exercise 2.6.7. 
For the sake of completeness we sketch a proof of this result. Therefore, let 
F = M(Q), Q a domain in S*, and we assume that the family of spherical 
derivatives ¥* = {f*: fe F' is locally uniformly bounded in Q. Since S? is 
a compact space and .#(Q) & ¢(Q, S”), then all we have to prove to conclude 
that ¥ is anormal family is that it is locally equicontinuous. Let D be a closed 
disk in Q, M an upper bound for all f *(z), z e D, f € F¥, then for any z, w € D, 
we can apply Exercise 2.3.3, (d) and obtain 


a( f(z), f(w)) < | F*(C)ide| < M(z — wl. 
[z,w] 


This clearly shows the equicontinuity. 
1 1 


1\* | . ; - oo. 
and f *(z) = (*) (z). Note also that f * is a continuous function in Q. 


PROOF OF THEOREM 2.7.12. We argue by contradiction. If there were a domain 
D for which the family ¥ = { f:<f, DD € P} is not normal, by the definition 
of normality there would also be a disk A ¢ D on which the family F is 
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not normal. Hence we can assume D = A; moreover, since P is invariant 
under linear transformations, one can further assume A = B(0, 1). By Marty’s 
theorem, there is a value rp, 0< rp < 1, and a sequence f, € ¥, such that 
max | f,*(z)| - oo. The proof that follows imitates in part the proof of Landau’s 


Z| <Fo 


Proposition 2.7.10. Let |w,| <r. be such that f{,*(w,)-— oo. Choose any 
ré€ |ro, IL and consider 


M, = max ( - oP) ate 
We clearly have 
( - 2) tts < ( - Mr) its < M,, 
which shows that M, — oo. Let z,, |z,| <r, be such that 
M, = ( - ot) Arta) 


Let p, = 1/f,*(z,), then 0 < p, < oc and we can define functions g,, by 


Gn(S) = Snl2n + PS). 


The function g, is defined at least for |¢| < R,, R, = aie Moreover, 
(9n» BO, R,)> € P and 
r —|z,| iz,i7\ M M 
r= bean) = = - )s = 75] 2% 


We can therefore assume B(0,R,) & B(O,R,) --: and |} B(O,R,) =C. In 

order to use the completeness of P we need to show that the g, (or a sub- 

sequence) converges to a holomorphic (meromorphic) function in C. For that 

purpose we fix R > 0 and we consider |{| < R and n such that R < R,,. 
Hence z, + p,¢ € B(O,r) and 


: Zn + Publ? \~* 
On (C) = Pabn” (Zn + PnS) S PM ee 
—|{ | [Znl? 1 \Zn + nol? t < r-+ \Z,| r— [z,,| 
7 r r? ~ r+ {Z,| + p,»Rr— [Z_l — Pak 
R, 
< 
R,—R 


Therefore we can extract a subsequence, still called g, for simplicity, such that 
J, > g normally to some function g defined everywhere. Moreover, 


g? (0) = pf, (z,) = 1. 


This implies that g cannot be constantly equal to oo (or any other constant, 


§7. The Area Theorem 189 


for that matter), hence g is a holomorphic (or meromorphic) function defined 
everywhere. By the completeness of P, <g,C> e P. This implies that g is 
constant, and we have a contradiction. The theorem is therefore correct. [J 


2.7.13. Corollaries 


(a) Montel’s Normality Theorem: Let Q be a domain in C, F¥ | M(Q) be such 
that there are three distinct values w,, w,, w3 € S* such that w, ¢ f(Q) for 
every j = 1, 2,3, and every f € ¥. Then F is anormal family. 

(b) Extended Montel’s Theorem: Let Q be adomaininC, ¥ © MQ)ande> 0 
be such that for every f € F¥ there are three values w,, w,, w; € S* omitted 
by f and such that o(w,, w,)o(w2, w3)o(w3,W,) > 6. Then ¥ is a normal 


family. 


Proor. It is clear that (b) is stronger than (a) since the values w,, w,, w; 
may depend on f. Let P be the property that a meromorphic function 
f omits at least three values w,, w,, w, (depending on f) such that 
o(W,,W,)o0(w,, w3)o(w3,w,) > ¢. In order to apply Theorem 2.7.12 we only 
need to check what happens when a sequence of meromorphic functions in D 
satisfying the property P converges normally to a meromorphic function f on 
D. One can assume f is not constant, otherwise < f, D> € P is clear. 

Let a,, b,, c, be the points omitted by f,, o(a,,b,)o(b,,C,)6(Cy,@,) = & 
By the compactness of S? we can assume a,— a, b, > b, c,—c. Clearly 
a(a, b)a(b, c)a(c, a) > &, hence these points are distinct. We need to show that 
f does not take any of the values a, b, and c. Assume there is z,) € D such that 
f(Z9) = a. Assume a # 00 and let B(z,,r) < D be so small that f is holo- 
morphic in a neighborhood of B(zy,r). Then the functions f,(z,) — a, converge 
uniformly to the function f(z) — a in B(zo,r). Since this last function is not 
constant and vanishes at least once, by Hurwitz’s theorem every f, takes the 
value a, in B(z,,r) (for n sufficiently large). This is clearly impossible. Hence 
f omits the value a ifa # oo. The same argument works with a = oo, replacing 
I, f, by 1/f and 1/f,, respectively. 

Therefore, P is complete and we can apply Theorem 2.7.12 to conclude the 
proof. 0 


It is now easy to prove the following. 


2.7.14. Theorem (Big Picard Theorem). In a neighborhood of an isolated 
essential singularity a holomorphic function takes every value in C infinitely 
often with at most one exception. 


Proor. Assume that f ¢ #(B(0, e)\ {0}), 0 is an essential singularity, and there 
are two values a # b such that both equations f(z) = a and f(z) = b have only 
finitely many solutions z, 0 < |z| < «. Hence there is a 6,0 < 6 < ¢ such that 
there are no solutions with 0 < |z| < 6. By a simple change of variable we can 
assume 6 = 2. 
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Consider now the domain D = {ze C:3 <|z| <2} and the functions 


d,(z) = f (=) neN, ze D. Note that the function f, takes in D the same 


values the function f takes in the annulus 2°""' < |z| < 27"*!. In particular, 
none of the functions f, takes the values a or b in D. It follows from Montel’s 
Normality Theorem 2.7.13 (a) that ¥ = { f,:neN} is a normal family in D. 
Therefore there is a subsequence n, <n, <--- such that f, > f normally in 
D. Either f = co or f is holomorphic. If f # oo, then we can assume that the 
f,,, are uniformly bounded on the unit circle 6B(O, 1), which is a compact subset 
of D. If not f,, 00 uniformly there and we can assume 1/f,, is bounded in 
0B(0, 1). Let us say we are in the first case, and | f, (z)| < M < oo for every 
ke N*, z € dB(O, 1). Then we have 


If(l <M for |z)/=1 and |z|=2° 
By the maximum principle 
[f(z)| <M whenever z™ <j[z| <1. 


Hence, | f(z)| < 1 in B(O, 1)\ {0}, since 2™™* + 0 as k > oo. The singularity is 
therefore removable. The second case implies 0 is a removable singularity for 
1/f, also impossible. CJ 


It is very easy to strengthen this theorem to the following result of G. Julia: 
If 0 is an essential singularity of a holomorphic function f in B(O, 1)\ {0}, then 
there is z), 0 < [z,| < 1, such that for every ¢ > 0 the function f takes every 
value, with at most one exception, infinitely often on the union of the disks 


2 


a(3 5 ne N (cf. [Za2], [SZ)). 


EXERCISES 2.7. 

1. Let f be a function of the class S such that all its Taylor coefficients about z = 0 
are real, f(z) = z+ a,27 +.a,2°4+-::. Fix r,0<r< 1 and define the auxiliary 
function g on [—72, 7] by 

g(O) := (f(re") — f(re-"*)) sin 0. 
(a) Show that g is even and does not vanish except for 6 = 0, +7. 
(b) Show that g(0)d@ = nr. Conclude g > 0. 


m4 


(c) Let be an integer greater than or equal to 2, show that 
2 " ; ay-1 r 
0< — g{G@)(1 + cosn@)d@ = 2+ | ay, — 5 Yr”. 
mr }_. r 


(d) Conclude from (c) that 
la@nt1 — Gn-1] S 2 (n = 2). 


(e) Prove that |a,| <n for all n > 1. That is, the Bieberbach conjecture holds for 
the functions of class S that are real on the axis. (This result was proved in 
1931 by J. Dieudonneé.) 


10. 


Let f(z) =" 
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_ | 1 
, show that f omits the value —% f(0) = 0, f’'(0) = 1. Why 


doesn’t this function contradict the one-quarter theorem? 


. Use Picard’s little theorem to show that if p is a nonzero polynomial, then the 


equation e” — p(z) = 0 has infinitely many solutions. 


. State and prove the Picard little and big theorems for meromorphic functions. 


. Let fe #(B(O,R)) be a conformal map onto a region Q of finite area. For 


O<r< R, let QO, = f(B(0,r)). Show that 


m(Q) . ( 2 
mQ,)~ \r)- 


(Hint: Compare with the proof of Lemma 2.7.3 or with Exercise 2.1.31.) 


+ Z 


1 1 
. Use the function f(z) = 5 Log ——— to show that Landau’s constant / is at most ; , 


1—z 


. Show that given any a > 0 there is a value R = R(a) > 0 such that if | f(0)| = a, 


f(z) #0, 1, f €¢ #(B(O, R)), then there is a singular point of f on 0B(O, R). (Hint: 
Compare with the proof of the little Picard theorem.) 


. Let fe S and assume D = {(B(O, 1}) is a convex set. The objective of this exercise 


2 
(a) Let 0 < p < 1,t = e” € dB(O, 1) show that 


1 i Z pt\dz 
- t= —— 1+2-42]J—. 
‘ I Jizi=p fea( 2pt ) 


i, 1,” , G — 
~pe®=— 4 f(pe')cos? 7? dg. 
2 TJ» 2 


1 ;” G ia 
(b) Use the fact that — | cos? (5) d@ = 1 and Dis convex to show that 5 pe” e D. 
Tt 


1 
is to show that D > B{ 0, ) 


Conclude that 


2 


1 
Conclude that B (0 5) < D. 


Zz 


| 
(c) Use the function f(z) = 1 to show that 5 is the best possible constant. 


— Zz 


. Let fe S. Verify that for a fixed a € B(0, 1) the function 


f ° P_a(Z) ~ f(@) 


Me) = Tal) 


belongs to the class S (cf. the proof of Theorem 2.7.6). Conclude that I : — 
r 
fe) 
F(z) 
Let f ¢ #(B(O, 1)), f(z) = z + ayz? + a3z? + --- . Show that if 


ll¢r 


< forO <j|jzj=r<l. 
ri—r 
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Sy nla,| <1 


n>2 
then fe S. 


11. Prove that the family of polynomials which belong to S is dense in S. 


appings 


Let us recall that a differentiable homeomorphism between two planar 

domains Q,, Q, (or even two open sets in S*) with nonvanishing Jacobian, 

that preserves the orientation and the angles, is a conformal mapping, i.c., a 

biholomorphic mapping. We say that the domains are conformally equivalent. 
The Riemann mapping theorem can be restated as follows. 


§8. Conformal M 


2.8.1. Theorem. Let Q be a simply connected open set in S, then Q is conformally 
equivalent to exactly one of the following three domains: (i) S’, (ii) C, or (iii) 
B = B(0, 1). 

The first case only occurs if Q = S’, the second if Q = S*\ {a}, the third if 
Qc §*\{a,b\,a # b. 


Proor. The proof is left to the reader as an exercise. OC 


There is a corollary of the proof of the Riemann mapping theorem which 
is worth mentioning here. 


2.8.2. Proposition. Let Q be a domain C, then Q is simply connected if and only 
if every nonvanishing holomorphic function in Q admits a continuous logarithm. 


PRoorF. Clearly we can assume Q # C. Now we only have to observe that in 
the proofs of §2.6.20 and §2.6.21 the only place where Q being simply connected 
played a role was in the use of logarithms and square roots to construct 
auxiliary functions. Therefore, in this case we have a conformal map from 2 
onto B and the domain must be simply connected. a 


A theorem of Caratheodory asserts that for a Jordan domain, the con- 
formal mapping onto B extends continuously to the boundary. Our objective 
is to explain the analytic ideas in the proof of this fact. For that reason we will 
state first a number of purely topological lemmas about simply connected 
domains in C, whose proofs the reader can take for granted. 


*2.8.3. Lemma. Given any two distinct points z,, Zz, in a domain Q, then there 
is a polygonal Jordan arc in Q, with sides parallel to the axes, starting at z, 
and ending at z,. (Jordan arc means that it is parameterized by an injective 
continuous map ~: [0,1] > C.) 


PRooF. It is an elementary exercise. a 
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*2.8.4. Lemma. Let Q be a domain and T a polygonal Jordan arc in Q. Then 
Q\T is connected. 


Proor. It an elementary exercise, draw a picture. Cc 


*2.8.5. Lemma. Let 0 be a Jordan domain, i.e., Q = Int(T), C a Jordan curve 
in C, and let zy EV. Then, for every ¢ > 0 there is a 6 > 0 such that every 
pair of points z,, 23 € 20 Bl(zo,06) can be joined by a Jordan polygonal arc 
y © Oo B(Zo,8€). In particular, any two points of Q.7 B(zZo9,6) are in the same 
component of QT B(Zo, &). 


ProoF. This is the crucial and entirely topological property. A proof can be 
found in [Bu, 4.48]. It is also a consequence of Schoenflies’ version of the 
Jordan curve theorem (see references in [Bu]). See Figure 2.10. a 


*2.8.6. Lemma. Let Q, Z, be as in Lemma 2.8.5. Let z, € Q, lim z, = Zp). Then, 


> oO 
for every ¢ > 0, there is a subsequence (z,,), and an injective curve y passing 
through all the z, , contained in B(Z),&) 0 Q except for its endpoint, which is zo. 
(That is y: [0,1] C is a continuous injective path, y({O, 1[) S Q, y(Q1) = Zo, 
and there is a sequence 0 < t,, 7 1 such that y(t,,) = Z,,.) 


PRooF. Let e, = ¢ be given, let 6, > 0 be the value obtained from Lemma 2.8.5 
and let n, be chosen so that z, € B(z9,0,) for every n >n,. Letn, =n, + 1. 
Choose y, polygonal Jordan arc in Q- B(Zo,€,), starting at z,,, and ending 
at z,,. Let e, = 3 dist(y,,z)), and choose a corresponding 6, andn3,n, =n, + 1 
PY the same procedure. There is then a Jordan polygonal arc y, starting at 

,» ending at z,, and contained in Qn B(zo,é,). The points z,, and z,, both 
belong to Qn B(Zo. 6, ), hence to the same component C, of QO Blzo,e E,). 
Moreover, by the choice of €,, we have that y, and y, are disjoint. Applying 
twice Lemma 2.8.4 we conclude that C, \(y, Uy3) is connected. Choose two 


Figure 2.10 
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very small disks A,, A, centered at z,,, z,,, respectively, contained in C, 
so that they are disjoint from y, and y,, respectively, but y, intersects the 
boundary of the first one and y, the boundary of the second. Choose points 
Z,, iN OA, \¥1, 24, € COQ, \y2. We can connect z,, and z,, in C,\(y, Uy) by a 
polygonal Jordan arc, and adding Jordan polygonal arcs contained in A, and 
A,, respectively, we construct a Jordan polygonal arc y, entirely contained in 
C,, starting at z, passing through z,,, z,, and ending at z,,. We let now 
é3 = 7 dist(zo, y,) and 03, 14,5 = ng + 1 as earlier. The points z,, and z,, are 
in the same connected component C, of B(zp,&.) \Q. We can repeat the 
procedure constructing first yy in B(z9,é3) 0 Q, and then joining it to y, as 


done earlier. This procedure clearly answers the question posed. a 


We need one more consequence of §2.8.5. Let Q be a Jordan domain, 
Wo € 6Q, and [a Jordan arc in Q defined in [0, 1) such that there is a sequence 
of values t,>1 with T(t,)- wo. Let rp < dist(wo,P(0)). Then, for any 
O<r<rp, there is a connected subdomain of Q with w, in its boundary, 
constructed as follows. 

Let F, = {te [0,1]: T(d) € 6B(wy,r)}. It is a closed subset of [0, 1[. Hence, 
it has a smallest value t,(r) > 0. We let w(r) = T'(t(r)) € CB(Wo, rn) AQ. Note 
that r—t,(r) is decreasing, hence it is continuous except for a countable 
set. Therefore the same is true for the functions rr+w(r) and rr 6(r) = 
arg(w(r) — w,). Moreover, the point w(r) determines a component C, of the 
set 0B(Wo,r) OQ (which is # CB(wWo,r) by the choice r < rg). This arc is a 
cross-cut of Q, 1e., if we let a,, b, be its endpoints, they lie in GQ and determine 
two arcs of 0Q. The choice of the one containing the point wo, say y,, allows 
us to define a Jordan curve whose interior Q, is contained in ©. It 1s not hard 
to see that if a sequence w, — wo, then for n > n(r), one has w, € Q,. It follows 
from this that ifO <r’ <r, thenQ, <Q,. 

Let I’ now be another Jordan arc in Q in which there is a sequence of points 
converging to wy and assume that the starting point of I” also lies outside Q, . 
Since I’’(t) > wy) when t > 1, 1ts must be the case that for every r I(t) € Q, for 
some 0 < t < 1. By hypothesis I’([0, 1[) n eQ= @, hence T’([0, [LD nC 4 O 
for every 0 <r < ry. Let t,(r) be the “first” value of t where I” crosses C,. It 
is Clear again that r+-t,(r) is continuous on the right and hence the same is 
true for rr w'(r) = T'(t(r)), and 6'(r) = arg(w'(r) — wo). 

We are now ready to return to the proof of Caratheodory’s assertion. 


2.8.7. Proposition. Let f:Q—>! be a conformal map between two Jordan 
domains. Then f has a continuous extension to 0Q. 


PROOF. We argue by contradiction. If f does not have a continuous extension 
to the boundary of dQ, there exists a point wy € CQ and two sequences (w,,),,. ; 
and (w,),., of points in Q such that w, > wy and w, > wo but z, = f(w,) > Zo 
and z’ = f(w{)— 24 with zo # zo. A priori the points zo, 29 € 9’, but using 
Hurwitz’s theorem one sees easily that zy, z5 € 6Q. 
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a 

Let « = |Z) — zo| > 0; we can assume that for all n, |z, — Z9| < 3 and 
Oo, 

|Z, — Zol < 3 Using Lemma 2.8.6 we can construct two Jordan arcs y, y’ such 


that y hesin B (<0 | 70’ except for its endpoint zy) and y’ lies in B (x 4 VQ 


except for its endpoint zo. Furthermore, y passes through a subsequence z,, 
of (z,),>; and y’ passes through a subsequence of (z;),.,. Note that by 


ot 
construction we have |)(t) — y'(t’)| > 3 for any t’,t € [0,1]. 


Let P(t) = f~!(y(t)) and I’'(t) = f7'(’(t). These are two arcs in Q to which 
we can apply the prior reasoning. Therefore we can choose forO<r<rja 
pair of values 6(r), 6’(r) in [0, 2x[ that is a continuous choice except at count- 
ably many values, such that the points w(r) = z) + re, w'(r) = z) + re? 
belong to I and I’, respectively, and the arc from O@(r) to 6’(r) is entirely 
contained in C,. It follows that 
8’ (Fr) 


r dt, 


3 < LfOr()) — Sow’) < | 


(Wp + re“) 
ary | az 


since we can assume 6(r) < 6'(r). 
By Schwarz’s inequality we obtain 


OL 2 6'(r) ; 
(2) <r (Piro 4 retyP dt} 1) — HC) 
3 O(r) 


6'(r) 
< 2nr? | | f'(Wo + re")? dt. 


b(r) 


Divide by r and integrate in r between ¢ and ry. Then 


e ) ioe(” °) < \" a | f'(Wo + re")|? at 
a(r) 


<2n | |f'(w)|? dm(w) < 2nm(f(Q,,)) 


ro 


< 2am(f(Q)) < 2nm(Q’) < oc. 


This is clearly impossible when ¢ > 0. This contradiction shows f extends 
continuously to the boundary of Q. rl 


2.8.8. Theorem (Caratheodory). Let f:Q-—' be a biholomorphic mapping 
between two Jordan domains. Then there is a homeomorphism f :Q—> Q! such 
that f\Q = f. 


PRooF. By the previous proposition f has a continuous extension f:Q >. 
Similarly, g = f~' has a continuous extension g : Q’ > Q. On the other hand, 
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go f = idg, and by continuity we have go f = idg. Similarly fog = idg.. 
Therefore, f is a homeomorphism. Cl 


2.8.9. Corollary. If Q is a Jordan domain, then Q is homeomorphic to B(O, 1). 


In Chapter 4 we give two other independent proofs of the extension of the 
conformal maps to the boundary of Jordan domains, but under the assump- 
tion they have either C® regular boundaries or real analytic boundaries. On 
the other hand, the extensions will be respectively C® and real analytic. The 
reader will probably find those proofs in Chapter 4 much simpler to follow 
than the previous one. The reason is that the topological difficulties are 
eliminated due to the regularity of the boundaries. 

We must also point out that the correct setting to study the question of 
extension to the boundary is the theory of prime ends. The books [CL] 
and [Pom] provide an excellent introduction to the difficult subject of the 
boundary behavior of conformal mappings. 

The problem of explicitly finding the conformal equivalence between a 
given Jordan domain and B(0, 1) is very difficult. Some examples will be given 
later. For many practical applications, e.g., in aerodynamics, this is done 
numerically. We recommend [Bie], [Dic], and [Hen] for explicit examples of 
conformal maps and numerical methods. 


2.8.10. Examples of Conformal Maps. (1) The group Aut(C) of conformal 
automorphisms of C: An entire function f: C — C which is injective cannot 
have the point oo € S* as an essential singularity. It is therefore a polynomial 
and the injectivity implies the degree is exactly one. Hence the group 
Aut(C) of holomorphic automorphisms of C consists of the affine mappings 
T,,:zZreazt+b,a #0. 

The transformation T, , is a translation. Ifa # 1, T,,, admits a unique fixed 
point zy = b/(1 — a). The group Aut(C) is clearly transitive. The stabilizer 
of a point z>¢C is the subgroup of the transformations of the form 
Zr a(Z — 25) + 29, a € O. 

(2) The group Aut(S*) of conformal automorphisms of S*: Consider the 


, , , az+b 
family [ of Moebius transformations of the form T,:z--—— —, with 
Cz 


s+ dq? 
a b | 
A -( )e GL(2, C). 
c a 


d 
One has T,(0co) = a/c and r,(—*) = 00 ifc #0. Otherwise T,(oo) = oo. 
c 


The map Tj is the inverse to T, if B = (det A)A~*. Moreover, A and AA (A # 0) 
define the same Moebius transformation. The family [ forms a group of 
meromorphic maps of S* into S*. This group I is precisely the image of the 
group homomorphism 

T : GL(2,C) > T(S’) 


At T,, 
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where I'(S7) is the group of all meromorphic automorphisms of S?. The kernel 
of T is the subgroup D of diagonal matrices. 

The Riemann sphere does not have any other meromorphic automor- 
phisms, i.e., T is surjective. One way to see this surjectivity is the following. 
Let S,, S Aut(S7) be the stabilizer group of oc € S*. Clearly S,, = Aut(C). By 
the preceding characterization of Aut(C) we see that S, = T(N), N is the 
subgroup of GL(2, C) of matrices with c = 0. On the other hand we have the 
following general fact. 

Let Q be an open set of S? and let G be a transitive subgroup of the group 
Aut(Q) of meromorphic automorphisms of Q. Then, if there exists a point 
Zy € Q whose stabilizer S,, is contained in G, it follows that G = Aut(Q). 

In fact, for any S € Aut(Q) there is a T € G such that T(z,) = S(z,). Hence 
R=T,'SeéS,,< Gand S = T)REG. 

Applying this result to Q = S* and G = T(GL(2,C)) we obtain the sur- 
jectivity of T. Aut(S*) can now be identified to GL(2, C)/D. 

z—i 

Z+1 
transforms the upper half-plane H = {ze C:Imz > 0} onto the unit disk 
B(O, 1). We conclude that the map 


S* : Aut(B(0, 1)) > Aut(H) 


(3) The group Aut(B(0,1)): The Moebius transformation S$: zt> 


oreStogos 


is a group isomorphism. We want to characterize Aut(B(0, 1)) and Aut(#). 
The subgroup G of Aut(S*) of transformations which send the real axis R 
into itself is G = T(GL(2, R)). One has Gm Aut(H) = T(GL* (2, R)), where 


GL*(2,R):= {A € GL(2,R): det A > O}. 


This is a consequence of the identity 


Im z a b 
Im(7,(z)) = det A: ———_,. 1 = , 
m(T7T,(z)) = de cz 4 dP? if A (? ) 


It is easy to see that G, = T(GL*(2,R)) is transitive in H. Namely, 
x + iy = T,(i) with A = (; ") e GL*(2,R)if y > 0. Moreover, the stabilizer 
S, of the point iin Aut(H) is contained in G,. To see this, it is the same to find 
the set of transformations in Aut(B(0, 1)) leaving the origin fixed (using S*). 
But Schwarz’s lemma ensures that such a transformation ¢ satisfies | @(z)| < |z| 
and |@~*(w)|| < |w|. The last inequality applied to w = e(z) yields |p(z)| = {z| 
and hence, g(z) = ez for some 6 € R. Using the isomorphism S* one finds 
that if R € S; one has 


R(z) = —COStP/2)2 + sin(@/2) 


for some 6 € R. This shows that S; < G,. By the general result proved earlier 
we obtain Aut(H) = G, = T(GL*(2,R)). To determine Aut(B(O,1)) we use 
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again the isomorphism S*. One finds that Aut(B(0,1)) consists of those 
Moebius transformations of the form 


R(z) = e”? ——— (@eER, [zo] < 1). 
02 


This coincides with the result obtained in §2.3.12 by a different method, in that 
notation R = e"g_,.. 


(4) The transformation z->w = ~~, is the composition 


1+ i 
of Zr , Ze>z, zh, and transforms B*(0,1) = B(0,1) 0H con- 
—2Z Z+i 


formally onto B(0, 1), leaving the points 1, — 1, i fixed. 
—li>1> — (0 < a < b), it is transformed 


(5) Let Q=2zeC:|~ 
a b 


ab 1 i 1 


| 1 1 
One simply observes that z+» — transforms Q into the strip > < Rez< 7 
z 


and that this strip is transformed into H by the function 


2a, 1 
ZF+>OCXD bona™ (- —_ nt 


Figure 2.11 


2 
(6) The map z+> 35) transforms H \B(O, 1) into H. 
Zz 


(7) The mapping z+ isinh 5 transforms the region R = {ze C:Rez>0 


and |Imz| < h} into H. 
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Let us see a few consequences of the argument principle that are useful to 
check whether a map is conformal. 


2.8.11. Proposition. Let y be a Jordan curve. Assume that f:Int(y) > C is 
continuous, holomorphic in Int(y) and injective on y. Then f is a homeomorphism 


Jordan curve f © y. 


PROoF. From the hypotheses we can conclude that Q = f(Int y) is a connected 
open set. Let w, € Int(I), the number n of roots of f(z) — w, = 0 with z € Int(y) 
is given by 


aa I 
2ni J, f(—-— wr 


where y, is the Jordan curve constructed as follows. Since f~'({w,}) is a 
compact subset of Int(y) and Int(y) is homeomorphic to B(0, 1), there is a value 
to,0 < ty < 1 such that for not € ]to, 1] the curve y,(6) = o(te’?"")(0 < @ < 1) 
intersects f ~'({w,}), where ¢ : B(O, 1)  Int(y) is a homeomorphism such that 
p(e'?**) = (6). Therefore n = Ind,,(w,), with T, = fo y, for every tp) <t <1. 
Since I and [, are homotopic, we have n = Ind,(w,) = I. 

Hence, for every w, eInt([) there is a unique z, €Int(y) such that 
f(z,) = w,. In particular, Q > Int(T). 

Let now w,e€Ext(f). The preceding reasoning also shows that 
Qo Ext) = ©. 

We have also [T NQ = @. This is a consequence of the fact that f is an 
open mapping. If we I could be written as w = f(z) for some z € Int(y), then 
there would be a neighborhood V of z such that V ¢ Int(y) and f(V) is a 
neighborhood of w. Therefore f(V) a Ext(T) # @, which is impossible since 
MEQ. 

This shows that f(Int(y)) = Q = Int(T), fis a biholomorphic mapping and 
a homeomorphism from Int(y) onto Int(I). OJ 


There is an analogous result for the exterior of y considered as a set in S’, 


; 1 , 
PRrooF. Let Zp € Int(y). The transformation z+ ¢ = ——— transforms y into 
Z— £9 
; , 1 
a Jordan curve y* in C and Ext, (y) into Int(y*). Consider f*(¢) = f (<. + 2) 


The preceding result can now be applied to y* and f*, hence the conclusion 
of the proposition holds. C] 
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2.8.13. Examples. (1) The transformation z+ w = z?, (z = re'?,w = pe"), 
injectively transforms the circle r = cos into the cardioid p = 4(1 + cos 26). 
By §2.8.11, z+» z? is a conformal map of the disk B(4, 1/2) onto the interior of 
the cardioid. 


P= 1/2(1 + cos 26) 
Figure 2.12 


(2) The transformation z> Jz = ¢//*bos? — w transforms the disk B(4,4 
into the right petal of the lemmiscate p = ./cos 26. 


p = V cos 20 


Figure 2.13 


Let us now consider the situation analogous to §2.8.11 when the Jordan 
curve y in S* is unbounded, i.e., 00 € y. 


2.8.14. Proposition. Let y be a Jordan curve in S* with co € y. Let D, and D, 
be the two open components of S*\y. Assume f is a complex-valued continuous 
function on D,, holomorphic in D,, injective on y. Then f is a biholomorphism 
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on. 1 
Proor. Let z, € D, and y* the Jordan curve in C image of y by z+» ¢ = a ; 


1 ; 
We can apply §2.8.11 to y* and f*(¢) = f (« + *) Now f is injective from 
Int(y*) onto Int(I). a 


An interesting particular case of §2.8.14 is the following. 

If f is continuous on HwU{oot, H the open upper half-plane 
H = {ze C:Imz > 0}, f holomorphic in H, and injective on y = Ru {oo}, 
then f is a conformal map of H onto Int(I), F the Jordan curve f 0 y. 

To conclude this section let us consider a class of functions that falls within 
the last situation. They are the Schwarz-Christoffel transformations. 

Let —w <a, <a, <°::'<a,< o ben real numbers, and q,, ..., a, 
other n positive real numbers such that o,+---+4,+1<n. Let 


B(t) = (t — a, J! ...(t — a,)*"", then | |B(D)| dt < oo. We choose the 
determination of B in such a way that the argument of (t — a,)*"' = 
exp((a, — l)log(t — a,)) is equal to x(a, — 1)ift < a,. The argument of f(t) 1s 
therefore z[ (a, +-°°-+4,) — 2] fort <a,.In Ja,_,,a,[, we have arg B(t) = 
(a, ~ late +(e, — in, if2<k <n, and arg f(t) = 0 in Ja,, of. Let us 
denote dy = —©, a,,, = +o and c > 0a constant. Define n + 2 complex 
numbers w, by 


W, =e| (t —a,)"7'...(¢ — a,)™' dt, O<k<n+l. 
0 
The function f defined in H = {ze C:Imz > 0} by 


f(z) = ¢ | * B(O) dt, 


is holomorphic in H, and on the real axis it satisfies 


x 


f(x) = 4 +¢ | B(t) dt = wy + cet Ner Sn Nal | |B(O| dt, 
if xe ja,_,,a,[ (1 <k <n + 1). Therefore, f(x) — w,_, has always the same 
argument [(a, — Ijxn +--- + (a, — 1)2]1n that interval, and its absolute value 
grows from 0 to 4, 


b= |" 'B(8)| dt. 


Hence, when x traverses the interval [a,_,,a,] the function f traverses the 
straight line segment [w,_,,w,] = A,_, of length 4 and determines an angle 
of opening equal to (a, — l)x+--- + (a, — 1)x with the direction of the 
positive real axis. 

Let us show that wo = w,,,. It is enough to show that for every e > 0 there 
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is a number R > 0 such that if z € H,|z| > R then 


|Wo — f(z)| <e. 


This will show that lim f(z) = wy = w,4,. Since B € L'(R), clearly there exists 


R, > Osuch that if —co <x < —R, then 


< |  Binidt < e/2 


— a 


Wy — € [. B(t) dt 
0 


We can certainly assume that R, > max{|a,|,...,|a,|}. For zo = poe”, 
Po = R,,0 < 9 < 2 we have 


IF (Z0) — f(Po)l = ¢ 


Go 
) (poe — a,)*"7*... (poe? — a,)""* poe” db 
0 


< CPo(Po — Ry. 


By the hypothesis on the «; the last term goes to zero as py — 00. Hence, there 
isan R > R, such that 


I (Zo) ~ f(Po)| S &/2 


if Po = |Z9| = R. This proves that | f(z) — wo| < eif|z| > R, Imz = 0. 

Therefore, f maps R vu {co} onto the closed polygonal line A whose sides 
are the segments Ag, A,, ..., A,,,; and whose vertices are the points wo, w,, 
...5 Way Waa, = Wo. It is not possible to conclude that f is injective on R U {00} 
since A could have self-intersections. This function f will be injective on R 
(and on R vu {00}) if and only if A is a Jordan curve. In that case we can apply 
§2.8.14 and find that the Schwarz-Christoffel transformation f is a homeo- 
morphism of H u {co} onto Int(A), which is a biholomorphism of H onto 
Int(A). 


. + (a,-1)n 


Figure 2.14 
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The interior angle of the polygon at the vertex w, (0<k<n-+ 1) is 
a, (mod 27). If one imposes the additional condition that 0 < a, < 2, then this 
angle is exactly a,7. 

In fact, one can write A(t) = B,(t)(t — a,)*«"*, with B, holomorphic in a 
neighborhood V of a,. In this neighborhood £, has the series expansion 


B,{t) = do. + a, y(t —~ A), don F 0. 


Hence, for ze V AH we have 


f{Z=we+e | (do, + Gy ,(t — a) +-°°)(t — a)" dt 


a a, a 
= toe — ay (1 + 7H Ae — ay) +). 
X, On+1 Ao, 


If z tends towards a, along a line making an angle @ with the positive real axis, 
it follows that f(z) approaches w, along a curve whose tangent at w, has the 
direction arg(dy ,) + 4,8, since c > 0 and a, > 0. When @ goes from 0 to z 
and z remains on a small circle centered at a,, f(z) traverses a Jordan arc 
joining a point in A, to a point in A,_,. This reasoning shows that while 
remaining always in the interior angle of vertex w,, the point f(z) has an 
argument that grows from arg(a,,) to arg(dp ,) + «,7. Therefore, a, is the 
measure of this interior angle. 

At the vertex wo =w,4, the interior angle of the polygon A is 
((n — 1)— (a, +°:: + 4,))z > 0. The sum of the interior angles of A must be 
(n + 1 — 2)x. Therefore 


((n — 1) — (a, +°°: + 4,)) < 22. 
The condition 
Ot +4,>n—1 


is therefore necessary for the injectivity of f but not sufficient. (See Figure 2.16) 
In the special case that «, + --:+ a, =n — 2 one finds that the angle at wy 
is exactly x, which means that wy = w,4, is only a fictitious vertex of the 


Figure 2.15 
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Ww Wo = W 


n+ 1 


Figure 2.16 


polygon since wy is in fact interior to the segment [ w,, w, ]. In this case f maps 
H onto a polygon with n sides. 

As an example let us map H onto a triangle with angles a,7, 4,7, «37 
(0 < a,,4, + a, + a, = 1)such that the length of the side opposite to the angle 
of a, zis ¢& We can do this in two ways: 

(1) Taken = 3,a, = —l,a, = 0,a, = 1, 


f(z = :| (t+ Dee Fe — 187! det. 
¢) 
The constant c can be found from the condition 


1 1 
f= c| (e+ Wye — 2 dt = :| (e+ 12 td — 3 7t de0. 
0 


0 


[iw (t 4 ene _ 137! dt 
f=" 
{. (t + 1 yyas-tyy r)737 dt 


maps conformally H onto such a triangle. 
Ifa, = &, = a, = 4 (equilateral mane one obtains 


f(2) = vee — 
[ 3/1 — t?) 


Ifa, = 4,0, = a, = i (isosceles triangle, rectangle with hypothenuse 7) the 
map f is given by 


ai ee 
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(2) If we take n = 2 and we pick a,, a, arbitrarily that will be mapped onto 
the vertices of angles «, 2, a,x of a triangle, the third vertex must be the image 
of the point oo. (Note that «, + a, #n—2= 0.) For instance, let us take 
a, = 0,a, = 1. Then 


f(zj=c [. tte — 1)%2 71 de. 
0 
We determine c by 
f=C |" t™~F(¢ — 1)! de, 
then 
\, te (¢ — 1) det 
\° rtp — Jyr27? it 


1 


The case of an equilateral mange ronson to 


ay, a — |) 

The Schwarz-Christoffel transformations will reappear when we study 
elliptic functions in the following volume. We suggest [Hen] for a thorough 
discussion of these transformations and their practical applications. 

Some of the exercises that follow pertain not only to this section but to the 
preceding material. 


EXERCISES 2.8. 
As in previous sections, B = B(0, 1); Q is a domain in C. 


1. Let y be a Jordan curve (with the positive orientation), f holomorphic in Int(y) 
and continuous on Int(y) be such that f(z) + 0 on y. Show that the number of 
zeros of f in Int(y) is equal to Ind( fo y). (Hint: Compare with the proof of 


Proposition 2.8.11.) 


2. Apply the previous exercise to show that if y is a Jordan curve, f is continuous 
in Int(y) and holomorphic in Int(y), then for every z, € Int(y) there is a pair of 
distinct points z,, z, on y such that 


f@2) ~ IE) _ ry 


Z22— 24 


(Hint: Consider the function g(z) = f(z) — f’(zy)z.) 
Apply this result to the function f(z) = z* to obtain that every point z, € Int(y) 
lies on a chord [z,,z,] with endpoints on y. 
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. (a) Let @: dB > 0B be a homeomorphism. Show that ®(z) := |z|g(z/|z|) if z 4 0 


and (0) := 0, is a homeomorphism of C onto itself. 

(b) Use part (a) and Caratheodory’s theorem to show that if h:dB—-y is a 
parameterization of a Jordan curve and Q = Int(y), then there is a homeo- 
morphism H: B >Q such that H|0B = h. (This statement is usually called 
Schoenflies’ theorem.) 


. Let Q be a simply connected domain in S* such that #(S?\Q) > 2, z,€Q, 


a €[0,2nx[. Show there is a unique biholomorphic map f:Q- B such that 
f(2o) = 0, Arg f’(Zo) = &. 


. Let Q be a simply connected proper open set in C, symmetric with respect to the 


real axis. Let x» € QR, and f: B(O, 1) + Q be the biholomorphism such that 
f(0) = x, and f’(0) > 0. Show that f(0) e R every k > 1. 


. Let f e #(B). Assume there is an open arc I < 0B such that for any sequence 


(Z,Jn>1 & B with limit z, € I we have 


lim f(z,) = 0. 


mt 00 


Show that f = 0. 


. Let f be a conformal map of the half-disk D onto the triangle T shown in Figure 


2.17 such that f is continuous in D, f(1) = 1, f(i) =i, and f(—1) = —1. Prove 
that f can be extended to a conformal map F of B onto the square Q. Show 
that there is a function G e #(B) such that F(z) = zG(z*). (The hypothesis of 
continuity of f up to the boundary of D is not really necessary.) 


Figure 2.17 


Generalize Schwarz’s Reflection Principle 2.1.10 by showing that if f ¢ #(B), I 
is an open arc of CB, and f is continuous on BU / and real valued in I, then the 
function F defined by 


f(z) ifzeBul 
F(z) =< ——— ~ 
fa/z) ifzéB 
is holomorphic in the domain BUI u B*. 


How should one define F if we know that | f(z)| = 1 when z € J, instead of 
assuming f was real-valued on /? 


Tt 
9. Let Q be the region whose boundaries are the rays Argz = +4 and the branch 
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Il. 


*14. 


[5. 


17. 


18. 


. . . Z 
. Use the previous exercise to show that the polynomial p(z) = z + zy 5 i ioe 
n 


of the hyperbola x? — y* = 1 lying in Rez > 0. Find a conformal map of Q onto 
the unit disk. 


z—a\. 
. Let -co <a<b< o. Show that the function z+> 1 ioe ) is a conformal 
map in C\[a,b]. Find its image. 
Let f € #(Q) be locally injective, the Schwarzian derivative of f at the point z is 
defined by 


(LOY (Le 
na Cra) (Fa) | 
Assume that g is a Moebius transformation: 

(a) Show that {go fiz} = {f,z} 


(b) Compute { fo g, z}. 
(c) What can you say about f if { f,z} = 


. Let f € #(B) be a conformal map from B onto Q. Give an example showing that 


jf’ can vanish on OB. Can it have a double zero? 


. Let fe #(C) be real-valued on the real axis and satisfy Im f(z) > 0 whenever 


Im z > 0. Show that f(z) =az+b,a>0,beR. 


Let fe #(B) and c>0O be such that the connected component w of 
{ze B:|f(z)| < c} is relatively compact in B and f’ #0 on dw. Let N = the 
number of zeros (counted with multiplicities) of f in w. Show that the number of 
zeros of f’ inside @ is exactly N — 1 (counted with multiplicities). (Hint: Show 
first that Gw is a Jordan curve. Prove then that if s is the arc length parameter on 


dé d@ d@d 
6m and 0 = arg f(z), then — is real and does not vanish. Use — = — “ to 
ds ds dzds 


dé . ad 
compute A,,, 7 Conclude the proof writing f = ce”, f’ = cie™® a on the curve 
z z 
Ow.) 
Let f ¢ #(B). Show that if f is not injective, there is r, 0 <r < 1, such that 
f|éB(O,r) is not injective. 


2 gn 


belongs to the class S. (Hint: if Re p(re’”) = Re p(re’*), 0 < a < B < 2n, there is 
d 
yé ja, BL such that (5 Re p) (re) = = 0.) 


Let A, ={zeC:0<1r, < |z|< R, < 0},A,={zEC:0 <r, <|z| < R, < o}, 
and f:A,—A,a homeomorphism such that f is holomorphic in A,. Apply the 


R, R, , ; 
reflection principle of Exercise 2.8.8 to show that —~ = —* and determine f. (With 
2 ry 
the help of the more general reflection principle proved in Chapter 4 you will be 
able to reach the same conclusion if we only assume f: A, ~ A, is a conformal 


map.) 
L+i 


1 | , 
(a) Let D be the square with vertices 0, a a and . Assume f is a conformal 
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21. 


22. 
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map from D onto the upper half-plane H. Use Theorem 2.8.8 and Schwarz’s 
reflection principle to show that f can be extended to a function F €¢ .@(C), F 
which ts doubly periodic, 1.e. 


F(z+1)=F(z), F(z +i) = F(). 


. Let Q be a bounded simply connected polygon with vertices at the points wo, w,, 


..., W,, With corresponding interior angles agz, ..., @,7,0 <a, <2. Let f bea 
conformal map ofthe upper half-plane H = {ze C:Imz > 0} ontoQ, let z,) = ~, 
Z1,.--, Z, be the points corresponding to wo, ..., w,, respectively. (Why is f 
a homeomorphism of Hw {co} onto 9?) Define F(z) := log f'(z). Show that 
Fe 4(H) and F’ admits an analytic continuation to the whole plane with simple 


poles at z,,..., Z,, F’ vanishes at oc and Res(F’,z,) =a, —1 fork =1,..., n. 
Conclude that f satisfies the differential equation 
i . a — 4 te 
f"(2)— Y ~—-f'2) = 0. 
k=1 2 Zy 


Show that fis of the form @ o w, where w is the Schwarz-Christoffel transformation 
Wizaj=c} [] t—2,)%* lat 
G k=1 
and @(w) = aw + bis a linear map which sends Q onto itself. 


Find a conformal map of the upper half-plane H onto the regular n-gon with 
vertices w, = e277" k = 0)... n. 


Show that the function f € #(B) given by 


~\ | at 
fz) = , (tye 


where f(x) > 0 when 0 < x < 1, defines a conformal map from B onto a regular 
n-gon. What is the relation between this function and that found in the previous 
exercise? 


Let 0 < k < 1 and f be the Schwarz-Christoffel transformation 


fey= | a 
o /(l — t?)(1 — x72?) 


Show that f maps the upper half-plane onto the rectangle of vertices —a,a,a + ib, 
—a-+ ib, a,b > 0, given by 


a= |. fd — 07) — «7t?7)]'? dt 
0 


1 
b= | fd — t7)(t? — x7)? de. 


By a change of variables t = sin @ show that a is given by the hypergeometric 
series 


bole 
+ 
eee 

= 


where (ao — l, (1 — 3 (3). = (G 
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23. 


24. 


25. 


26. 


30. 


31. 


Let Q be the polygon from Exercise 2.8.19 and let 8, = 2 — a,. Consider the 
conformal map g of the upper half-plane H onto Q such that the points 5, on 
the real axis correspond to w,, by) = o. Show that g satisfies the differential 
equation 

g(z) f£&-1 2 2 


g(z) 4 z—-h z—-Wy 2— Wo 


Suppose f € .@(C) has only simple poles at z,, z,, 23, ...,0<|z,|<|z.| <--°, 
Res( f, z,) = A,. Assume there is a sequence of Jordan curves I, such that no poles 
of f lie on any of them, T,, ¢ Int(I,,), R, := min|z| > oo, ¢(T,,) = O(R,), and 
max | f(z)| = O(R,). Show that zel, 

zelr,, 


1 of 
F(z) = fO) + EA +=), 


Z—Z, Zn 


d , 
by considering a eo How should the series be understood in order that 
r, — Z 
it converges in #(C\{z,\,>,)? 
Show that if f is an entire function with finite L' norm in C, then f = 0. (Is the 
same statement true for L?, L@?) 


Find all the meromorphic functions f in C such that || f'l];27¢) < 0. How about 
| Filnucy < © oF | flipeceqy < 0? 


. Show that if f ¢ #(B\{0}) and f e L'(B), then the singularity is removable. 
. Let f € m(C)\C. Show that f(C) is dense in S?. 
. Assume f € “(C) and P is a polynomial such that 


Re f(z) < Im P(z) 


at every point which is not a pole of f. Show that f is a polynomial and find 
it explicitly. 


Let f, g be two holomorphic functions in a neighborhood of the disk |w| <r 
f(0) # 0. Show that for p > 0 sufficiently small, the equation 


2 


w = 2f(w) + z°g(w) 


has exactly one solution w = (z) in |w| < r, and no solutions on |w| = r, as long 
as |z| < p. The function ¢ is holomorphic and admits the Taylor series develop- 
ment ~(z) = » Anz"s 

n>O 


1 n—-k-1 


d 
Oy = api pect LLSO))” G0) Ino. 


Let F be a C™ function of two complex variables z, w (i.e., as a function of four 


OF OF 
real variables) such that — = 0, a = 
Oz ow 


that F(0, w) = 0 admits only the simple zero w = Oin|w| < r. Show that for some 
p,9< p< R, there is a unique holomorphic function ¢(z) in |z| < p such that 
p(0) = 0 and F(z, p{z)) = 0. 


0 when |z| < R, |w| <r. Assume further 
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32. 


*33. 


34, 


35. 
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Let P(w) = w™ + A,w™ | +---+ A,, be a polynomial and w,, ..., w,, its roots. 
(Each distinct root appearing as often as its multiplicity indicates). We know that 
the A, can be determined from the identity 


P(w) = [| (w — w,). 
k=1 
We want to show in this exercise that they can also be obtained from the 
Newton sums 
B, = wi +7: + wk, k=0,...,m. 


For each k, write By, = 1 and 


Obtain the relation 
A; = By — Bei aWe- 

Write A, = 1 and conclude that 
m  P(w) 


kan W— Wy 


= A, Byw™ | + (A, By) + Ap B,)w™ 7 +°° 


Using that the left-hand side equals P’(w) obtain expressions for the A, in terms 
of the B,. 


Let F be as in Exercise 2.8.31, except that we assume only that F(0, w) vanishes 
at w = 0, but it is not identically zero in |w| < r. Show there is an integer m, values 
O<r, <r,0< R, < Rand functions A,(z),..., A,,(z) in |z| < R,, such that the 
functions 


P(z,w) = w" + A,(zjw™ | +--- + A,,(z) 
and 
G(z,w):= F(z, w)/P(z, w) 


are C” and holomorphic in each variable separately in the bidisk |z| < R,, 
|w| < r,. Moreover, G(z, w) does not vanish anywhere in the bidisk. (Hint: Let m 
be the multiplicity of w = 0 as a zero of F(0,w) = 0 and choose r, so that w = 0 
is the only zero of this equation in |w| < r,. Evaluate the functions 


in terms of the roots of the equation F(z, w) = 0. Use Exercise 2.8.32 to define A, 
and P.) 


Let Q be a Jordan domain and f a conformal map of Q onto B. Show 
that if ge H(Q)0 EQ), and «> 0, there is a polynomial P such that 


lg —P © filzew S é. 


Let F < #(B) GB), f € F,andn, 7 co such that f'™! — z, in #(B) (z, denotes 
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the constant function). Assume g o f = f o gforeveryg € ¥. Show that g(Zo) = Zp 
for every g € ¥ which is not a constant function. 


36. Use Exercises 2.3.16, 2.6.19, and 2.6.21 to show that, ifafamily F © #(B) E(B) 
of commuting maps into B contains an element f € Aut(B)\{idg}, then there is a 
common fixed point for every g € ¥ which is not the constant map. 


37. Let fe ¥(B), fll, <1 and n, 700 be such that f™!—+h in #(B) and 
h # constant. 
(a) Assume m, = n, — n_, 7 00, show there is a subsequence m,, such that fl") 
is convergent in #(B) to a function g. 
(b) Writing fi! = fl) o fl] conclude with the help of Exercise 2.2.12 that 
goh=h. 
(c) Show that g = id,. Conclude that f, h e Aut(B). 


38. Use Exercises 2.6.20, 2.6.21, and 2.6.35—37 to prove the following theorem of A. 
Shields [Shi]: Let ¥ © #(B) 0 @(B) be a commuting family of maps into B. Then 
there is a common fixed point z, ¢ B for all the elements of ¥. (Hint: Show 
first that one can assume that no g € ¥ is a constant function. Consider later 
separately the cases ¥ © Aut(B) or not.) 


Notes to Chapter 2 


1. We have assumed a certain familiarity with the elementary properties of power 
series and numerical series. They can be found in [Ah1] and [Mar]. For more about 
them one can consider, e.g., [Kn]. The books [Ah1], [Mar], and [JS] also provide 
a very clear introduction to the hyperbolic and spherical geometries which we intro- 
duced in the exercises. 

2. There are many sufficient conditions for holomorphicity. The Cauchy-Goursat 
theorem treats one of them. Example 2.2.9, (5) treats another, that locally integrable 
functions satisfying the homogeneous Cauchy-Riemann equation “are” holomorphic. 
A third one is Morera’s theorem. These last two examples can be greatly generalized; 
some of these generalizations appear in the next volume. Even though these kinds of 
conditions appear on first sight to be really weaker than Cauchy-Goursat’s, they are 
not, since they involve a certain kind of “uniformity” and are amenable to systematic 
study. The Cauchy-Goursat theorem and its analogs are “pointwise” results and tend 
to require ad hoc and very delicate arguments to prove them. The interested reader is 
referred to [Za5] for a lively discussion of this point. 

3. A number of other results appear natural in the context of distributions. For 
instance, the Cauchy transform 4 of a measure yu of compact support will be later 


A, 


shown to satisfy the equation a = jin the sense of distributions. In particular, A = 0 
Z 


implies u = 0. Similarly, the Schwarz Reflection Principle 2.1.11 has a distributional 
version, the Edge-of-the- Wedge Theorem 3.6.23, which we will later use as a motivation 
to introduce the concepts of distributions and hyperfunctions. 

On the other hand, the Schwarz reflection principle also shows clearly the dichotomy 
between “uniform” and “pointwise” results. As we shall see in Chapter 4, the boundary 
values of a holomorphic function can exist in a very weak sense, as long as they are 
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“real,” and still guarantee that functions will have a holomorphic extension across a 
real analytic curve. This will prove helpful in extending the conformal mappings 
obtained with the help of the Riemann mapping theorem across the boundary of the 
unit disk. 

4. For detailed historical remarks and techniques of the calculus of residues, see 
[MK]. At the end of Chapter 3, we relate the concept of residues to the theory of 
distributions, in a way that leads naturally to the study of residues in several complex 
variables. 

5. The calculus of residues ts related to interpolation theory. A nice treatment with 
special emphasis on numerical procedures can be found in [Hen]. Interpolation is one 
of the crucial tools in our study of convolution equations in the next volume, and 
therefore the reader should not be surprised to see it appear many times throughout 
this text. We also recommend [Ge], which was written with applications to trans- 
cendental number theory and analytic number theory in mind. 

6. For applications of the Lagrange Formula 1.5.19 and other related questions, 
such as the location of zeros of polynomials, we refer the reader to [Hen], and the 
bibliography there. This is a subject of great usefulness in control theory and other 
engineering areas. 

7. One interesting application of the concept of normal families lies in questions 
about iteration of holomorphic maps: Julia, Fatou, and Mandelbrojt sets. Several of 
the exercises provide a test of the complicated behavior of functions under iteration. 
A very good introduction into this subject is [Ab], see also [Bl]. The present interest 
in chaos, fractals, and iteration theory exemplifies the ubiquitous role of complex 
analysis in the applications of mathematics, see, ¢.g., [Dev]. 

8. The interesting story of de Branges’ proof of the Bierbach conjecture can be 
found in [BH] and [Ko]. A great deal of mathematics related to this conjecture appears 
in [Ba]. 

9. The properties of #(Q) and .4(Q) as topological vector spaces play an important 
part in this book, e.g., in Chapter 3, and are central to the next volume. In particular, 
the concept of bounded and normal families which are, one could even say unexpectedly, 
related to the question of omitted values as shown, e.g., by the Heuristic Principle 
2.7.11. A very sharp version of this principle can be found in [Hem]. The reader will 
find in [Schwick] a substantial number of normality criteria which can be obtained 
with the help of §2.7.12. It is also important to pot out there are limitations to §2.7.12, 
see [Rub1] for examples in this direction. 

10. The natural context for the Picard theorems and their generalizations lies in 
Nevanlinna theory; see [Ha]. For a very nice introduction to Nevanlinna theory in 
several variables, where the geometric point of view of Ahlfors appears very clearly, 
we suggest [Gril ]. 


CHAPTER 3 
The 0-E 


$1. Runge’s Theorem 


It is in this chapter that the difference between our textbook and more classical 
ones appears markedly. As stated in the preface, we have attempted to use, as 
systematically as possible, the inhomogeneous Cauchy-Riemann equation 
=~ =g to study holomorphic functions (also called the é-equation). The 
OZ 

reader should note the irony here. To better comprehend the solutions of the 


oO ; ; 
homogeneous equation a = 0 one is forced to study a more complex object! 
Z 


Our presentation owes much to Hé6rmander’s beautiful treatise on several 
complex variables [Hot ]. 

Let us recall that if K is an arbitrary set in C, we denote #(K) the family 
of functions which are holomorphic in some neighborhood of K. Note that 
the neighborhood may depend on the function. 

It is evident that 9/(K) © @(K), the space of continuous functions on K. 
Recall that if K is a compact set, the space @(K) is a Banach space with 
the norm 


Ill = max | F(Z). 


The topological dual vector space @’(K) can be identified to the space of 
complex valued measures supported by K (Radon measures). In this context, 
the Hahn-Banach theorem implies that if f e @(K) and 


| fan =o 
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for every Radon measure yp with support in K, then f = 0. Conversely, if H is 
a subspace of @(K), and H* = {we @(K): [fai = Ofor every fe H} = {0}, 


it follows that H is dense in @(K). We write x 1 H to indicate w € H+; we say 
.is orthogonal to H. (See [Ru] and [HS] for the Hahn-Banach theorem and 
the few elements of functional analysis used here.) 

Finally, we remind the reader that the total variation |||, of a measure 
u € @'(K) is given by 


NHllk = sup} | rau (f € @(K), fix < it 

For Q open in C, K compact, K € Q, we have another subspace of @(K), 
H(Q)|K, the space of restrictions to K of functions holomorphic in Q. Clearly 
KE(Q)|K © A(K). The next theorem allows us to decide whether #(Q)|K is 
dense in #(K) (as subspaces of the Banach space @(K)) in purely geometrical 
terms. 


3.1.1. Theorem (Runge). Let Q be an open subset of C and K a compact subset 
of Q. The following statements about the pair (Q, K) are equivalent: 


(a) Every function holomorphic in a neighborhood of K is the uniform limit over 
K of functions in #(Q). 

(b) None of the connected components of Q\K is relatively compact in Q. 

(c) For every z€Q\K there is a function f € A(Q) such that 


If{Z)| > sup | f(0)| = I filx. 
Cek 


PROOF. We are going to show a> b<—-c. 

(1) (c= b): We want to show that condition (c) and the negation of (b) 
cannot hold simultaneously. 

Let us assume that Q\K has a component © which is relatively compact 
in Q. Hence 60 = ©\© & K. Namely, 00 = ©\O < Q and at the same time, 
00 S (Q\ KY € OU K, so 00 © K. Therefore, for every f € #(Q) we have 


sup | f(2)| = sup | f(2)| < sup | f(2)|, 


which contradicts (c). 

(2) (a = b): If (b) does not hold, let © be as in (1). For ¢ € © the function 
f:zt1f(z — ¢) is holomorphic in a neighborhood of K. By (a) there is 
a sequence (h,),>, of functions in #(Q) converging uniformly to f on K. 

By the same argument as in (1) we have 


sup |h,(z) — h,{z)| < sup |h,(z) — h,(2)|. 


Therefore the sequence (h,),. , converges uniformly on © u K toa function F. 
This function will be holomorphic in 0 and will coincide with f on K. It follows 
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that the function z++(z — ()F(z) — 1 vanishes identically on 00 and, by the 
maximum principle, it vanishes identically in © Evaluating it at z= ¢ we 
obtain a contradiction. 

(3) (b >a): If we show that every Radon measure y in K which vanishes 
on #(Q), also vanishes on #(K), then from the Hahn-Banach theorem we 
conclude that 


H(K) = HONK, 


which is what we need to prove (the closure taken in @(K), of course). 
Let uw € @'(K) be a Radon measure orthogonal to #°(Q). Let 


be its Cauchy transform (cf. §2.1.5). We are going to show first that # = 0 in 
= C\K. 
1°. In the unbounded connected component of K‘: For |¢| > r,r sufficiently 
large, we have that the series 


I z" 


z—C Let 


converges uniformly for z ¢ K. Hence 


_ == (| Za Vr 


Since pis orthogonal to #(Q), we have | z"du = Oforn > 0. Therefore 2 = 0 
K 


for |C| > r and hence, in the unbounded connected component of K‘. 

2°. In any bounded connected component U of K*: We have U Nn YY 4 ©, 
otherwise, since OU < K <Q, we would have U <Q and hence, U would 
be a component of \K, relatively compact in Q, which contradicts the 
hypothesis. 

Let €€ Un. For every k > 0, the function 


_t 
(z __ cyt 


ate 


is holomorphic in Q, hence 


Ame) = = a osm = 0 


Therefore A = Oin U. 
We want to show now that f = 0 in K‘ implies that » vanishes on #(K). 
Let f ¢ #(K), then for some open set w, K © wm € Q, we have f € #(a). Let 


yy € D(w) be such that w = 1 in a neighborhood of K. Let K, := supp (*¥), 
Z 
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For z € K we have, by Pompeiu’s formula 2.1.2, 


_ i owte) | : 
fle) = W@)fle) = = \. fae page 1 ae 
Since K 1K, = @, the function eC SO) EO) is continuous in 


K x K,. Applying Fubini’s theorem we obtain 


1 1 
155 i$ SO A “see 
The last identity follows from the fact that K, © K*° and f = 0 on K‘*. 
(4) (b=c): Let ze Q\K, and let L = Bi(z,p)  Q\K. The connected 
components of Q\(K U L) are exactly the same as those of Q\K except for 
that one from which we have taken away L (see Figure 3.1). 


| 
x 
(omer, 
Ko 


| = 

x 
= 
re 
rel 
~ 
“eogo” 
S&S 
ne, 
ne 
Ly 
wn 
> 
Qu 
| 
s 


Figure 3.1 


It follows that property (b) still holds for the pair (Q,K UL). Since we 
have already shown that b = a, we have that property (a) holds for (Q, K u L). 
Let f = 0 in a neighborhood of K and f = 1 in a neighborhood of L. This 
function belongs to #(K u L) and hence, we have a sequence (f,),., in #(Q) 
converging uniformly to f on K U L. For n sufficiently large we have 


IfAl< 1/3 on K, fh] = 2/3) on L. 


This shows that (c) holds and concludes the proof of Runge’s theorem. [ 


In particular, when Q = C we have the following corollary. 
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3.1.2. Corollary. Every function holomorphic in a neighborhood of the compact 
set K can be approximated uniformly on K by polynomials if and only if K° is 
connected. 


Proor. Apply §3.1.1 and the fact that the polynomials are dense in #(C). 


3.1.3. Definition. Let Q be an open subset of the complex plane and K 
a compact subset of Q. We call holomorphically convex hull of K in 9 the set 


Kg = {z€Q: Vf e HO) |f@I < If ile}, 
where, as before, || f||, = max | f(z)|. If there is no possibility of confusion 
zeK 


about Q, we shall write K instead of Ko. 


3.1.4. Proposition. Let Q be an open subset of C, K compact in Q. The following 
two properties hold: 


(a) K< KandK is a compact subset of Q. 
(b) d(K,Q*) = d(K,). 


Proor. K is relatively closed in Q since it is an intersection of relatively closed 
sets, 


K= () | {z€Q:|f(2)| < Ifiix}. 


fe 4(2 
From the definition, one easily sees that if r = max |z|, then K <& B(0,n), 
zek 

hence K is bounded and (a) holds if Q = C. 

If Q # C, let us show first (b). 

The inclusion K ¢€ K implies that 

d(K,Q°) < d(K,). 

On the other hand, for ¢ € 9, the function z+ 1/(z — C) is holomorphic 

in Q and hence, for z € K we have 
1 1 


wek 


therefore inf |jw — C| < |z — C| and 


wek 
d(K,Q°) = inf |w—C| < inf jz — C| = d(K,Q). 
begs PE ge 


In conclusion, K is a relatively closed subset of Q, bounded in C and 
d(K,Q°) = d(K,Q*) > 0. It is then clear that K is a compact subset o0fQ. [J 


Note that if K is compact, K ¢ Q, ¢ Q,, Q; open in C, then 
Ko, EGO.0 Kg,. 
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If K is a compact set, then its convex hull cv(K) is always compact. We 
have that if K = Ke, K is always contained in cv(K). This follows from the 
fact that 


co(K)=  () ‘ EC: p(f) < sup of. 
ge £p(C) K 

In fact, every y € Zp(C) is of the form g = Re@, 0 € ¥-(C), and @(z) = az for 

some ae C. If ze K we have 


eRelaz) _ |e? | < sup je™*| = exp sup Re(at) | 
CeK cekK 


and, by the monotonicity of the exponential, we obtain g(z) < sup ¢(¢). Hence 
Cek 


K <cv(K). Therefore, for any Q 2 K we have 


Kg € cvo(K) 0 Q. 
_ It is also clear that if K € K, and both are compact subsets of Q, then 
Kc K,. 


3.1.5. Definition. A compact subset K of an open set Q 1s called Aolomorphically 
convex in Qif K = Kg. 

Evidently (Ko)o = Kg for every K and therefore, Kg is holomorphically 
convex on Q. Furthermore, by the preceding remark, if K is a compact convex 
set then it is holomorphically convex (in any Q which contains K). 


3.1.6. Proposition. The set Kg is the union of K and the connected components 
of Q\K which are relatively compact in Q. 


Proor. Let @ be a component of 2\K, relatively compact in Q. We have 
© © K since 0© © K and hence, by the maximum principle, 


sup | f(Q)| < sup | f(Q), 
fee tek 
for every f € #(Q). 

Let K, be the union of K and the relatively compact components of Q\ K. 
Then K, & K. Moreover, the set Q\K, is also the union of components of 
Q\ K, hence O\K, is open. It follows that K, is a compact subset of K. By 
the definition of K,, none of the components of Q\K, is relatively compact 
in Q. By part (c) of Runge’s theorem we have K, = K,.Since K < K, wealso 
have K < K, = K,. ] 


3.1.7. Proposition. For every open set Q < C there is an exhaustion of Q by 
compact subsets which are holomorphically convex in Q. 


ProorF. Let (L,);.,, be an exhaustion of 2 by compact subsets. Let K, = L,. 
There is an index j, > 2 such that L, => K,. Therefore L,; > K,UL,. Let 
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K,= L,,. There is j, > 3 such that L, > K,, hence L, >K,UL,. Let 
K; = L,,, ete. CJ 


EXERCISES 3.1 


1. Give an example of a compact set K and two planar open connected sets Q,, Q, 
such that K © Q, NQ, and Ko, # Kg,. 


bho 


. Let K be acompact subset of C and f € W(K). Using Cauchy’s formula, show that 
jf can be uniformly approximated in K by rational functions whose poles are simple 
and lie in K‘. (Hint: Show first that given Q open, K ¢ Q, there is a finite number 


of polygonal Jordan curves y,,...,y, such that K © ) Int(y,) Ss Q (cf. Chapter 1).) 
jHi 
It is instructive to find another proof using Theorem 3.1.1. 


3. Using Theorem 3.1.1, show that if K is a compact subset of C and A = {a;} is 
a collection of points in S*\K, one in each connected component, then any function 
in #(K) can be uniformly approximated in K by rational functions with poles 
in A. 


*4. Let Q, © Q, be open subsets of C. Prove that the following five conditions are 
equivalent: 
Gi) #(Q,) is dense in #(Q,). 
Gi) 1FQ,\Q, = K UF, K OF = @, K compact and F closed in Q,, then K = @. 
(iii) For every compact subset K of Q,, Ko, = Ko. 
(iv) For every compact subset K of Q,, Ko, AQ, = Ko,. 
(v) For every compact subset K of Q,, Ko, am Q, is compact. 


5. Let Q be an open subset of C such that D° has no bounded components. Show that 
the polynomials are dense in #(Q). 


6. Show directly that the function f(z) = ~ cannot be the uniform limit of polynomials 
in the closed annulus | < |z] < 2. 

7. (i) Let ne N*,0< 5, <a, <n. Show that there is a polynomial p, such that 

|p,(z)| = nifImz = b, and z € B(O,n), and |p,(z)| < ; whenever z € B(0,n) and 


either Imz < 0 or Imz > a,. 
(u) Use the preceding construction to show the existence of a sequence of 
polynomials p, such that lim p,(z) = O everywhere, the limit is uniform in every 


compact subset of C\R, but it is not uniform on any neighborhood of a real 
point. 
(iii) Modify the preceding procedure to construct a sequence of polynomials q, 
such that lim q,(z) = Oif ze R and lim q,(z) = lifze C\R. 
*8. (Construction of a function in #(B) that has no radial limits at any point ¢ € OB, 
B = B(0, 1)). Define a collection of subsets B, of B as follows: 


{ 
By = <- 
0 fi <5}. 
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B= 63 cll ia <™ 299 yc \Ar i>2 
2 )6q S171S fog lArezi Ss 04 9556 SII S 55 |At8z1 2 77, 


and so on (Draw a picture.) 


Show there is a sequence {P,},... of polynomials with the following properties: 
P, = 0, assuming that P,,..., P,,. have been found, then 


| P2,-1(2) — Pon-2(2)| S a5p-q if jz) <1—278"*8 


1 ; 
|P2,-2(z) — 1 S 53h if ze By, 
and 


| 1 . Bn 
[PalZ) — Paa-(2] S Fin if jzj)<t—275"*, 


|P2,(z)| S ! 


53m if ze B,,. 


Prove that there is a function f such that 
P.+f in A(B). 


Show that this function satisfies 


and hence, it cannot have any radial limits. 


*9, (Construction of a universal entire function). Let {Q,},209 be an ordering of the 
collection of all polynomials with coefficients in @ + iQ. Let K, = B(n°,n). Let 
P, = 0, choose P,, n > 1, by induction as follows: 


[P,(2) — Pal 55 im BO,(n ~ 1)°) 


|P,(z) - Q,(z — n°)| < vs in K,,. 
(Why is this possible?) Show that the function f:= } (P,— P,-;) is entire. 
Moreover, on B(0, n) it satisfies = 
[f(z + n°) — Q,{2)| < ot 
Let now Q be a bounded simply connected domain in C, g € #(Q). Show that 


there is a sequence of integers n, > 0, Q, > @ in #(Q). Conclude that the 
translates of f, f(z + nj), converge to g in #(Q) (cf. [BR1], [BR2]). 
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10. The object of this exercise is to prove the following extension of Runge’s theorem. 
Let K be a compact subset of C such that K = K. Let f be a function which is of 
class C' in a neighborhood of K and fe HK), then f € #(K) (it is understood 
that the closure takes place in @(K) and we really mean f|K is in the closure of 
H(K)). 

(a) Let » be any Radon measure with supp(u) S K. Show that fe Li(C). 


dm(z ) | aa < w by 


Hint: Just show that for any K, cc C, one has | 
K, 


Fubini’s theorem. 
(b) Use the proof of Theorem 3.1.1 to show that if u is a Radon measure with 


supp() © K, then p 1 #(K) if and only if @ = Oin K*. 
(c) Show we can assume f € @,(C) and represent it as 


of dm 
M2) = ae f—2 


(d) One also has S (fC) = Ofor €e K. Why? 


(ec) Show that | fdu=0. 


Conclude that ({|K) € #(K). 


§2. 


3.2.1. Theorem. The operator 0 : €°(Q) > &° '(Q) is surjective. In other words, 


Ou 
for every f € €°'(Q) there is u € €°(Q) such that = dz =f. 


Mittag-Leffler’s Theorem 


PRrooF. Let (K,);..) be an exhaustion of Q by holomorphically convex compact 
subsets. Let py; € D(Q),0 < y, < 1,y; = 1 ona neighborhood of K,(j = 1) and 
Wo = 0. Set Oj = 0, — Wj, (j => 1). Hence og, € DQ), g, = 0 in a neighborhood 


of K,_, and Laat 
Since @; f = ‘2Q), we can appeal to §2.1.5 to show there exists u, € &(Q) 
Gu, 
such that 33 = o,f. The function u; is holomorphic in a neighborhood of the 


holomorphically convex compact set K,_,. By Runge’s theorem, there is 
a function v, € #(Q) such that 


! 
< — 
UP Iai = BIS 55 


Therefore, the series u= } (u,—v,) is uniformly convergent over every 
j>1 


J2 
compact subset of Q. Furthermore, for any | > 1, the functions (u,; — »,), 
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j>1+1, are holomorphic in K,, hence their sum ) (u,;—,) is also a 
jeot+l 


holomorphic function in K ,. A posteriori, it is of class C™ in K ). since u is the 
sum of the tail end of the series and a finite number of other C” functions, 
then u is also C® in K ». This shows u € &(Q). 

Moreover, in K, we have 


Cu i @ 


a) i ou i 
ae cet az WOO 2 eh“ ( ZO)! 


= ( y 0) f=f, 
jl 
since y, = 0 on K, ifj > 1+ 1. The index / being arbitrary, we conclude that 


C 
in fact = = f everywhere in Q. C] 


Let Q be open in C and (Q,);..; an open covering of Q. With the convention 
that #(@) = {0} we have a sequence of complex vector spaces and of C-linear 
maps: 


0+ #0) ST] HQ) > T] #Q,02,) 5 TT #Q,0Q,0Q) 
j jek pki 


given by: 
Af) =(fQ)jen 
Afpier) = Gadgets r 
where 
Dic = (f(Q4Y OQ) — CGQ4O Q4)); 
C(Ga gwen) = (Cudianerxtxt 
with 


Cite = (G jx (Q) OQ, AQ) + (Gial(Q;, OQ, Q)) + (gy(Q) OQ. 02,)). 


(Compare with §1.7.2.) 

It is easy to see that the map a is injective, Ima = Kerb, and Imb © Kerc. 
We are going to show that it is also true that Imb = Kerc. 

Let us note that if (9));,¢ Kere then g,,= 0 for every je J and more 
generally g,, = —g,; for every pair (j,k) eI x I. 

Now, the corresponding sequence is exact (i.e, Imb = Kerc) when we 
replace holomorphic functions by C™ functions. In fact, let (g,;) be an element 
of Kerc in the C® case. Let 


Si = 3 Py Gr) k in Q,, 


y>0 


where (¢,),.9 18 a C® partition of unity subordinate to the covering (Q;);., 
by C®” functions of compact support, r:N->J is a function such that 
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gp, € BQ,,)), and the family (supp g,),.9 18 locally finite. Therefore, to see 
that f, € &(Q,) it is enough to show that ¢,g,,,), € €(Q,). But this function is 
given by 


Py Gry) k nQa Qo) 
0 in Q,\supp 9,’ 


which shows that it is C® in all of Q,. Finally, in Q) 0 Q,, 


he I = d. PAG). k — Jrv),j) = ( d 0.) Dix = Dix: 
v2 v> 
We prove now the exactness in the holomorphic case. 
3.2.2. Theorem. Let (Q,);., be an open covering of Q. Let 9g, € #(Q) 0 Q,) be 
a collection of functions indexed by (j,k) € I x I such that 


@) Jae = —Gij in Q)0Q, for every (j,kK)e Tx I 
(ii) Opn + Ga + Gy = 0 INQ, AQ, AQ, for every triple (j,k, Det x Ix I. 


Then, there are functions 9, € A#(Q,), j € I, such that 
Gin = Ge — Gj in QQ, 
for every (j,k)eI x I. 


Proor. Consider the commutative diagram 


0 0 0 
| é 
—— H#(Q) —_—~ &(Q) , &(Q) —— 0 
| Ue ee y 
ng 
—, [] 7(Q;) ——+ [TI 4(Q,)) ——+ [] €(Q;) ————> 0 
i j j Oh 
b , " ey) Oo (2) 
i (3), 
pk ik ik 
| Dy me ee eee ae ~—p> Gir 
¢ (2 ¢ 
fi es 
——  [] #(Q,00O,0Q,) [] 22,0 Q0Q) [] €Q,7Q,0Q,) 0 
i.k,f 


jk ikl 


Every row and every column, except for the first column, is exact. 
Let (9) « Kere with g, € #(Q; 0 Q,). One can consider (g;,) in Kerc in 
the second column. Since this column is exact we can find (hj), € IT E(Q;) such 
J 
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Oh, Oh, ch, oO 
that g,, = h, — h;. Therefore () e Kerb, since aS — a5 = 55 Gik = O in 


Q:>Q,. The exactness of the third column says that we have a global C” 


. i _ Oh, 
function y whose restriction to Q, is ae The exactness of the first row 
Z 


4 
produces u € &(Q) such that a = Ww. Consider now the “corrected” functions: 
Z 
Y i h; — (u\Q,). 
i. 0g; oh, 
We also have g,, = g,, — g;. Moreover, this time we have a5 aR (y|Q)) = 0. 
Zz 02 
This concludes the proof. a 


We are now going to prove the Mittag-Leffler theorem for meromorphic 
functions. 


3.2.3. Theorem. Let (Q;);., be an open covering of an open set Q & C. For every 
jed,let f, be ameromorphic function inQ;. We assume f, — f,, € #(Q) 0 Q,) for 
every pair (j,k)e I x I (ie, f, and f, have the same principal parts in Q, 0 Q,). 
One can find a meromorphic function f in Q such that (f|Q;)— f,¢ #(Q)) 
for every j € I (i.e., one can find a meromorphic function with given principal 
parts). 


ProoF. Let us define (g,,) by gy, = fj — f, ££ Q;, 0 Q, # SO and zero otherwise. 
These functions verify the conditions in §3.2.2. Therefore, there are g, € #(Q,) 
(j € 1) such that 


hi-he= Gia = Gn — 9G; in Qn Q,. 


Hence, the meromorphic function f; + g; coincides with f, + g, in Q)0Q,, 
and this defines a global meromorphic function f such that 


{\Q=f+g im, 
1e., (f(Q;) — fj, = g; € A(Q,), as we wanted to show. CJ 


The usual version of the Mittag-Leffler theorem is the following. 


3.2.4. Theorem. Let A = (z;),;., be a discrete sequence in the open set QS C. 
Let f; be a meromorphic in a neighborhood of z; (j = 1) which has only a pole 
at z, as its only singularity in that neighborhood. Then, there is a meromorphic 
function f in Q, holomorphic in Q\ A, such that f — f,; is holomorphic in a 
neighborhood of z; for every j > 1. 


ProoF. Let Q, = Q\A and fp = 0. For every j > 1, let Q; be disks centered at 
the point z;, mutually disjoint, and such that f, is meromorphic in Q; whose 
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only singularity is a pole at z,. By §3.2.3 there is a meromorphic function f in Q 
such that 


f — fp is holomorphic in Q) 
f — f,is holomorphic in Q;(j > 1). 


This is the statement of the theorem. Cl 


3.2.5. Example. Let Q,,Q, be two open subsets of C, fe #(Q, A Q,). There 
are f, € #(Q,), f, € A(Q,) such that 


f = (Fi 1Q, 0 Q2)) — (F21Q1 9 Q2)). 


In fact, let g,,; = 92. = 90,912 = —92, = f. This choice verifies the conditions 
of §3.2.2 with Q = Q, UQ, and the covering (Q,,9,). 

In the exercises we shall see how this theorem relates to Cauchy’s theorem 
on partial fraction expansion of the previous chapter. 

As will be seen in Exercise 3.2.2, the classical proof of Theorem 3.2.4 in 
the case Q = Cis the following. Let z, = 0,0 < |z,| <|z,| <--: 7 o andG,, 


| 
née WN, polynomials so that the functions G,{——— represent the desired 
a 


n 


principal parts. One finds polynomials P,, with P, = 0, such that the series 


! 
f= Y («, (*.) - Ps) 


is uniformly convergent in compact subsets of C\{z,:j = 0}. This series is 
usually called a Mittag-Leffler expansion of the function f. Note that 
Proposition 2.6.16 represented a partial solution to the converse problem: 
given a meromorphic f, find, if possible, a Mittag-Leffler expansion of f. In 
this way we found in Example 2.6.17 the expansion of cotan z: 


| | 
cotanz =~ + y 7 ty yy (+). 


27 —(nny zZ—-nnt nn 


More generally, a Mittag-Leffler expansion for f € .@(C)1is a representation 


of the form 
. I 
fg=> («.( — Ps) + F(z), 
n>oO za Zp 
EXERCISES 3.2 


where Fe #H(C). 
1. Use the same proof of Theorem 3.2.4 to show that if A = (z,);,, 1s a discrete 
sequence of points in an open set Q, and if (P(z)), is a corresponding collection 


z;) 
f € #(Q\ A) such that for every z, the principal part of the Laurent development 
of f about z = z, is exactly P.. 


i. {ol , ; 
of principal parts (ie. Piz) = A —————- f,€ H( (0) then there is a function 
zZ — 
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2. (Mittag-Leffler’s expansion). A constructive proof of Theorem 3.2.4 for mero- 
morphic functions in C is the following. Assume we have a sequence {z,},>1, 


1 
0 <|z,| <|z.|<---, lim z, = 0, and finite principal parts G, ( . Choose 
z 


IF een 
bat 


1 7] 
in B(O, |z,|), of sufficiently 


zZ—2Z 


P.(z) to be the initial Taylor polynomial of G,( 
high degree so that 


! 
< if |z| < ~|z,|, 


for some sequence ¢, > O such that 5° €, < oo. Show that 
n>t 


1 
F(z) — 2 (6. (5 ~ pi), 


represents a meromorphic function in C with the desired poles and principal parts. 
What should you do if we also want a pole at z = 0? (Compare with §2.6.16). 


3. Apply the previous exercise to the construction of meromorphic functions F in C 
with the following properties: 
(a) simple poles at z, = n,n eZ”, Res(F,z,) =n; 
(b) simple poles at z, = ./n, ne N, residues = 1; 
(c) simple poles at n € Z, residues = 1; 
(d) simple poles at (Z + iZ)\{0}, residues = 1; 
(e) poles at Z + iZ with principal parts (z — (m + ni))~?. 


1 
4. The function z -| e't?~' dt has an analytic continuation to the whole complex 
0 


plane as a meromorphic function: by expanding e™' in a power series, show that 
its Mittag-Leffler expansion is 


n>o nl oz +n 


Use this expansion to show that the I function introduced in §2.5.22 has 
a Mittag-Leffler expansion 
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02 
(c) g(z) = zz", m,n € N; (d) g(z) = e7; (2) g € WIC). 


. We say that a function f belongs to C~(B), B = B(O, 1), if f is the restriction to 
B of a function which is defined and C” in a neighborhood of B. Let g(z) = 


| _ 6 _ 
exp( - a] for z € B,g|¢eB = 0. Show thereis f € C°(B) such that = gin B. 


aN 


*7. Let K << Qopenin C. Show there is a constant C > Osuch that for every u € &(Q) 
one has 


§2. 


*9. 


10. 


11. 
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3 
llullx < c( “4 | udm), 
02 Q 


where dm is the Lebesgue measure. 


. Let fe @(C) be such that | (Lf(z)|\/\z|) dm(z) < o. Find a solution of the 


lzj>1 


_ Ou 
equation — = f. 


OZ 
(a) Let u(k):= #{m+ ineZ +iZ:max(|n|,|m|) =k > 0}. Show that ) —— a ) 
k>1 
(b) Show that the function f(z):= )’ (z—@)° is meromorphic in -_ and 


weZtiz 
doubly periodic, ie., f(z + 1) = f(z + i) = f(z) for every z ¢ Z + iZ. 
(c) Use the previous part to show that 


I I it 
2" 3+, Daalerar a 


is a meromorphic function with double poles at every point in Z + iZ and 
residue zero. 

(d) Verify that g’(z)= —2f(z). Conclude that g(z + 1) — g{z) = constant, 
g(z + i) — g{z) = constant. 

(e) Use that g is an even function to conclude that g is doubly periodic. 


The Bernoulli numbers B,,, are defined by 
—1)""'Qm)! 2 1 
277-1 B, fn en 2 gm m= 1, 2,... 
Use the Mittag-Leffler expansion of cotan z obtained in this section to show that 


1 OO o2m B gem 1 
cotanz — — =). (—1)"— 2me 
Zo mt 


for z near zero. What is the radius of convergence of this series? 


Verify that, if the numbers B, are defined by the identity 


z S&B, zert+ti 
2¢ an? W281 
then B, = 1,B, = —4, B,,4, = Oforn > 0, and the B,, coincide with those defined 


in the previous exercise. They also satisfy the recurrence relation 


By = 1, E ({)a=2, (n > 2) 


k=0 


The Bernoulli polynomials are defined by 


B(z):= > (") Byz"*; 
k=0 
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verify that 
0 < |t| < 2z. 


{2. The following is another way to show that the identity 


I 
mcotan7mz = —+ 3 (. — ) («) 
Zz nez* \Z2 +N n 


holds. Define 


l i I 
g(z) = ncotannz-—-— (35 — :) 
neZ* 


-~ 


“ 


(a) Show that g is entire and g(0) = 0. 
(b) Show that 


(2) —7? n 1 
Z) = + ng 
4 (sinzz)? foe (z +n)’ 


(c) Show that g’ satisfies the functional relation 


f f Z i z+] 
4g'(z) = 9g (5) +4 ea 


(d) Conclude that if M = max |g’(z)| then 


iz|<2 


4M<M+M. 


This implies the identity (*) holds. Why? 


13. (a) Let f be holomorphic in the annulus 0 <r < |z[| < R < 0. Show explicitly 
a way to decompose f = f, — fy, f; ¢ #(B(O, R)) and f, € #(B(0,r)\) (it can 

be chosen holomorphic at z = oo). 
(b) Let f be holomorphic in a neighborhood of the closed strip |Im z| < 1, assume 


| f(z)| < C412) Use Cauchy’s formula to find an explicit decomposition 
z 

f =f, —f, where f, is holomorphic for Imz < 1 and f, is holomorphic for 

Imz> —l. 


(c) Let f be holomorphic in the open strip {Im z| < 1; show there are functions f,, 
f2, f; holomorphic in the half-plane Im z < 1, f, holomorphic for Imz > —1, 
and f = f, — f,in|Imz| < 1. 


$3. Weierstrass’ Theorem 


3.3.1. Theorem. Let (z;);., be a discrete sequence of distinct points in an open 
subset Q of C. Let (m;);., be a sequence of nonzero integers. There is a mero- 
morphic function f in Q which is holomorphic and never zero in Q\{z,:j = 1}, 
such that for every j: 
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F(z) = (2 — 2,)F,(2) 


in a neighborhood V, of z;, where f,is a nonvanishing holomorphic function in V,. 


PRooF. We can assume all the m,; => 1. The general case is obtained by taking 
the quotient of two such holomorphic functions. 

The idea of the proof is the following: Find g € &(Q), g(z) #0 for 
z¢{z,:j = 1} and so that for every k, there is a disk A, of center z, such 
that lA, = (2 — z,)"*h,(z), h, € H(A,), h, without zeros. (The disks can be 
chosen pairwise disjoint). Once g has been found we choose f of the form 
f = pe", We &(Q). 

Let us first explain the last step. That is, we assume we have a ~ and we 
want to find w € &(Q) such that f = ge” satisfies all the conditions of the 


0 
theorem. Clearly we need of = Q, that is, 


has! 


so that y is a solution of the equation 


op 1 de 
6z gp OF 


, , _ 0 , , 
Since g 1s holomorphic in any A,, = = Q in that disk and hence, we can 
Z 


also take the second member to be identically zero in every A,. This is why 
the right-hand side is a C®” function in Q. Therefore, the inhomogeneous 
Cauchy-Riemann equation has at least one solution w € &(Q). Furthermore, 
y is holomorphic in each disk A,. The function e” is never zero, hence the 
holomorphic function f = ge” only vanishes when @ does, that is, only in the 
set {z,:j > 1}. In any A, we have 


f(z) = (2 — 2,)"™h,(z)e"™, 


as we have already pointed out, the function h,(z)e” is holomorphic, and 

never zero in A,. This shows that the problem reduces to that of finding q. 
Translating Q, if necessary, we may assume that 0 € Q and z, # 0 for every 

j. We denote Q* the open subset of S* obtained from Q by means of the map 


1 . ; 
zh+w = —. The point oo € Q*, hence dQ* is a compact subset of C. 


We can reorder the points z; so that the points w, = 1/z, satisfy 
d(w,, 0Q*) > d(w,,,, 0Q*). The discreteness assures that d(w,, 0Q*) > 0 unless 
the set {z,:j > 1} is finite. Let w, be a point in 0Q* so that |w, — w;| = d(w,, 6Q*). 

Let r, = 2d(w,,0Q*) and U; = B(w,,r;). This disk contains the segment 
[w,,w; ]. The family of open sets (U; 0 Q*),., is locally finite even when 
{z;:j = 1} is infinite, since w/ € 0Q* and r, > 0. 
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Figure 3.2 


For every k > i, let I, = {j2>1:w,e[w,w[} and J, = N*\I,. 

There are open neighborhoods V, of [w,,w,[, V, G U, 0 Q*, such that for 
every j € J, w, ¢ V,. In fact, this follows from U, 7 (Q*\{w;:j € J,}) being an 
open set in *. (Recall the sequence is discrete in Q*.) There exists a function 
ty, € &(Q*) with support (relative to Q*) contained in V, and y, takes identically 
the value m, on a neighborhood V, of [w,,w,[, V; S V, (see Figure 3.2). 


. . . w—-W . 
Let us recall that there is a determination of log ———* outside the segment 
Ww — W, 


[w,, Ww, |. Therefore, the functions 


exp (140 log —— “4 in Q*\[w,, wf 
Ww — Wy 
g,(w) = , 
w- ; k 
(v=) ” 
w _— W, 


are smooth in Q*, since the two formulas coincide in V, \[w,,w,[. They have 
the value 1 outside V, and equal ((w — w,)/(w — w,))™* in Vj. 

For every index / > 1 there is only a finite number of g, which are #1 in 
a neighborhood of w,. This follows from the fact that V, ¢ U, 1 Q* and the 
family (U, 0 Q*),., is locally finite. Therefore, the function 
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g(w) = TI 9x(W) 


is a locally finite product of functions in &6(Q*), hence g € &(Q*). This function 
vanishes only on the set {w,:k > I}. 

Consider a function g, which is not identically equal to one in a neighbor- 
hood of w,. If | € J,, this is impossible because w, ¢ V,. Therefore | € I,, that is, 


w—w,\m, ; 
w, E | w,, Ww, , hence g,(w) = (“= in a neighborhood of w, and does not 
Ad 


vanish at w, unless | = k. Hence, there is a neighborhood N, of w, where g is 
holomorphic and clearly it vanishes at w, with multiplicity exactly m,. To 
conclude the proof, it is enough to define m(z) = g(1/z) and take the disks 
A, & {z: 1/z€ N;,}. = 


The preceding proof was taken from [BT]. A different proof of the 
Weierstrass’ theorem for entire functions in terms of infinite products appears 
in the next chapter and in the exercises of this one. 


3.3.2. Corollary. Every meromorphic function F in an open set Q of C can be 
written in the form F = f/g with f, g € A(Q). In particular, if Q is connected, 
then the ring #(Q) is an integral domain whose quotient field is the field M(Q) 
of meromorphic functions in Q. 


PRooF. If F has poles at the points z,; of order n;, one can find a holomorphic 
function g in Q, vanishing only at those points and with multiplicity exactly 
n;. The function f = Fg is then holomorphic in Q. 

If QO is connected, f, g © #(Q) and fg = 0, then one of these two functions 
must be identically zero since it cannot have isolated zeros. The fact that “(Q) 
is the quotient field of #(Q) follows from the first part of the corollary. 


3.3.3. Corollary. Let Q be an open subset of C. There is a function f € #(Q) 
which cannot be analytically continued to any open set larger than Q, even as 
a meromorphic function: there is no meromorphic function g on a disk B(a,r) 
centered at a point a € 0Q, such that g coincides with f on Bla,r) VQ. 


Proor. We only have to construct a discrete sequence {z;};., (of different 
points) in Q accumulating at every point in 0Q. In fact, in such a case there 
exists a function f € #(Q) which vanishes exactly at the points z; and nowhere 
else. Suppose that g is a meromorphic function on a disk B(a,r), a € 6Q, and 
g = f on B(a,r) 1 Q. Then g vanishes at all the z, € B(a,r), and these points 
accumulate at a. Therefore g must be identically zero, which contradicts the 
fact that f only vanishes at the points z,. 

To construct the sequence {z,};.,, write the points in Q7(Q + iQ) in 
a sequence {w;};.,. Let r, = d(w,,Q*) and {K,},., be a sequence of compact 
sets exhausting Q. For every j choose z,;¢ K5 such that |z; — w,| <r, and, 
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moreover, so that z, # z, for j > k. Then it is clear that {z,},., is a discrete 
sequence (of different points) in Q. If ae CQ and ¢ > 0, there is j such that 
la — w,| < 6/2, sor, < e/2 and hence |a — z,| <|a—w,| +|w,—2z,| <getn<e. 
Thus {z,};., accumulates at every point in 0Q, and the proof is complete. 


LJ 


In the situation of this corollary we say that Q is the domain of holomorphy 
of f- 


EXERCISES 3.3 
1. Derive the Weierstrass Theorem 3.3.1 from the Mittag-Leffler Theorem 3.2.4. 


2. (Classical proof of Weierstrass’ theorem for entire functions). 
(a) Given a sequence {z,},3,,0<|z,| <|z.| <--:, lim z, = 00, show there is 
Ra 


a sequence of integers m, € N such that 


we mm 


(b) Let E(z,m) = (1 — z)exp (: + - toe | ifm > 1, E(z,0) = 1 — z, be the 
m 


Weierstrass primary factors. Show that the Weierstrass product 


is an entire function vanishing exactly at z,. Moreover, the multiplicity of 
a zero « of f is exactly the number of times it appears in the sequence {z,,},,.;. 
What should you do to account for a zero at the origin? (For the theory of 
infinite products see [Ahl1], [Ma], or Chapter 4.) 


3. Find the Weierstrass product expansion corresponding to the following se- 
quences: (a) Z; (b) z, = logn, n > 1; (c) Z + iZ. (In parts (a) and (c) order the 
sequence with increasing absolute values as in §3.3.2.) 


4. Let Q be simply connected in C. How should one choose the integers m, e N* 
in Weierstrass’ Theorem 3.3.1 in order that f has a holomorphic square root? 
A holomorphic cubic root? 


5. Let 922 be a simply connected open set in C, f, g € #(Q). What are the necessary 
and sufficient conditions on f and g in order that the equation X7 + fX +g =0 
admits a solution X € .@(Q)? 


*6. Show that the family of functions whose domain of holomorphy is Q is dense in 
H (Q). (Hint: Consider g + tf, with f given by Corollary 3.3.3, ¢ > 0.) 


7. Let Q, be a connected open set, Q, | Q,, QO, a simply connected open set in C, 
and f €¢ #(Q,), all whose zeros are of even order. Suppose g € #(Q,) is such that 
g? = f inQ,. Show Q, is not the domain of holomorphy of g. 


8. Integrating the expression obtained for cotan z at the end of §3.2, show that 
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sinz=2Z iT (: —_ 2) ezine I] ( 4- 2) eg z/nn 


9. Derive the formulas: 


wo 2 
(a) sinh xz = nz Y (: + =) 


a0 Zz 2 
(b) cos nz = i [ -() | 
x 2 
(c) e? ~ 1 = ze?? i (+, a na) 


10. Assume f is an entire function with the property that it has simple zeros at 
the points a,, 0 <ja,|<|a,|<--:, and there is a sequence of piecewise-C' 
Jordan curves [, such that T,, < Int(I,,,), f does not vanish on any [,, 
dist(T,,0) = R, - 00 asn - o0, f(T) = O(R,) and 


max a = O(R,). 


Dh, 


Show that 
fz) = fe in (1 - = Jer 
ay, 


a = f'(0)/f(0), and the factors are grouped together for those zeros a, lying 
between T, and [,,, in order to make the infinite product convergent. 
1{. Use the previous exercise to derive the expansions 
n=1 


1, z* , ; 
(a) sinz — zcosz = 37 I] ( ~— a where A, is the root of the equation 


tanz = z lying in the interval (nz,(n + 4)n), ne N*. 


(b) cos — sin“ = | (: ol 


n=O 2n + ] 


*{2. We return to the [ function. By Exercise 3.2.4 we know it is a meromorphic 
function in C with simple poles at z = 0, —1, —2,.... One of the aims of this 
exercise is to show that I does not have any zeros. Instead of the power series 
expansion of e~' used in Exercise 3.2.4, we use here a different approximation 
of ee. 

(a) Show that forO0 <t<n,neN*, one has 


t\" t*e7 
O<e'~fl1l——-jJ< 
n n 


(b) Let 9, (z) = \. ( — ‘) t*~! dt. Show that 
0 


QP, > T in #({Rez > 0}). 
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(c) Use the change of variables t = nt in the integral defining @, to show that 


z 


| nin 
9,{2) = ——_ | 


n | 
(d) Let y be the Euler-Mascheroni constant, y = lim (5 ao ioe), and 
n-oo \ j=l } 


I - 
Yn = ¥, - ~logn — y. Rewriting n’ as 


j= 
(Epo) 
n?=exp|| ) --y—y |Z), 
j=1 J 
| n Zz , 
I(z) = lim en|(: ( + ) ei), 
n-* 00 | j=i I 


a priori only when Rez > 0. 
(e) Use Exercise 3.3.2 to show that 


a Z\ __. 
ze? SY EL t+ )e 


j=t J 


show that 


is an entire function. Conclude that this function coincides with r everywhere. 


(f) Does T have any zeros in C? 
7 


(g) Show that P(z)P(i — z)= cin and [(z + 1) = zI(z). 
NZ 


1 _ 
(h) Use (g) to show that I = / m, and a posteriori 
x 


13. (a) Show that any meromorphic solution of the equation 


2f(z) = f(z + 1) 
satisfying the condition f(1) = 1 must have simple poles at z = —n, ne N*, 
(—1)" 


with residues ~ 
ni 


(b) Show that if f is a solution of (a) then 
F(z) = e@)U(2), 


where ¢ is a meromorphic function of period 1, 1e., p(z + 1) = f(z). 


*14. Show that given any entire function f with real coefficients there is an entire 
function g with rational coefficients with exactly the same set of zeros (including 
multiplicities). Conclude that given any real number a there is an equation of 
the form 


ro tz tr2? +7: =O, 
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with r, € Q, and whose only root is a simple root z = a. Similarly, show that given 
any sequence, finite or infinite, of real numbers a,, a,,..., such that lim a, = 00 if 


m-> CO 
the sequence is infinite, then there is an entire function g with rational coefficients 
having exactly those values as zero. 
The above statements hold for any entire function f if one replaces Q by 


@ + iQ. 


§4. Interpolation Theorem 


Let us recall that given m distinct points z,,..., z,, and m values a,,...,a 
can find polynomials p that interpolate these values, that 1s, 


we 


re 


p(z;) = 4;, j=l,...,m. 


In fact this polynomial will be unique if we require that deg p < m — 1. In 
the same way we could prescribe a certain number of derivatives at each point 
z;, of what amounts to the same, prescribe the first terms of the Taylor 
development of p at the point z;. This amounts to requiring 

p(z;) _ 


kyo ne 


j=l,...,m, O<k<n,—1. 


Both problems can be solved using explicit formulas or the calculus of 
residues (see Exercises 2.6.21 and 3.4.1). We want to show that this interpola- 
tion problem has a solution even if we consider it for an infinite discrete 
sequence of points. This is the meaning of the following theorem. 


3.4.1. Theorem. Let (z,);., be a discrete sequence of distinct points in an open 
subset Q of C and (n;);., be a sequence of integers greater than or equal 
to 1. Let (a;,);, be a sequence of complex numbers indexed by j = 1 and 
O<k <n, —1. There exists g ¢ #(C) such that 


g(z;) = kla;, foralljeN*,0<k<n,—1. 


Proor. From Weierstrass’ Theorem 3.3.1 we can conclude that there is a 
function f € #(Q) which vanishes exactly at the points z, with multiplicity n,. 
Let (¢,);., be a sequence of positive numbers such that the disks A; = B(z,, 2¢;) 
are disjoint. Consider the polynomials 
P(z) = » a; 4(Z — z;)" (j = J), 
O<k<n,—-1 

and for each j, let g, € P(A,) be such that 0 < 9, < 1 and yg =1 on B(z;,¢;). 
For w € &(Q), let g be given by 


gz) = 2, Belz) — FEW). 


236 The d-Equation 


Since the supports of the functions g, are disjoint, the series contains at most 
one nonzero term in the neighborhood of any point of Q. Therefore g € &(Q). 
We need to choose w so that g . holomorphic. As should be familiar by now, 


this means that the equation — = 0 leads to 
Z 


OF Ow 
Y P(e) Pe) = fly. 
j>i1 “ 

Let us call h(z) the left-hand side of this equation. In UB Biz p &;) we have 


that A is identically zero, so that the function h(z)/f(z) (taken to be zero at 
all the z,) is well defined and C® in Q. Choosing a C™ solution w of the 
inhomogeneous Cauchy-Riemann equation 0w/éz = h/f, we obtain that g is 
holomorphic in Q. Furthermore, w is holomorphic in the neighborhood of 
every z, and, since f vanishes with multiplicity n, at z,, we have 


g(z;) =— P(z,) = kta; if O < k < Ay — 1, 


as we wanted to show. Cl 


EXERCISES 3.4 
1. Let y bea piecewise-C' Jordan curve, Q 2 Int(y), f,g € #(Q), and g does not vanish 
on y. Define a function F by 


a : g{z) — 


~ Oni z—o 


Show that F e #(Int(y)). (in fact you can prove F € #(q@) for some @ open, 
«@ > Int(y).) Moreover, if z) 1s a zero of g of multiplicity m, z, € Int(y), then 


Show that there is a function he #(Int(y)) (in fact, holomorphic in some 


neighborhood of Int(y)) such that 
F=f + hg. 
Show that if g is a polynomial, then F is a polynomial. 
2. Why do we need the sequence (z;);., to be discrete in Theorem 3.4.1? 


3. Let f be an entire function with simple zeros (z,),51, [Z,] <|Z,4,/- Given any 
sequence (a,),,., of complex numbers, show there is a sequence of nonnegative 
integers (q,),>, such that 


represents an entire function such that g(z,) = a,. 


*4. Show that if (a,),,<7z satisfies the condition 5 '|a,|? < oo, then the function 
nm 


sin z 


g{z) = d(- Ma, 


— FT 
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1s. @) 


is entire, takes the values g(nz) = a, and | lg(x)|? dx < oo. 


— 


5. (Newton’s divided differences). Let z,,..., z, be distinct points in Q, g € #(Q). 
Let h be the polynomial of degree n — 1 interpolating the values h(z,) = g(z,), 
written as 


h(z) = by + b, (2 — z,) + b(z — 2,)(2 — 22) + °° +b (2 — 2,)...(2 — 2-1). 


Define the divided differences AW [g;z,,...,2,4,] by 


Ag; z,] = g(Z,) 


A® DEG; 29,0065 2441} — AMPEG, 215-05 Zi] 
A®! 93245-00524, ]) = 


Zety 7 24 
Show that A®[g;z,,...,2,4,] is a symmetric function of the points z,, ..., 2,4. 
Compute by, 5,, ..., b,-; in terms of the divided differences of g at the points 
Z1,---, Z,. Write a formula similar to that in Exercise 3.4.1 to represent h. What 


happens when two points coincide? (We recommend [Ge] for an extensive and 
clear study of these operators A® and their applications.) 


6. Let P,Q be two polynomials without common zeros. Show there exist polynomials 
A, B such that 


PA+OQB=1. 


Is the pair A, B unique? Show it is uniquely determined by the extra conditions 
deg A < deg Q and deg B < deg P. Show the problem can be reduced to an inter- 
polation problem and can be solved using Exercise 3.4.1. The formulas can be 
made explicit using residue calculus. 


§5. Closed Ideals in #(Q) 


Let Q be an open subset of C, the family #(Q) of all holomorphic functions 
in Q is a topological algebra, that is, it is an algebra over C and the topology 
of uniform convergence on compact subsets of QO is compatible with the 
algebraic operations. This fact will prove to be important in the applications 
to harmonic analysis given in the second volume. The main objects of interest 
in an algebra are its ideals. Weierstrass’ theorem will provide the main tool 
to study them. As a first step, we are going to show here that every closed 
ideal in #(Q) is a principal ideal. One should not assume that every ideal in 
HE (Q) is closed (they are not!). We follow [LR] and [BT]. 


3.5.1. Definition. We call multiplicity variety in Q, a sequence of pairs (z,,,),>1 
with Z = {z,:k > 1} a discrete subset of Q and n, integers >1. Whenever 
f € A(Q) satisfies f(z,) = 0 for 0 <j <n, — 1 and every k, we say that f 
vanishes on V. 
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3.5.2. Proposition. Let V = (z,,n,),>, be a multiplicity variety in Q. The set 
1(V) = {f € HO): fq) = = f(A) = Ok > Y 


is a closed ideal in #(Q). Moreover, I(V) is a principal ideal. 
I(V) is called the ideal of the variety V. 


Proor. It is easy to verify that [(V) is an ideal. It is closed because the 
convergence of a sequence in #(Q) implies the convergence of the derivatives 
of any order. Finally, Weierstrass’ theorem provides us with a function 
f € F(Q) which vanishes only at the points z, and exactly with multiplicity 
n,. Hence f € 1(V). 

Let g be another function in the same ideal. We claim that g/f € #(Q). 
In fact, g/f is holomorphic in Q\Z since f does not vanish there. (Recall 
Z={z,:k>1}.) In a neighborhood of a point z,6€Z we can write 
g(z) = (z — z,)"*h(z) with m, =n, and f(z) =(z — z,)*9(z), 9%.) #9, A, 
¢ holomorphic. Therefore, in a small neighborhood of z, we have 
g(z)/f(z) = (2 — z,)" "h(z)/e(z) (z ¥ z,) and the right-hand side is holomor- 
phic at z = z,. It follows that f generates the ideal [(V). CI 


3.5.3. Definition. Let J be an ideal of #(Q). We denote by Z(J) the set of zeros 
of I, that is, the set 


ZU) := (\ Z(f), 
fel 
where Z(f):= {z€Q: f(z) = 0} is the zero set of f. 


3.5.4. Remarks. (1) We have Z(#(Q)) = @ (since | € #(Q) and Z(1) = ©), 
but there exist ideals J # #(Q) such that Z(J) = @. For instance, let (z;);., 
be an infinite discrete sequence in Q. Let J be the set of f € #(Q) for which 
there is an integer j, > 0 such that for every j > j, + 1 we have f(z;) = 0. 
Weierstrass’ theorem shows that I # {0}. Since 1 €7 we have I 4 #(Q). 
Clearly Z(1) = @. We leave as an exercise to the reader to verify that I is 
an ideal. 

(2) If Q is connected then Z(/) is a discrete subset of QO unless J = {0}. 

(3) The proof of Proposition 3.5.2 also shows that any principal ideal is 
closed. 


3.5.5. Definition. Let OQ be a connected open subset of C and / a proper ideal 
in #(Q) (that is, {0} 4 I 4 #(Q)). We denote by V = V(J) the multiplicity 
variety of the ideal I, where the sequence V of pairs (z,,n,),>, 1s defined by 
enumerating the discrete set Z(/) as (z,),., and for each k we let n, be the 
integer greater than or equal to | given by 


n, = inf{m(f,z,): f € Th, 


where m(f, z,) 1s the multiplicity of z, as a zero of f. 
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We can assume without loss of generality that, when Z(J) is infinite, 
d(z,,Q°) \ 0. If Q = C we take this to mean |z,| 7 oo.) 

Note that V(f) = multiplicity variety of the principal ideal generated by f/f, 
consists precisely of the pairs given by the zeros of f and their respective 
multiplicities. If V() = (z,,m),>1 we have Z(f) = {z,:n, > 1}. Furthermore, 
it is clear that [(V(/)) is generated by f. Therefore, the statement of Proposi- 
tion 3.5.2 already includes the observation made in Remark 3.5.4, (3). 

We consider now a few properties of finitely generated ideals in #(Q). 


3.5.6. Lemma. Let f,,..., f, € #(Q) be such that (\ Z(f) = @. There are 
li<j<n 
Gis +95 In © H(Q) such that » fig; = 1. 
l<sj<n 


PRrooF. We shall proceed by induction on the number n of functions. We can 
assume Q is connected (otherwise we work in each connected component 
separately). The case n = 1 is evident, but we need the case n = 2 to start the 
induction. 

Let f,, f2.€4(Q) such that Z(f,)OZ(f,)= ©. Hence the sets 
OQ, := O\Z(f,) and Q, := Q\Z(/,) form an open covering of 2. 

In Q, we can find «,, a, € #(Q,) such that 1 =a, f, + «,/5,¢.2., «, = 0, 
a, = 1/f,. Similarly, in Q, we can find B,, B, such that B, f, + Bf, = 1. 

In Q, nQ, = Q\(Z(f,) U Z(f,)) we have 


l=af,¢%f=Bifi + bh, 
hence 
(a, — Bi) fi = (B. — &2) fo. 


Therefore, we can define the function 


a,—P, B,-— a, 
j:2=--y = —.—<“" € #(Q, nQ,). 
te fr fi coe 


Let go.) = ~—91,2>91.1 = 92,2 = 0. These g,, verify the conditions of §3.2.2. 
It follows that there are g, € #(Q,), g, € #(Q,) such that 


91.2=Gr2- a in 2, VQ). 
This implies that in Q, 7 Q, we have the two identities 


Bp, — « 
— f _ = 92-91 and a = 92— Gi- 


In other words, 


+ fogs = Bi + Gaho, 


and 


2 —-Oifi = B, - fi 92- 
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Note that in the last identity we have «,—g9,f,¢€#(Q,) and 
Bb, — fig. € #Q,) and, since they comcide in Q, 1 Q,, they define a single 
holomorphic function v in Q. Similarly, the previous identity has the left-hand 
side a, + fog, € #(Q,) and the right-hand side f, + g,f,€ #(Q,) and 
jointly, they define a function ue #(Q). 

We claim that uf, + vf, = 1 in Q. Let us verify this in Q,, for instance. We 
have 


(uf, + vf2)|Q, = (0, + fogidh + 2 -Gifidhe = Gf + fh, = I. 


The same way we verify (uf, + vf,)|Q, = 1. Hence the case n = 2 has been 
completely proven. 

Let us now assume the result is valid for any set of n — 1 functions without 
any common zero. 

Let f,,..., f, € #(Q) be given functions without any common zeros. It is 
possible that f,,..., f,-, have common zeros, otherwise we are done. Let the 
multiplicity variety of the common zeros of these first n — 1 functions be 
V = (2,,n,),>,. By Weierstrass’ theorem we have an f € #(Q) with V = V(/). 
Therefore, the functions g, := f,/f,..., Qn-; := f,-1/f are holomorphic in Q 
and have no common zeros. By the induction hypothesis we know there are 
Uy,-.-,U,—, Mm A?(Q) such that 


ujo; = 1, 
i<j<n-l 
that is, 
» ufi=f 
l<j<n-l 


Now we are in the situation where f and f, have no common zeros. By the 
case n = 2, which we proved earlier, there are functions u, v € #(Q) such that 
uf + vf, = 1. Hence 


(uu,)f, + i + (uu,—1) fa—1 + of, = I. 


This proves the lemma. a 


3.5.7. Remarks. In the case n = 2 of Lemma 3.5.6, we can construct the 
functions u, v directly, using the d-equation. Let g,, @, be a C® partition of 
unity subordinate to the covering 0,, Q, of QO given in the proof of the lemma 
(Q, = Q\Z(f;)). We look for u and v of the form 


u= — + fs, 
fi 
P2 
v=-— — of;, 
iD 


where w € &(Q) is an unknown function. Note that uf, + of, = @, + g, = 1, 
and that o,/f, and o,/f, € &(Q). Writing down the conditions that assure 
that uw and v are holomorphic, we arrive at the following pair of equations for 


§5. Closed Ideals in #(Q) 241 


CZ 

1 dg, 0M 

rt <= 0 
f, OF Ja Gz 

1 do, Ow 

=> — 1a ™ 0. 
f, 02 0 

OP: _ _ 2 


These two equations are the same since a5 = . Therefore, 


| UJ of) a¢ ed 
oz L\fi OF) Ai\hy ez 7 


0M 
where, if we use the middle term in Q, and the last one in 0,, we see that ae 


must equal a well-defined C™ function on Q. The surjectivity of 5 assures the 


existence of a solution w and, a posteriori, the existence of u and v. 
A small variation on the same theme is achieved by defining 


Wi =AMAP +167) v2:= AMAL + |f/?). These two functions are in 
&(Q) and fw, + f,W, = 1. Let us now consider 


u=W, + of, 
v= Wy — af. 


The same reasoning as before leads to an inhomogeneous Cauchy-Riemann 
equation for w. This time we did not need to use a partition of unity. 

In any case, the main point to remember is that “to reduce the problem to 
a 0-problem” is an almost universal recipe. 


3.5.8. Corollary. Every finitely generated ideal in #(Q) is principal (and hence 
closed). 


Proor. We can assume Q is connected. Let J = I(f,,...,f,) be the ideal 
generated by f,,..., f,. 1fZ() = @, then I = #(Q) by §3.5.6. If ZU) # @ then 
we construct a “greatest common divisor” f € #(Q) such that () ZF /f) = OD 


J 
as was done in the proof of Lemma 3.5.6. Hence f= 5 u,f,e1 for some 
l<j<n 


coefficients u; € #(Q) and it is also clear that every element of J is divisible by 
f. 1 is closed as pointed out in Remark 3.5.4, (3). C] 


3.5.9. Proposition. Every ideal I of #(Q) such that Z(1) = @ is dense in #(Q). 


Proor. Let T € #’(Q) (Le., an analytic functional) orthogonal to I. If we can 
show that T = 0 then the Hahn-Banach theorem allows us to conclude that 


T= A(Q). 
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Recall that there is a compact subset L of Q and a constant C > 0 such 
that 


TAD) Ss CIlAll, 


that is, T is already continuous for the “uniform convergence on L.” Let 
K = Lg (or any other holomorphically compact subset of Q containing L). 
Since Z([) = @ we have 


400K = f (Z(fJ OK) = ©. 


The compactness of K lets us conclude that there is a finite number of 
functions f,,..., f, € J such that Z(f,) a--- 0 Z(f,) is disjoint from K. Hence 
there is an open set w, K © m © Q, such that f,,..., f, have no common zeros 
in «w. By §3.5.6 we can find g,,...,g,€ #(w) such that Yo fig, = lina. 

A i<j<n 

Since K = Ko, Runge’s theorem provides sequences (9; ,)51, 1 <j <n, 
of elements of #(Q) such that lim g,, = g; uniformly on K. 

ko 


If f is any function in #(Q) we have 


f = lim » Didi Sf 


ko l<j<n 


uniformly on K, hence on L. Therefore, 


(T.f> = lim (1. 3 tush) =0, 


l<j<n 


since } g,,f,f € 1 and T is orthogonal to I. Since f was arbitrary, T = 0, 
i<j<n 


and the proposition has been proved. a 
3.5.10. Corollary. Every closed proper ideal I of #(Q) satisfies ZU) # ©. 


3.5.11. Theorem. Let I be a closed ideal of #(Q). Then I = 1(V()). In 
particular: 


(a) every closed ideal is principal; 
(b) every closed maximal ideal has the form (z — Z,))4#(Q) for some Zz) € Q. 


Proor. The inclusion I ¢ I(V(I)) is evident. Let f be a generator of the 
principal ideal [(V(J)) (use §3.5.2). Let 


T= {ue HQ): fuel. 


It is easy to see that J, is an ideal of #(Q); it is usually called the conductor 
of Jin [(V(D)). Clearly I < I,, hence Z(U,) © Z(1). We claim that Z(,) = @. 
In fact, if zoe Z(1), then there is foe] such that m(fo,z9) = m(f,z.) by 
definition of V(J) and f. Therefore z, is not a zero of the holomorphic function 
u= f,/f. But u belongs to I,, hence zp ¢ Z(I,). 
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From §3.5.9 we conclude that I, is a dense ideal in #(Q). Let @ be the 
continuous self-mapping of #(Q) given by 0(g) = fg. We have 


I(V(1)) = 0((Q)) = 00,) s OU) S T= 1. 


Hence I = I(V(J)) and it coincides with the principal ideal I(/). 

Finally, if J is a closed maximal ideal, then ZU) # @ and Z(J) cannot 
contain more than a single point, and this point has to be of multiplicity one, 
otherwise I would not be maximal. OO 


3.5.12. Remarks 


(1) There are maximal ideals which are not closed, for example, every maximal 
ideal containing the ideal from Remark 3.5.4. 

(2) If I is a proper dense ideal, then for any f,, ..., f,el we have 
ZA (AZ) ¥ OD. Otherwise 1 e J and J = #(Q). In particular, | 
cannot contain any non-zero polynomial P. If Pe I and z,,..., z, are its 
roots we can find f,,..., f, € J with f,(z,) 4 0 (since Z(1) = @). Therefore 
Z(PINZ(f,)0°°°-AZY,) = @ and that would be a contradiction. 


EXERCISES 3.5 
Q represents an open connected set in C. 


1. Let J be a closed maximal ideal of #(Q). Show that #(Q)/I = C. 


2. Recall that C[/z] is the space of polynomials in the variable z, and C(z) is the field 
of rational functions. Let I be a maximal dense proper ideal in 9/(Q). Show that 
the map 


C[z] — H(Q)/I 
pt p(mod J) 


is injective. Conclude that #(Q)/I contains a subfield isomorphic to C(z). 
3. Let J = ideal generated by <sin ,née N*>. Show that I is not a closed ideal 
n 
in #(C). 


4. Let fy, ..., f, € #(Q), show there is a gcd(/,,..., f,) = f in #(Q), and that there 
are functions g,,..., g, € #(Q) such that 


aS; te 4+ 9, =f. 


*5. Let I be a maximal ideal in #(Q). The object of this exercise is to show that the 
field #(Q)/I is algebraically closed. 
(i) Show that we can reduce ourselves to the case Z(J) = ©. 
(ii) Let fQX" + f,xX"'+-°4+f,=0,f...,f,€ Q), fo ¢ I, be the equation 
we want to solve in #(Q)/T. Show that we can also assume f, ¢ I. 
(iii) Prove that there are functions « € #(Q) and g € I\ {0} such that af, f, + g = 1. 
(iv) Let h, = af, f,. Show that it is enough to find functions f, y € #(Q) such that 
(hy B" + h,B"' +--- + h,) = gy. (Then we can take X = B.) 
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(v) Let V(g) = (z;,m,);. For each j choose an arbitrary root x = b;e C of the 
equation 


No{z;)x" ie a h,(Z;) = 0. 


Show that b, # 0. 

(vi) We are going to choose B € #(Q) so that f(z,) = b; for each j. Differentiate 
the equation h)f" +--- +h, = gy, v times, where 1 < v < m, — 1, and set 
z = z;. Show that the values B(z,) are uniquely determined. 

(vit) Interpolate to obtain § and conclude the proof. 


6. Let H = {zeC:Rez>0} and A:={fe #(H): fe @(H) and f(z)+0 when 
(i) Show A is a Banach algebra with the norm || f|| = sup| f(z)]. 
zeH 


(ii) Show e-? ¢ A. 
(iii) Prove that I := { fe*: f € A} is a closed ideal in A, Z() = @, and I # A. 


7. The object of this exercise is to show that there is a natural structure associated 
to the family of all ideals in the algebra #(Q). 
(i) Let I be a proper ideal in #(Q), associate to it a family @(J) of sets in 2 defined 
as follows: 


BU) := {Z2(f): fel}. 


Show that @(/) ts a prefilter in Q, 1e., (a) 1f A, Be MU) then An B # @O; and 
(b) for any A, B € @U) there is C € BU) such that CC ANB. 
(ii) Let #(D be the filter generated by @(D) as follows 


¥ (I) := {A subset of Q: 3fe J with Z(f) S A}. 


Show that ¥ (J satisfies the three axioms of filters:(a) @ € F(D;(b) A, Be FID 
implies that Am B e F()); and (c) if B is a subset of Q and there is A € F(J) 
with A < B, then Be ¥(J). 

Given a filter F in Q, define I(F) := {fe #(Q): Z(f) € ¥}. Show that I(F) 

is an ideal in #(Q), I(F) 4 H#(Q). Moreover, I1(F) # {0} if and only if # 

contains a discrete subset of 9. 

We denote by D this property for a filter, 1e., # ¢ D means that [(¥) ts 

a proper ideal of #7(Q). 

(iv) Show that one always has the following relations: 

(a) I, J proper ideals in W(Q), 1 oJ => F(IS FJ). 

(b) F¥, SF, => F,) SUF). 

(c) FeD=>FUF)) = F. 

(d) I proper ideal in #(Q) > I & MF (I). ee 

In general there is no equality tn (d). Is it true that the radical J! = ./1(F (Lj)? 

Show that if ¥,@¢D,F¥ €#G,then I(F) 4 I(Y). 

Recall that an ultrafilter is a maximal element for the famnly of filters 
partially ordered by inclusion. 

(vi) Show that #@+> 1(W) and M+ ¥(M) are inverse mappings between the family 
of ultrafilters satisfying the property D and the family of maximal ideals in 
H(Q). To the trivial ultrafilter Y, of all sets containing the point ae Q, 
corresponds the maximal ideal generated by the function f(z) = z — a. 
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£ Acting on Distributions 
In this section we assume the reader is acquainted with the theory of distri- 
butions and of topological vector spaces [S], [Sch]. The reader will find 
an elementary introduction to the subject in the last section of this chapter. 
The portions that depend heavily on these concepts can be skipped in a first 
reading. 

We are going to show first that a meromorphic function h in an open 
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set Q determines a distribution. The image of this distribution by aS is 
Z 


a distribution whose support is exactly the set of poles of h. The contribution 
of each pole to the latter distribution is computed using the principal part of 
h at that pole. 3 

Later on, we identify #’(Q) to &(Q) | (Se 0) and use this identification 


to characterize the orthogonal of a closed ideal and to reformulate the inter- 
polation theorem proved earlier. 

Finally, in this section we shall also discuss the relation between boundary 
values of holomorphic functions and distributions. 

As acorollary to Pompeiu’s formula we have shown that, for g € ZC), 


1 06 A oC 1 ve 
oe= a | Soren 1 | & ¥ 


where, we remind the reader, dm(C) denotes the Lebesgue measure of R?, 
dm(0) = dé dn if € = € + in. For z = 0 this formula becomes 


O a 
e=-1| Seq 


This means that, in the sense of distributions, this formula is 
1/ do 
~~ (2 se) = (0), 
1 OZ 


61 
_-—- = 6, 


OZ RZ 


O i 1 0 
since ( — i o)=-—- = (0) = <0, @>. 
OZ NZ —a\z az” 


, 1, ; . 
Note that since — is a locally integrable function in C, then — defines 
z NZ 


hence 


a distribution and the preceding manipulations are just the way the distri- 
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6 1 , , 
butional derivative 45 np is defined. We are now going to introduce other 
Z NZ 


Las .. | 
distributions generalizing —. 
NZ 


1 
3.6.1. Definition. For n integer greater than or equal to 1 we denote pv (4) , 


_ (e) ) = | ‘| o(Qjdm(f) 
pv| — ].@ ):= lim — - , 
TZ e7o+ itl>e C 
1 


for n > 1 and even the existence of the limit is not a priori clear. 
For anintegern > 1, we can use Taylor’s formula about ¢ = Ofor g € ZC), 
and obtain 


ee pra + @O 
oO= Daa senra EPC + (0), 
with ®,(C€) = O(\C|"*"). To see this, one applies Taylor’s formula with integral 
remainder to the functions of one real variable, g,(t) = g(tC), and shows, by 
induction, that 


d* 
_—__ __ f Psa 
iets) = de x p! rat C ail C). 
Therefore, if supp @ < B(O, A), we have 
| pgjdm() _ y OP 4y ? 0) |" \. pPrtq n+1 eilp— q- " do dO 
l2e ¢” O<sptq<n p! n ACP AC4 
ty 
+| nl) am(0) 
e<|Ci<A 4 
Now, 


pa") dp = 0 ifp—q—n#0 
0 2x ifp—-~q—n=0. 


Since 0 < p + q <n (and they are both nonnegative) the only possibility for 
the integral to be different from zero occurs when p =n and q = 0. The 
remainder term involves ®,(€)/¢", which is integrable in 0 < |¢| < A, hence 


l 4 on 1 @ 
(r (4). o) = tim | OO) am(t) = = 52 0) + = | onl) mC) 
NZ e -o iC]>e 4 Pt Cz ‘18 Iti<A " 


Furthermore, the integral expression 


7) 
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1 1 nti 
®,(¢) — ni | (1 — ty" dt “ont. g(t) dt 
_ 1 ont 
pega | (1 — yp 2) ay, 
p+q=nti ptq! 0 oc Pol! 
ensures that on! (D,(0)/C")dm(C) is a distribution. It follows that 


is A 


mo( 2 .) is well defined as a distribution. 
nz" 


3.6.2. Proposition. The relation 


holds for anyn > 1. 


Proor. We have 


0 1 1 \ d@ 1 do 
—_— —_ = —_—___ —__— =o vA d 
(se (.). ) (x (4). 2) = im 7 ‘| 3 2" Oz Gz aml) 


On the other hand, for z # 0, 
é (2) = 1 40) _ , 9) 


2" Az ghth ? 


hence 


a | 1 p(z) 1 
(500( Za)@) = tim | a(S Jamia) n(p o( arr). 


But, using Stokes’ formula and that supp ¢ is compact, 


i oO 7) 
_ ii giz) \ oI plz) 
we in) 2ni \.. = z” az. 


Developing @ according to Taylor’s formula, we have 


i | P) a5 _ i x arte (OjePta-ntt \. ellp~a~n—1)8 ag 


2m Jigj=_ 2" 2% o<ptqen-1 Pig! 0z?dz4 0 
. 2n 
wi e int 1)@ ®,- 1 (ee 7 dg 
2n Jo en} 


Since p+q<n-— 1, all the trigonometric integrals in the sum are zero. 
Furthermore, |®,_,(ee'’)| = O(e"), hence the limiting value of the last integral 
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is zero as ¢ > O. It follows that 


as we wanted to show. C] 


3.6.3. Proposition. For n > 1 we have the identities 


CG ; 1 —(-y ort 5 
an \ az") (n— 1)! ez"? 


where 6 = 0, is the Dirac mass at 0. 


PRroor. We have already shown that 


which is the statement of this proposition when n= 1. Let us proceed by 
induction and assume the statement to be correct for n, therefore 


a I) bee ( tL) reopen, 
oe \ at) naz ae ~~ n éz\(n — 1)! 62" 


a, ) O 


Let f be a holomorphic function in an open set 0 which contains the origin. 


1 
Define mo( 2 u , as the product of f and po( 2 a 7 (restricted to Q), 


ro( f) f- G (5) a) 
NZ MZ 
For 9 € AQ), 
(re (5).0) = (ro( 2 :) fo ) =i m | Je) 2) | dm(z), 
NZ 0 lzjze mz" 


which shows that we could have used the same definition as in §3.6.1. We have 
then 


(aml) =o) Cn 
-(po( 1), £40) = (Spo ( 1) se} 
sol )o) 


I 


l 


C 
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satis) Seats) 


Let us make more explicit a few cases. For instance, n = 1 becomes 


wp (£) = f(0)d, 


Cz 


hence 


and n = 2 gives 

F 06 

ee J : = £05 — £0) 2. 
NZ Oz 


In fact, 


0 
= £')9(0) +f), 


which is exactly the preceding statement. 
This example shows also a general fact, multiplication by holomorphic 


functions commutes with the operator — acting on distributions, that 1s, 


OZ Oz 
0 
is #(Q)-linear acting on the #(Q)-module 9'(Q). In effect, aS BDO) BQ) 
0 , 
is the transpose of a > AQ) — DQ) and the #(Q)-linearity is then evident. 
Z 
The computations we have just done allow us to embed the space .4(Q) of 


meromorphic functions in Q as a subspace of Y’(Q). This map is called the 
Cauchy principal value 


pv: A(Q) — BQ) 


and it is defined as follows: Let (z,),., be the indexing of the poles of f (this 
sequence could be finite or even empty; if not, we can assume lim d(z,,°) = 0). 


k-co 


Let Q, = {z€Q:|z — z,| > ¢ for every k}, define for @ € BO) 


<pu(f), @> = him {. F(z) p(z) dm(z). 


Note that if supp @ contains no z,, then for all ¢ sufficiently small but positive, 


| fodm(z) = | fo dm(z), which is well defined. If z, is in supp @, let 
Q, Q 


Ax, 


—o<v< vy, (z — z,)" 


J(2) = 
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be the Laurent development of f in the neighborhood of z,, where v, is the 
order of the pole z, of f. Then we see that 


| 
Cpo(f),@> = > ( de Any (nx (ss): °)) + <h, p>, 


where the first sum is finite and the function h is holomorphic in a neighbor- 
hood of supp ¢. This shows that pv(f) defines a distribution in @’(Q). We have 


GC (—1)"> ov} 
a = we A 
Pls) Hl 2, ( 2, (v _ 1)! Kv aavod i), 


where 0, 1s the Dirac mass at z, and the sum 1s meaningful as a distribution 
in Q since it is locally finite in Q. In the literature this distribution is sometimes 
called the residue distribution of f,1.c., Res(f):= as pu(f). 
Z 
This should not be confused with the residues Res(/,z,) of the differential 
form f(z)dz at the point z,. The relation between these two notions can be 
summarized as follows: Let V, be a neighborhood of z, not containing any 


other pole of f, then 
Res(f)|V; = 7 Res f,21)5., + Tes 


where 7, is a distribution with supp 7, = {z,} involving derivatives of 6,, and 


T, is not zero unless v, = 1. Note that only derivatives of the form or appear, 
1.e., there are not derivatives with respect to Zz. oz 

It is the fact that a meromorphic function is not locally integrable, unless 
all the poles are of order 1, which requires we introduce the map pv. On the 
other hand, if f € L,,.(Q) and f is holomorphic outside a relatively closed 
subset F of Q, we can define the residue distribution of f, Res(/), by 


C 
Res(f) = ag If 


where, as usual, <T;,@> = | fodm(z) for every go € BQ). It is clear that 


supp(Res(f)) © F. 
Recall that if w is a relatively compact open subset of Q with dw piecewise 


regular of class C', then the connected components C,, ..., C, of dw are 
piecewise-C' Jordan curves that are oriented in such a way that the Stokes 
formula is valid. We can define distributions T, T; of “integration over dw,” 
resp. “over C,,” given by 


(TQ) = | p(z) dz 


Cw 


and 


(T, 9) = | (2) dz. 
C; 
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We have therefore T= }) J. If x, is the characteristic function of a, the 
l<j<n 
following proposition holds. 


3.6.4. Proposition. Let w be a relatively compact open subset of Q with piecewise 
regular boundary dw of components C,,..., C,, then 


0 | 1 
Res(T,,) = ag te =—- ~T=- 


Furthermore, let € € w and let S be the distribution defined by the locally 


l Zz 
integrable function of z, zr>— Kool 
lZ— 


dw {0}, and 


. This function is holomorphic outside 


Os {1 1 
= — —— FJ 
Res(S) Oz 5 Oniz—-C 


ProoF. It is just a translation into the language of distributions of the formulas 


i 
of Stokes and Pompeiu. Note that the function zr is smooth (even 
holomorphic) in a neighborhood of supp(T) (= éa). ‘a 


We are now going to return to the study of analytic functionals, that 1s, 
elements of #’(Q). We have the exact sequence of Fréechet-Schwartz spaces 


C 
0 —> #(0Q) > €(Q) => &(Q) — 0, 


oz) GE 
and ‘i = r = restriction of the action of distributions of compact support to 
the space of holomorphic functions (which is surjective by the Hahn-Banach 
theorem, cf. [Sch]). We obtain the exact sequence: 


t 
where i is the inclusion map. The transposes of these maps are (=| = é 


o 
0—> 6'(Q)  €(Q) > #2) —> 0. 


We can conclude that #’(Q) can be identified to &’(Q) | (Z (e1a)) 
Z 
We are going to show now, using the same type of ideas, that the operator 


0 

— 1 B(Q)- BQ) 

OZ 

IS surjective. With that purpose in mind, we prove first a regularity result 


; 6 
for the Cauchy-Riemann operator a5 and the Laplace operator A. Recall 
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a2 


thatA = 4 aa aS and that a function h is called harmonic if it is C? and Ah = 0. 


Proposition 3.6.5 shows h is automatically C~. (Example 2.2.9, (3) is similar 
in spirit to the following proposition.) 


3.6.5. Proposition. Let Q be an open subset of C and T € B'(Q) satisfying the 
equation AT = 0. Then there is a harmonic function h in Q such that T,, = T. 


OR 
Similarly, if Re B(Q) satisfies —_ = Q, there is a holomorphic function f in Q 
such that T, = R. 


Proor. It is enough to prove the statement for the Laplace operator. A 
, , , 1 , , 
fundamental solution E for this operator is E = 5, loglzi, that is, AE = 6 in 
T 


the sense of distributions. Let now 9’ be open and Q’ cc Q. We shall show 
“Tis C® in Q’,” that is, there is a C° function in Q (necessarily harmonic since 
its Laplacian will be zero) which defines T in ’. Let g € Z(Q) be such that 
g = 1 in a neighborhood of 9, then 


A(gT) = gAT+S=S 
with S € &’(Q) and supp S € Q”. Therefore 
gT = A(E*(gT)) = Ex A(gT) = ExS. 


We want to show that this implies that T is smooth in 0’. Let zp € 0’ and 
¢ > 0 sufficiently small so that V, = {ze C: d(z,Q) > «} is a neighborhood 
of zo. Let now 6, € AC) be equal to | for |z| < 6/2 and zero for |z| > «. 
We can write 


E«S = ((6,E)*S)+(( — 6,)E)«*S. 
Remark that 


(i) (1 — 6,)E)* Sis C° since (1 — 6,)E is C® and S has compact support, 

(ii) supp((8,E) « S) S supp(0,E) + supp S © {z: d(z, supp(S)) < ¢«}-. 

The second condition ensures that (6,E)*S is zero in V,, hence 
T|V, = (gT)V, = (0 — 6,)E) * S)| V, which is C” by (i). Therefore, T is smooth 
in the neighborhood of every point of zy) € 2’. Since 9’ was an arbitrary open 
relatively compact subset of QO, we have T is C® in Q. C] 


4) 
3.6.6. Theorem. The operator a5 »B(Q) - BQ) is surjective. 
Z 


PROOF. First, let us point out that for every S e &’(Q) there is T € ’(C) such 
oT 1 OT 

that (27) Q = S. In fact, the distribution T = = — ~* Se @B(C) and a Sin 

Q (or everywhere if we extend S by zero outside 0 this 1s meaningful since 

supp(S) is a compact subset of 9). 
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Let now S € Y(Q) be given. Let (K,),.., be an exhaustion of Q by a sequence 
of compact holomorphically convex subsets of Q. Let wy, ¢ (C) be such that 
O<y, < 1, y, = 1 ina neighborhood of K,;, supp(w,;) S K;.,. For every j let 


OT; , 
B'(C) be such that ~ == = WS. Forj > 2, the distribution T, — Tj_, satisfies 
ae T;-,) =Oina neighborhood of K,_,. Since K,_, 1s holomorphically 


convex in Q, for j > 2 we can find h; € #(Q) such that 


sup |T— T-, —h| < 274 


ze K;- -4} 


Therefore, the series 


T, + > (G — T-1 — hy) 


jz2 
converges in 9’(Q). Let T be its sum, then 


6T OT, & 0T,-1 1) = tim oT, 
j>2 


now OF 


f= §. [J 


3.6.7, Proposition. Let Q be an open connected subset of C, I a closed proper 
ideal of A(Q), f a generator of I, V = (z,,m,),., the multiplicity variety 
of I. The orthogonal I* in #¢'(Q) can be identified to the quotient space 


E(VW)) | (Z é -#(V(0)), where &'(V(1)) is the set of distributions R € €'(Q) such 


that {R is the zero distribution. Furthermore, I+ can also be identified to the 
space of all distributions of the form 

a’ 

5, 


k *3 ¥ 
k>1 O<v<m—l 


with only finitely many nonzero coefficients A, ,. 


PROOF. Let us point out that the last statement of the theorem can be obtained 
easily from the Interpolation Theorem 3.4.1. We do not want to do that here 
since we would like to show that Theorem 3.4.1 can be obtained as a corollary 
of this proposition. 

We first observe that if g € #(Q) 7 fé(Q), ie., there is a function h € &(Q) 
such that g = fh, then g € I. In fact, g will vanish on V (J). 

We already know that the following sequence is exact: 


Oo 
0— #0) —> 60) 5 &(Q) — 0, 


From here it is easy to conclude the exactness of the following one: 


0 — (#0) + fE(Q) 2+ EQ) — 0. 
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Passing to the quotient we obtain the commutative diagram 


0 0 0 


Io ot 


oo, I ——~+ + f&Q) —a5 f€Q) -—— 0 


| 


0 —— #(Q)/I —— &(Q)/féEQ) —— &(Q)/ fea) —— 0 


0 0 0 


is known to be surjective. The map « 1s injective because, if «(g) = 0, where g 
is the class of g € #(Q) modulo J, then we have g € f€Q) n H(Q) = I, hence 


a 
g = 0. Finally, if 6(g) = 0 for g € &(Q), this means that aod = fk, for some 


k € &(Q). Since k = sky for some k, € &(Q), we obtain Kg — fk,)=0. 
Hence h = g — fk, € #(Q) and ath) = [g — fk,]~ = §G. This ends the proof 
of the exactnesses. 

Let us note that the subspace f&(Q) is closed in &(Q). In fact, let o, = fu, 
be a sequence that converges in &(Q) to g. We want to show that ¢ is divisible 
by f in &(Q). It 1s enough to prove this locally, and this is shown to be 
true by the following lemma. 


3.6.8. Lemma. Let g be aC” function in a neighborhood of 0 such that for some 
fixed integer k > 1 satisfies 


for any (i,j) such that 0 <i< k — 1. Then the function z> g(z)/z* is C® in the 
same neighborhood of zero. 


é 
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PRrooF. For any n > k we can rewrite the Taylor formula for g about z = Oas 
follows 


g(z) = 2*( y J ort (O)z?-* 24 + wD) 


<n, p'q! 02°0z1 z* 


where 6,(z) = O(|z|"*"). It follows that g(z)/z* has derivatives of every order 
which extend continuously to z = 0. This proves the lemma. C] 


Since the converse of this lemma is obviously true (e.g., by considering the 
Taylor formula of z*(z) at z = 0 when w is C® near 0), then o = lim fu, will 


satisfy the conditions of the lemma near each zero of f. Therefore ¢ is divisible 
by f and f&(Q) is closed. 

It follows that all the quotient spaces in the last row of the diagram are 
Hausdorff, and hence Fréchet-Schwartz spaces. Identify, as usual, (f@(Q))- to 
(6(Q)/ fEQ)Y and I+ to (#(Q)/I). Taking transposes in the last row of that 
sequence (here we use the fact they are Frechet-Schwartz) we obtain 


O 
Li = (f8(Q))" | = ((F6()"). 


(See [Sch] for a proof of these statements.) 

To conclude the proof of the proposition we have to analyze a bit more in 
detail the meaning of T e€ ( f&(Q))-. First we have T € &’(Q) and <T, fo> = 0 
for every g € AQ). This means that fT = 0 as a distribution and one can 
conclude that supp(T) ¢ Z(/). The compactness of supp(T) now implies that 
Tis a finite sum of derivatives of 6,, with z, € Z(f). Furthermore, Lemma 3.6.8 
shows that T is a finite sum of the form 


avte 


KV ps vVA—u”2ZE° 
O<v<m,—1 oz*oz* “* 
k>1,u~2>0 


T= 


Therefore, if &’(V(J)) denotes this space of finite sums we have 
(fE(Q))~ = &(V(D). 


Evidently, any such sum is congruent to 


oO” 
O<v<m,~1 kv, 0 av 2k 
k> 
modulo x (é"(V(J))). This ends the proof of Proposition 3.6.7. - 


We denote by #(V(J)), the space of holomorphic functions on the multiplicity 
variety V(1), the space of sequences (a, ;),>, . There is a natural restriction 
map p, O<l<m,-1 
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p: HQ) > A(V(D) 


0:0 (ee) 
I! O<l<m,-1 
k>1 


The interpolation Theorem 3.4.1 can now be obtained as a corollary of 
Proposition 3.6.7. 


3.6.9. Corollary. The map p: #(Q) > #(V()) is surjective. 


Proor. We only need to show that #(Q)/J can be naturally identified to 
H(V()). By duality, from the proof of 3.6.7, we have that &(Q)/f&(Q) can be 
identified to the space of sequences of the form 


with the projection map identified to the map 


1 gpta 
pr> pig! 3,Paga PZ 1) 
(where the indices run over the setO0 < p< m, — 1,g = 0,k > 1). The operator 


7) 
B (the passage of a5 to the quotient ] is then identified to 


(dy, »,.g)t? ((q + Lay, »g+1) 


and its kernel is then isomorphic to {(a., 9)}. This is precisely the identification 
of H(Q)/T with #(VU)). O 


We end this section with a discussion of the notion of the boundary values 
of a holomorphic function in the sense of distributions. The aim is to prove 
an important analytic continuation theorem called the edge-of-the-wedge 
theorem. This theorem is a generalization of the Schwarz reflection principle 
of Chapter 2. 


3.6.10. Definition. Let Q be the union of the rectangles Q, and Q_, with 
QO, = ]abl +i]0,cl (resp. Q.=]a,bl +i]—c,0P, where a, beR 


(= RuU{+0})and0 <c < o. We say that a function /, holomorphic in Q, 
(resp. Q_), admits a boundary value in the sense of distributions if the limit 


Ee7?-ot+ 


lim | fo + ise)p(x) dx 


(resp. tin lim | fix — evotx)dx) 


exists for every g € Y( ja, b[). 


0 gs 
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If f is holomorphic in Q = Q, UQ_ = Ja, b[ + i(]—c,c[\ {0}) we write it 
as (f,,f_) where f, = f/Q, and f_ = f|Q_. We say that f admits a boundary 
value in the sense of distributions if both f, and f_ admit boundary values in 
the sense of distributions. 

It follows from ({S], Theorem XIII, page 74) that the mapping which to each 


pe Ba, bl) assigns lim | I(x + ie)p(x) dx (resp. tin lim a F(x — ie)e(x) ix) 


is a distribution which we denote b,(f) (resp. b_(f )). If f = (4... f_) admits 
boundary values, we denote by b(/) the distribution 


b(f) = b,(f) — b_(f). 


The distributions b(f), b,(/), and b_(f) are called the boundary values of 
i, f,, and f_, respectively. 

We keep the sets Q,, QO_, and Q, fixed throughout the remainder of this 
section. 

We are going to show that a necessary and sufficient condition for a 
holomorphic function to admit boundary values in the sense of distributions 
is that it is of “slow growth” in the following sense. 


3.6.11. Definition. A function f holomorphic in Q,, (resp. Q_, or Q) is said to 
be of slow growth if, for every compact subset K of Ja, b[, there exist an integer 
k and two positive constants e, C such that 


C 
FI sak i for Reze K,0<|Imz|<e. 


Let us denote by #(Q,,), A(Q_), and #(Q) the respective spaces of functions. 


3.6.12. Proposition. If f is a holomorphic function of slow growth in Q,, it 
admits a boundary value in the sense of distributions. 


Proor. Let K = [a, 8] be a compact subinterval of Ja, b[, k,c > 0 andée> 0 
asin §3.6.11,and zy) = Xo + iyga fixed point inQ,. Let us denote by jp, y,, 72... 
the successive primitives of fin Q, vanishing at Zp. 


Zz 


Yo(Z) =| T(w) dw, y1(2) =| Yo(w)dw,.... 


Zo 


One can show by recurrence that there are positive constants Cy, ..., C, 
and C, such that, forz =x +iy,xeK,O<y<e, 


lyo(z)| < Co/y*™', .-.-, [ye-2(2)] < Cy-2/y 
IM-1(Z)] < C,_, |log yl, ly.(Z)| < C,y|log yl + G. 


Since y, is bounded, it follows that y,,, can be extended as a continuous func- 
tion to [a, 8] + i[0,c[. Therefore the family of distributions T, e¢ 2’(]a, BL) 
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defined by 


B 
(T,, 9) = | Yeri(% + iy)p(x)dx, O<yse 
admits a limit 7, in the sense of distributions when y ~ 0+. From 


one obtains 


gk t? B 
(Sm: T.) = | f(x + iy)p(x) dx 


k+2 


which has the distribution jgkF2 Ty as a limit, when y + 0+. Hence f admits 
x 


this last distribution as boundary value in the sense of @’(]a, B[). Since the 
subinterval K = [a,f8]| was arbitrary and a distribution is determined by 
its values locally, then f admits a boundary value b,(f) in the sense of 
distributions. Cl 


Under the conditions of Proposition 3.6.12, let us denote by j,,, the 
function (and its associated distribution) defined in [a, 8] + i[—oo,c[ as 
follows: 


V4 (x + iy) fO<y<c 
V,44(X + iy) = Wea (X + 10) = im Yyai(xt+iy) ify =0 
yo 


0 ify <0. 


3.6.13. Proposition. Let f satisfy the hypotheses of the previous proposition. 
For a compact subinterval [«,B] of Ja,b[ define a distribution f, , in 
B (Ja, BL + i]—oo, cL) by 


with ¥,,, as defined earlier. Then we have the following identity: 


4) 1 | ~ 
xa Sep = —~.(b,(f)\ Ja, BL) © do(y), 
OZ 2i 
in the sense of distributions. 
Proor. We keep the notation from the previous proposition and let 


go é Bla, Bl + i]—oo,c[). Denote f= Ja,g and J := j,., for simplicity. We 
have 
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of ~ OD _ k+3/ ~ ett 
(Jo) = a) = 1) Ys azoxkt2” 
a okts 
ae | {3 Vaverags P42 A dz 


yrs akts 
= lim ea [ Mel BRI DS Rr IZs Paz A dz, 


where the last step used the continuity of },,, up to the real axis. Note that 
the support of g does not intersect three of the sides of the rectangle where the 
integration is taking place. Hence, using that 


k+3 akt2 
Ve+1 asaukrs 9 a2 A dz = a(n ood), 


and applying Stokes’ formula, we are led to 


5) 1 k+3 (8 gkt2 
(z °) = lim (= Fe — | Vea (X + ie) =~ ar are 5 (x + ie) dx 


e7Oot+ 21 a 


(—1)**3 _ gkt2 . 
= Vari (x + 10) we + 10) dx 


_ — 1 k+3 +20 


1 i _ 
= —5-<bs(f), px + i0)> = =n )® solvhe ) 
which is the desired formula. Cl 


3.6.14. Remarks. (1) If f* is another extension of f to a distribution in 
ja, BE + i] —00,c] with supp(/*) < Ja, BE + i[0,c[, which satisfies 


of 


ap = 9 (1) @ 


do(y)), 


O -» 
then asl f —f*)=0. Therefore, there is a holomorphic function h in 


Jo, BE + i]—0o0,cf[ such that f — f* = hin the sense of distributions, but this 
implies h(z) = 0 when Imz < 0, therefore h = 0 and f* = f. 

Note also that ifb,(/)| Ja, B[ = 0, then fis holomorphic in Ja, B[ + i] —c, cf 
and zero in the lower half-plane, hence zero throughout. This implies f = 0 
in Q,. 

(2) If we start with f € #(Q_) of slow growth, we obtain 


a5 = — b_(f_) @ do(y). 
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3.6.15. Proposition. Let © be the space of those distributions in |a, bf + i]—c, cl. 


7) 
whose support lies in Ja, b[ + i{0}. The quotient space € | (= & } is isomorphic 


ag 
to B (ja, bl). Moreover, for any T € € there is a unique R € Y'( ja, bl.) such that 


0 


ProorF. Let a < Xq < b. For a sufficiently small open interval U,, about the 
point x,, an element T e€ € can be written as a finite sum of the form 


T — » T(x) &) 69 (y) in U,., + i | —€, cL, 
J 


d! 
where T, are distributions acting on the variable x, and 6§)(y) = dyi°o! y) 


which are distributions acting on the y variable (see [S], Theorem XXXVI 
p. 101). On the other hand, for j > 1, 


S(T @ @ 68-(y)) = 5 ax _ T(x) @ 69-Y(y) + = 5 Tyo) & y). 
Therefore, 


OC 
T(x) ® 89(y) = 14 T{2) ® 69-(y) mod —E. 


It follows that, at least in U,, + i]—c,cl, 
T= (5 HT) ® dy(y) mod =€ 
j 
To obtain a global result we need the following lemma. 


3.6.16. Lemma. If a distribution of the form T(x) @ 69(y) in (a, BL +ijJ—y. yD 


oU ; 
can be written in the form ——, with supp(U) contained in the real axis, then 


BF’ 
T = 0. 
Proor. Locally U can be written in a unique way as 4 U,(x) @ 6§)(y). 
i<jsn 

Hence 

6 | d ~ s(/) i Sith) = 
U=~ VY —U(x) @dP(y) +5 Dd Ulx) @ 487(y) = T(x) @ 4o(y). 
OZ 2 o<jen dx 2 ofFen 
From the uniqueness of the representation we conclude that 


dU, dU, 1 dU, 
2 dx” 


Therefore, T = 0. CJ 
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Let us return to the proof of Proposition 3.6.15. We have found so far 
a covering (U,),>; Of Ja, b[ by open intervals and distributions R, € 9’(U,), 
S,€ BV) VY, = U, + i]—c,c[), supp(S,) S U, + i{0} such that 


7) ; 
T = R, @ do(y) + 355 in 
- 0 . 
(R, — Rj) ® do(y) = a5 (Sj —S) in Kay, 


By Lemma 3.6.16 we have R, = R,in U, 7 U,, hence they define a distribution 
R in Ja, b[. Introducing R into the preceding equations we obtain 


0 4) 
T= R@ oo(y) + == k= R@ ooly) + —S; in WO, 


en 
ke 


Hence S, — S; is holomorphic in V, 7 V,, but it has support in the real axis. 
It follows that S, — S; = Oin V7 V,and the family {S,} defines a distribution 
S € © such that 


C 
OZ 


Moreover, by Lemma 3.6.16, we have that this equation determines R uniquely, 
. 0& 

hence the map Tr> R is well defined from € into Y'(]a, b[). Its kernel is a5? 
Zz 


also by Lemma 3.6.16. This concludes the proof of the proposition. CO 


We would like to show how every distribution in Z’(]a, b[) can be obtained 
as boundary value of a function holomorphic in Q = Q, UQ_. We start by 
showing this is the case for distributions in &’(Ja, b[). 


3.6.17. Definition. For a distribution S € &(C) we define its Cauchy transform 
S by 

~ | 

S:= —»+§. 

MZ 
This definition coincides with that from §2.1.5 in case S in a Radon measure. 
For a distribution T € &’(R), its Cauchy transform T is the distribution in 

C given by 


T := (T(x) ® d(y))*. 


Note that these distributions are holomorphic in C\supp S and C\supp T, 
respectively. Moreover they verify 


s é 
SiH sand = 10) @ ly), 
Oz Oz 
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1 A 
since — is a fundamental solution for = and S (resp. T ® 69(y)) has compact 
Z 


UZ 


support. 


3.6.18. Lemma. For every T € &'(R), the Cauchy transform T has —2iT as 
boundary value in the sense of distributions. 


Proor. Let us observe first that, T being of finite order, say n, T is of slow 

growth. In fact, there are positive constants C and R such that 

di 

KT.e>|<C_ sup sup |75(%)) 
x 


Therefore, if z ¢[—R,R] we have 


i C 
(Te! ees ) <— sup sup 
(z — x) NT xef[-R,R] O<j<n 


It follows that, for a conveniently chosen constant C, > 0, we have 


|T(2)| = ra, 


oF 
TO < er if Imz + 0. 
Let us denote by f, and f_, respectively, the restrictions T| {Imz > 0} and 
T {Im z < 0}, and by f., f. the respective extensions to 9’(C) with support 
in {Imz > 0} and {Imz < 0}, respectively. Their existence is a consequence 
of §3.6.12. We know that 


of, 1 s | 
Fs 1 bf)@ TF = bf) ® bl) 


Oz 2i ~ ° OZ 


and 
oT | 
as = T © o,(y). 


Therefore, T — (f, + f_) is a distribution in C with support in the real axis 
which satisfies 


By Lemma 3.6.16 we have 


_ -;. (b.(f.) — b-(f-)), 
l 


This is precisely the statement 7 = — — _b(T). CJ 


7) 
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3.6.19. Theorem. Every distribution in @'(]a,b[) is a boundary value of a 
holomorphic function of slow growth in Q. 


ProorF. Recall that Q = (Ja, b[ + i]—c,0[) Ua, b[ + i)0, cf) = Q, UQ_. Let 
Q = Ja,b[ + i]—c,c[. Let now K, = [a,,b,] be a nested sequence of intervals 
with a4, <a, <b, <b,4,, 4,74, b,—2b. Choose a sequence ¢, € 2(R), 
0<9, <1, 9, =1 in a neighborhood of K, and suppg, © ja,,,,5,4,[. 
Finally, choose a sequence of positive numbers c,, c, 7 Cc. 

Define T, := 9, T, T, := (9, — Q,-1)T for n => 2. We have T= }° T,. For 


a>l 
every n > | the function 


T, = (T,() ® do(y))” 
is holomorphic outside supp(T7,) + i{0}. In particular, for n> 2, T, is 
holomorphic in a neighborhood of the closed rectangle 
L,-1 = {z€C:a,_, < Rez <6,_,, —¢,-; < Imz <c,_,}. 


Since this set is convex, it is holomorphically convex in C, therefore we can 
find polynomials h,, which satisfy 


~ | 
sup [T(2)— h(i <3 (n> 2). 
zeéeL,-; 2 
Therefore, the series 


S:=T,+ ¥ (T,—h,) 


n>2 


converges in Y’(Q) and its sum S defines a holomorphic function of slow 
growth in 9. Furthermore, 


6S OT, aT. 
i or + Dy OF aS -(5 T,) @ 59) = T ® do(y). 


For every relatively compact subinterval Ja, B[ of [a, b] we have that if §,, S_ 
denote the extensions of S|(Ja, B[ x {Imz > 0}) and S|(Ja, B[ x {Imz < 0}) 
with respective supports in {Im z > 0} and {Imz < 0}, then 

as, 


_ I 
a — 5 (bs(S.) ® doy) = 5(b-(S-) ® d9(9)) 


a 


Hence 


a \ (8 4 8 
~ (SI(x, BE + i] —c,cf) — 6, + 5.) 


= ((TH BD) + 3.0418.) ~ 6.8.) @ 419) 
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and one concludes, as before, that 


2i 


We would like now to prove the converse of Proposition 3.6.12, that is, 
every holomorphic function in Q, which admits boundary values in the sense 
of distributions must be of slow growth. 


3.6.20. Lemma. Let f ¢ #(Q,) having T € @'(ja,b[) as a boundary value. 
Then, for every 9 € Aja, bl + i]—co,c[), the function g : (0, cl > C defined by 


b 
6) | f(x + ie)p(x + ie)\dx forO<ée<c 
Eji= a 


<T, o(x + 10)> fore=0 


is continuous. 
Proor. The proof is left to the reader. CO 


3.6.21. Lemma. Under the same hypotheses as in Lemma 3.6.20, the integral 
c b 
S(g) := | (| f(x + iehp(x + idx) dé 
0 a 


exists and S : p+» S(@) defines a distribution in the half-strip ja, bl + i]—oo,c[, 
with support in ja, bl + i[0,c[, which extends f to the half-strip. 


Proor. The existence of S(@) follows from Lemma 3.6.20. From [S], (Theorem 
XIII, p. 74), we conclude that S is a distribution. OC 


3.6.22. Theorem. Under the same hypotheses of Lemma 3.6.20 we conclude that 
f has slow growth and 


en oe 
a5 = — 5,547) Oo(y) = 5(F @ do(y)), 


with S defined by Lemma 3.6.21. 


Proor. Let K = [o,8] cc Ja,bl ¢ Rand 0O < « < inf(b — B,a — a). Let w be 
a standard radial function in C with support in B(O, 1), W5(z) = 6-7(z/6d) 
(6 > 0). For x, € K fixed, denote by ¢,(C) the function W3(¢ — (x, + id)). Since 
S has a finite order n in the compact set F := {ze C: d(z, K) < e}, there is 
a positive constant C such that if @ ¢ D(C) has support in Fm {Imz > 0} 
then 

EP 


- 0) 


KKS,@>| = | of am <Csup sup 


CeF O<ptq<n 


C 
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On the other hand 
opr 1 dP?*4y (0 — (xq + id) 
02"0z4 =O) = SPta+2 Ar Pax4 é 


Therefore, there is a constant C, > 0 such that if0 < 6 <.e, 


<Cyd7"?, 


| ps(C)f(C) dm(C) 

By the mean value property of holomorphic functions the left-hand side is 
precisely | f(x, + id)|. In other words, 

I f(xp + i6)| < C,6°-""7, x9EK, O<d<e. O 

To close this section we obtain a generalization of the Schwarz Reflection 


Principle 2.1.11 known as the edge-of-the-wedge theorem. 


3.6.23. Theorem (Edge-of-the- Wedge). Let f = (f,, f_) be a holomorphic func- 
tion in 2, UQ_ admitting boundary values b,( f+), 6-(f_) which coincide, ve., 
b( f) = 0. Then f has a holomorphic extension f to the connected set Q. 


Proor. Let S = f, + f_ defined as earlier in Q. We have 


0 I ~ 

apo = = 5) & do(y) = 
Therefore S is a holomorphic function in © which coincides with f, in Q, and 
f-inQ.. CL] 


3.6.24. Corollary. Let Q and © be as earlier, then the map b induces an 
isomorphism 


b: H(QY/H(Q) > B(Ja, bf). 
EXERCISES 3.6 
1. Let T € &'(R). Show that for |z| sufficiently large, we have 
fe) = 4 BE 
zZ 2 
Identify the coefficients. Is this expansion still true when T ¢ #’(C)? 


2. Show that if f € #,(C), then f' € #4(C). What can you say about f € #,(C) if 
b({™) = 0 for some n € N? What about the case f = T, Te 9'(R)? 


3. Let @ be a continuous function on the real axis such that for some « > 0 it 
satisfies the estimate |[@(x)| = O(|x|"*) when x— +00. Show directly that 


1 
O(z) = ~ « (p(x) & do(y)) is well defined and b(@) = — 2ig. In fact 


lim (@(x + ie) — O(x + ie)) = ~— 2i—(x) 


e-O0+ 
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locally uniformly. (Remark: Essentially the same statement is valid if we replace 
the continuity and decay conditions on ¢ by oy € L'(R, dx) or g € L?(R, dx).) 


4. Let ge L*(R,dx) and g(f) = Fol(é)= o(xje*¢d& its Fourier transform. 


Show that the Cauchy transform g of g is given by 


0 
-1 | e“o(thdt ifImz>0 


2i | e' o(t) dt ifImz < 0. 
The same result holds if we assume ¢, g are both L' functions. 
d 
5. The Heaviside function H is given by H ‘= yyo,,.). It satisfies at = 069 = 0 in 
x 


4 | 
the sense of distributions on R. We also know that o(z) = —. Find fe %(C) 
NZ 
such that b(/) = H. 
6. Let f(z) = (Log z)* (as a holomorphic function in C\R). Find b(/). 


(vo(*).0) = lim | POD iy \- 9) ~ PAN) 
x e-O+ Jix|>e x ¢) x 


Show that if 


1 
—— forImz>0 
2 


f(z) = 


—-— for Imz <0 
22 


1 1\\* 
then b( f) = pv (*). Use this to show that G (*)} (z) = —2if(z). 
x x 
8. The distribution (x + i0)”' is defined as b(g), where g is the function given by 


I 
~ ifImz>0 


N 


g(z) = 
0 ifImz <0. 


Show that 
x 


(x + i0)7' = po (*) — in. 


9. Let [T be a C'-regular Jordan arc with endpoints a and b, and let f be a 
function on [ that satisfies a Holder condition of order p, O< p< (ie, 


0 
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f(z) — f(QD| < M|z — Cl* for any pair z, eT). For any zo ET \ {a,b} define the 
value F(z.) as follows: 


1 1 
F(zq):= put. | 2? az:= tim 1. | 28-4 
2ni Jr Z— Zo e+0+ 2Ni Jr, Z— 2 


3 


where I, = [’\ B(zp, €). We want to show this value F(z,) is well defined. 
(a) Show that 


f@) { fe) ~ f@o) 
————— az 
Z — va 


b — 
dz + f(zo)Log-—“° + inflzo) + O10), 
~™ “O 


r, 2 — 2 
so that 
F(zo) == f{2) — fo) 4 i f(Zo) Log ~ ~ 29 , fo) 
ni r 2-—2Z9 —~ Zo ») 


If [ is closed we can drop the logarithmic term. 


(b 


wee” 


For Il aC! Jordan curve, f as earlier, let ® be 5) times the Cauchy transform 


of the Radon measure yp = f(z)dz, with support in T, that is, 


O2)= 5 | od ze 


For z, € I, let 
@*(zo):= lim (2), 
Z72Zg 
zeinti(l) 
@O'(zo):= lim (2), 
Z>Zo 
zeExt(T) 
where the limits are understood to be along the normal direction to I at Zp. 
Show that these limits exist and 


@* (29) = F(Z) + 3f (Zo) 
® (Zo) = F(Z) — 3f (Zo). 
Finally, 
D* (Zo) — OB (Zo) = f(Zo). 
These formulas are usually called the Plemelj-Sokhotski formulas. 
10. (a) Let f be a holomorphic function in the upper half-plane H = {Imz> 0! 
satisfying the inequality | f(z)| < a Show that g(z) = ¢ — w)f(w)dw 


satisfies the upper bound |g(z)| < C(1 + |z|)* for some constant C (ze H). 
(b) State and prove a similar result when | f(z)| < 1/(Im z)* for some « > 0. 


1 
(c) Use part (a) to show that an entire function satisfying | f(z)| < jim z| every- 
where must be identically zero. Is the result true when 1/|Imz| is replaced by 
1/|Im z|*, a > 0? 
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$7. Mergelyan’s Theorem 


Runge’s theorem shows that if K is a compact subset of the open set Q € C, 


to #(Q)|K. The following subalgebra of @(K) is worth considering: 
A(K) := {f € @(K): f is holomorphic in K}. 


A(K) can be defined even if K is not holomorphically convex in or compact 
in C. Furthermore, note that if K = @ then A(K) = @(K). It is clear that 


It is not always true that both coincide; Mergelyan’s theorem concerns 
a particularly interesting case, Q = C. 


3.7.1. Theorem (Mergelyan). Let K be a compact set which is holomorphically 
convex in C, then 
A(K) = A(C)|K. 

In other words, if K is a compact set such that K‘ is connected, then any 
function in A(K) can be uniformly approximated by polynomials. 

The original proof of Mergelyan, which we follow, is another nice example 
of the applications of Pompeiu’s Formula 2.1.2. Let us first sketch the idea in 
a particular case. Assume that K = K, m(CK) = 0, and fe A(K) A Q,(C). 
Then we have 


. 1 Of dt nde 1 of . df a dt 
fio) = 5 | =(¢) ¥ > = | Lo > ’ 
2ni Je AC ¢—2z 2ni Jx, oc ¢-—Z 
; . of to... 
where K, = (supp f)\K. For each z fixed, the function a Po: is integrable 


over the compact set K ,. Moreover, it is easy to convince ourselves that given 
é > 0 there is a 6 > O such that for any ze K and any Borel set E Lebesgue 
of measure m(E) < 6 one has 


ik 
! | PF yt r ey 
E 


2ni Jeax, 0 C—z 


Now, cover 6K by a finite collection of small open disks B, so that if E = |) B; 
j 
then m(E) < 6 and dist(K, K,\E) > 0. The function g defined as 


I of , d& a dl 
cl fone! 


is then holomorphic in a neighborhood of K and 


If — gk Se 
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By Runge’s theorem, there is a polynomial h such that |lg — hil, < ¢, hence 
if —hilk Se + |g —Ally <2e. 


Of course, if one wants to extend this proof, there are two problems. 
We have to approximate functions in A(K). They are only continuous and, 
furthermore, it is not necessarily true that K = K and that m(0K) = 0 in 
general. The second condition has been dispensed with in Exercise 3.1.10. 
Theorem 3.7.1 does not require K = K either. 

Before proceeding to the proof of the general case, let us make a few 
observations. First, given a function f ¢ @(K) we can always assume f € Y(C) 
(i.e., continuous and with compact support). The reason is that the Tietze- 
Urisohn theorem [Arm] guarantees the existence of a continuous extension 
to the whole plane. Then we multiply this extended function by a cutoff 
y € BC), y = 1 on a neighborhood of K. 

Second, a function f € 9,(C) is uniformly continuous, hence its modulus 
of continuity «, 


wo(5):= max{| f(z) — flw)|:|z— wl <5} (5 > 0), 


has the property that w(0) > 0 as 6 > 0. _ 
Thirdly, assume f € A(B(zZ,, 0)) and that k(z) = k(|z|) € Z)(B(0, 5)) satisfies 


é 
| k(z)dm(z) = 2x | rk(r)dr = 1. 
c 0 


Then, as an easy consequence of Cauchy’s formula, we see that 


f(Zo) = \. F(Z ~ z)K(z)dm{(z). 


We have already used this kind of argument in §2.2.9. This mean value 
property will be exploited in full in the next chapter. 
We are now ready to start the proof. 


PROOF OF THEOREM 3.7.1. We want to approximate a function fe A(K) 
uniformly on K by polynomials. We know that we can assume that 
f € H(K)O ZC). Let w be its modulus of continuity. We will first try to 
approximate f by a function @; in Z,(C) which is holomorphic in a “large” 
part of K. For that purpose, consider the auxiliary radial function k € 9,(C) 
given by k(z) = k(|z|), where 


3 

—~—1-ry if0<r<1 
k(r) = < 7% 
0 ifr > 1. 


It is immediate that | k(z)dm(z) = 1. For any fixed 6, 0<6 <1, let 
Cc 
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k,(z) = 67?k(z/6). Then suppk, = B(0, 6), | k,dm = 1. We define now the 
c 
approximation gy; by 
ps(Z) = | F(z — O)k3(C) dm(C), 
C 


as we did in §2.2.9. It follows that g; € G,(C) and 


C 


C 
55 Pal2) = -| fle — 0) kalE) dm) 


Let Q, = {ze K:d(z, K°) > 6}. Then Q,¢ K and 9, =f in Q, by the 


previous remarks. Hence supp ae Ps OQ, = @. Moreover, we have 


|pa(z) — f{2)| = 


| (fe ~ 9) ~ flayks)dm(C)] < 06) \ _ ks) dm) = 00), 


so that g; is in fact an approximation of f. 


; , @ 
To continue the proof we need to obtain an upper bound for ae Po. Since 
Z 


k; has compact support, it follows from Stokes’ theorem that 


O 
| —k4(C) dm(£) = 0. 
c oC 


“ 


C , 
Therefore, the formula for as can be rewritten as follows: 
Z 


Q 8 ; 
a5 Palz) = -|. f(- oo 


__ \, fe 0) fey kalC)d(), 


A direct rempusen shows that ifr = |¢| then 


1 1 \dk 6 r?\r 
* KS) = 5 53] ar (5) = (1 ~ ay 
when 0 <r < 6 and zero otherwise. Hence 
0 : ot) cod) 
aia a a 


We will use this estimate and Pompeiu’s formula to approximate o; by 
functions in #(K). The crucial step is the following lemma, which in turn 
depends on Proposition 2.7.9, that is, on Koebe’s one-quarter theorem. 
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3.7.2. Lemma. Let E be a compact connected set of diameter greater than or 
equal to r > 0, E° connected, and B an open disk of radius r such that E ¢ B. 
Then there is a function Q € #(S*\E) and B € C such that 


R(G,z) = Q(z) + (F — B)(Q(2)) 
satisfies the inequalities 
IRG21< 2 
r 


and 


for allze E° and (€ B. Here c,, c, are two absolute constants, i.e., positive 
numbers independent of r, E, etc. 


PROOF OF LEMMA 3.7.2. It is clear that if we translate the z and ¢ variables 
by the same quantity the inequalities do not change and only the value £ is 
affected. Therefore we can assume that B = B(0,r). Recall that from Lemma 
2.7.9 we have a biholomorphic mapping 


F:B(O,1)— S?\E 


| a 
z=F(w)=—+b)+b,wt+--,”" a> 
w 


=| ~ 


1 
Let 0:S?\E>B (0. ‘) also a biholomorphic mapping, given by 
1 
w = O(z):= —F7'(z). 
a 


We have Q(co) = 0. Furthermore, from the definition of Q we have for 
z = F(w) 


aQ(z) = aQ(F(w)) = F-'(F(w)) = w. 


Hence 
wk (w) 
zO(z) = ———. 
a 
It follows that 
F 
lim zO(z) = lim “A — 
zZ->00 w+d a 


Note that, for any ¢ fixed, we also obtain 


lim (2 — 0)O(z) = 1. 


27D 
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From the hypotheses on E we have that {{|z| > r} is entirely contained in 
the simply connected region S*\E of the Riemann sphere. Therefore, the 
following expansion is valid 


in {|z| > r}, and 
i 
B _ a | zQO(z) dz, rsp< oO. 
2m J \z=p 
| 1 4 , 
We have |Q(z)| < 7 < o hence |f| < 4r (just take p = r). 
We are now ready to prove the first estimate for R(,z), || <r, z 6 E° 


84 
IR(¢,2)| < |Q(2)i + (Cl + [BDIQ(2)I? < ~ 


In order to obtain the other estimate, fix €€ B and consider the Laurent 
expansion in |z — ¢| > 2r 


| C_ 
O)= +g = pt” , 
1 1 | 4 
25g) -O0@d=5 | 20d2—5 | ted: 
=Pp—¢, 
using the expansion in powers of z~’. Summarizing, in |z — ¢| > 2r we have 
Q(z) = oj + Poe + O((z — 0"), 


and 


2) — pea 
Q*(2) (get O((z — f) ~). 


Hence for ¢ fixed in B, 


zro(z ~ C) Rt 2) - | 

z—¢ 
is certainly holomorphic in |z — ¢| > 2r, including 00, and the function between 
brackets is holomorphic in E°\{¢}. The possible pole at z = € is killed by 
the factor (z — C)° and therefore we have constructed a function holomorphic 
in S?\ E. If we find an upper bound in (S*\ E) 7 B, the maximum principle will 
guarantee this is an upper bound everywhere in S*\ E. When z € B we have 
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lz — €| < 2r, then 


(© oP] RGA, )-— yl 


This concludes the proof of the lemma; we can take c, = 84,c, = 676. (9 


<|z— CPI RE) + lz — 61 


84 
<8r? x — + 4r? < 676r’. 
r 


We go back to the proof of Theorem 3.7.1. From Pompeiu’s formula and 
previous analysis we have 


1 0p;,,.a0 A dt 
(3(Z) = os 


oni le a me 


From the definition of Q, we can see immediately that there is a finite covering 
0p , i, 

of S := supp( “2 x 3 by open disks B,,..., B, of radius 26 and centers lying in 

K‘. Let S,,..., S,, be disjoint Borel sets such that S = UV S;,, 5; & B. Then 


m 0G dt x dé 
ole) = ¥ 5 ale one. 


Since S*\ K is connected, we can find a path IT; joining the center of B, with 
oo and such that $*\T; is also connected. Extending it a little bit beyond the 
center of B, and keeping a portion inside B, which starts very near 0B,, we can 
define a compact connected set E; © B,, diameter (E,) > 26, S*\ E, connected 
and E,\ K = @. We can now apply Lemma 3.7.2 to each E,, r = 20, giving 
approximations R,(¢, z) = Q,(z) + (¢ — B,)Q?(z) to the Cauchy kernel 1/(z — ¢) 
in B,. Consider the function 


_ 1 OP; 
, Q;( ve Fa (C)dq a at 
+ ¥ Oe)5- I: ae IE = Bae a de 


This is a linear combination of Q, and Q?. They are holomorphic in S*\ E, 
in particular they are all holomorphic in Q = S*\(E, U-::U E,,), which is an 
open neighborhood of K. By Runge’s theorem, we will be able to approximate 
@®, uniformly on K by polynomials. Therefore, to end the proof of the theorem 
we have to show that ®, approximates g, uniformly on K when 6-0. 
We have 
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2) — gles F5, | | POl RG — oh ame) 
) 
os f R(G,2) ~ + dm), 


For a fixed z € Q, introduce polar coordinates € = z + pe’*. Then the sets S; 
can be divided into two disjoint pieces, S; = S,n {€:|z — ¢| < 36}, S’ = S\S.. 
For ¢ € S; we have 


Cc i 
R, — a 
jC, 2) S357, 
Hence 
| RXC.2)- — Jim < | (5 + 1 James 
j=l JS) -_ z—¢ ~~ JSBe,38 (20 p 
2 36° 
=2 (<: +36) = cid 
In S; we have 
Riz) - | < e,% 
,z) - ——-| < oo -—~. 
—{{~ 7 p> 
Hence 
71) ¢) d 
S|. RC, 2) -— at alameey s |” 8nc,62-6 = C6, 
= 36 p 


In conclusion, for z € Q, 


1 5(2) — 2) < O(c; + 5)3 = cold). 


Summarizing, we have found a constant c > 0 (independent of K, 6, f, etc.) 
and a function ©, € #(Q), Q open neighborhood of K (Q depends on 6) so 
that 


lf -— ®six < (1 + c)m(o). 


Therefore, given ¢ > 0 we first choose 6 > Oso that 2(1 + c)w(d) < ¢. Then 
we approximate ®, in K by a polynomial P so that ||P — ®5||, < 6/2 and we 
have 


If ~ Pla Se. 0 


There are several generalizations and different proofs of Mergelyan’s theo- 
rem. The study of A(K) per se leads to the subject of uniform algebras. We 
refer the reader to the exercises and notes at the end of this chapter for some 
references to these questions. 
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It is also often useful to approximate uniformly by entire functions, functions 
that are continuous in a unbounded closed subset E of C and holomorphic 
in E. In fact, in this case one might want to do better: given w:E —> Ry, 
continuous and f é HAE) CE) (ie., f € A(E)), find h € #¢(C) such that 


| f(z) — h(z)| < wz), for all ze E. 


This problem was considered by Arakelian who found necessary and suffi- 
cient conditions for this type of approximation to be possible. The conditions 
on FE are similar to that in the theorem of Mergelyan. Recall that a hole is 
a bounded component of E°. Then, one needs 


(i) E has no holes, and 
(ii) for every closed disk B, the holes of Bu E lie in a bounded set. 


For an arbitrary closed set E satisfying (i) and (ii) the essentially best 
conditions on w, when w(z) = e{|z|) and e(t) - 0 as t > +00 are that 


| loge(t) | < w. 
1 


po/2 


but when E = @, the last condition can be dispensed with. We refer to [Ful ] 
and [Ga] for details. As an interesting application of Arakelian’s theorem we 
mention an elementary construction in [Za6] of a nonzero entire function f 
with the following properties: 


(a) on every line 7 in C, f(z) ~>O0asz> ow, ze?,; 

(b) f is integrable on every line 7, 1.e., | | f(z)| ds(z) < o (ds is the element of 
length in 7); 

(c) for every line 7, | f(z) ds(z) = 0. 


In a recent article, J. P. Rosay and W. Rudin [RR] have given a very 
elementary derivation of Arakelian’s theorem from Mergelyan’s theorem 
and a Mittag-Leffler type of argument in the particular cases were either 
w = constant or E = @. We proceed to reproduce it here. 


3.7.3. Theorem. Let E be a closed set in C satisfying conditions (i) and (ii). Given 
f € A(E) and ¢ > 0, there is an entire function h such that 


[f(z)—h(z)| <e forall zeeE. 


Proor. For ne N*, let B, = B(O,R,), R, <R,+; > 0© be chosen so that 
Bui, 2 BVH, where H,, = union of all the holes of E U B,. This is possible 
by property (ii). By property (i) it follows that if E, = Eand E, = EUB,UH,, 
then the compact sets E,_,0B,,, have no holes and hence Mergelyan’s 
theorem holds for them. Note that E, < E,,, and |) E, = C. 
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We define now a sequence of holomorphic functions h,, which for n > 1 
are going to be continuous in E, and holomorphic in E,, and the lim h, =h 
will be uniform over compact sets, whence h will be entire. 

Let hy = f and assume h,_, has already been chosen. Let yw, € CO(C) 
be such that 0<w,<1, J, =1 on a neighborhood U, of B,UH, and 
supp(w,) © B.,. We know that zo | On ) dm(w) 

m {| ow lz— wi 
function on C which tends to zero at infinity. Let M, > 1 be an upper bound 
for this function. As we pointed out, we can apply Mergelyan’s theorem to the 
function h,_, on E,_, 0 B,,, and find a polynomial P, such that 


is a continuous 


|A,-1(Z) — B,(2)| < on E10 Bast: (*) 


aaa 


Let now 


(ze C) 


1 jd 
ra(2) 2 | [hy —1(w) — P,lw 1 ae a 


and define 
h, = WP + d ~~ Wr) An + rh in En. 


LE 


We have that supp ( < B.i\U,, hence r, € #(U,,). Moreover, when 


zéU, we have y,(z) = 1, hence h,(z) = P,(z) + 7,(z). Therefore, h, is well 
defined and holomorphic in U,. Hence, h, is continuous in E,_,U U,, in 
particular, in E,,. 

We also have in E,_, 


ch, OW, Ow, — OF, 
__? -~ pit fp hy 
Oz " OF nl a7 + az 0 


by Pompeiu’s formula. In other words, h, is continuous in E,, and holomorphic 
in E,. 
The condition (*) implies that 
ir,(z)| < aati for all z eC. 


Hence, for ze E,_, we have 


Nh,(2) ~ hy-1(2)| < |rg(2)| + Wy(Z)|P,(2) — Ay y(2)| < = 


This imphes immediately that the sequence (h,),,.,, converges uniformly on 
E,,. Namely, for n > mand p > 0, 


é 
Max y+ p(Z) ~~ h,(z)| < on” 
ZEEE, 
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so it defines a Cauchy sequence and therefore an entire function h. Clearly 
h=h + > (h, —h,_;). It follows that on E we have 
n>1 


Jkn—f\ls< lh, — Ay-y| S €. C] 


n>i 


3.7.4. Corollary. Let E be as in the previous theorem and assume further that 
E = @. Given a continuous function w: E—- R, and f any continuous function 
on E, there is an entire function h such that 


|h(z) — f(z)| < wz), ZEEE. 


PROOF. From the previous theorem there is an entire function g, such that 
|g, (z) — log @(z)| < 1 (z € E). 

Let g,(z) = g,(z) — 1, we have 

Re g,(z) = Reg,(z) — 1 < loga@(z) (z € E). 
By the same theorem we can find g, € #(C) such that 

lg3(z) — file P| <1 (ze E). 

Hence 

\g3(zjee? — f(z)| <|e?|<o(z) (ze B), 


which concludes the proof of the corollary. Ol 


A simple but very interesting case of this corollary occurs when E = R. We 
shall have occasion to use this remark in the following chapter. See also, 
Exercise 3.7.6. 


EXERCISES 3.7 
1. Use Theorem 3.7.1 to prove the classical Weierstrass approximation theorem in 
R: Any function continuous in an interval [a,b] can be uniformly approximated 
there by polynomials of a single real variable. 


2. Use Mergelyan’s theorem to prove the following version of Cauchy’s theorem. Let 
I’ be a rectifiable Jordan curve, K = Tu Int(T), f € A(K). Then 


| f(z)dz = 0. 

r 

*3. Assume K is a compact subset of the plane such that K‘ has finitely many 
components. State and prove an appropriate version of Mergelyan’s theorem. 


4. (Alice Roth’s Swiss cheese). Let {a;},.1,@o = 0,0 <1, < 1 be chosen in such a way 
such that the disks B, = B(a,,r,) satisfy 
(1) BS BO,1) =B. 


2) Van<t. 
j=0 


*6. 
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(3) BAB, = Difj#k 
(4) K=B \( ) 8) has empty interior. 


j=0 
(Can you find such a,, r;?) 
(a) Show that if fis a rational function with poles in K* then 


| f(2jdz= > f(z) dz. 
OB j=0 Jon, 


(b) Show that the same is true if f € #(K). 


(c) Is the function f(z) = ‘2! in A(K)? In HAR)? 


Z 


. Let B = B(O, 1), wa Radon measure in B such that for any « € B it satisfies 


Show that this implies that the functions f, g defined in B by 
Zz di(z) 
f(a) := | -—~ —du(z) gla) = | ——~ , «eB, 
1 — az 1 — az 
vanish identically. Conclude from this that if |B] > 1 then 
du(z) _ 
B—z 


Prove now that | hdu = 0 for every h € A(B). 


az2—~@ 


Find the closed linear span of the Moebius functions i (a € B) in E(B). 


az 
Using Corollary 3.7.4, show directly that any continuous function f on R can be 


obtained as boundary values b(g), of a function g € #(C\R). (sin Reduce the 


problem to the case where | f(t)| < ear Now the Cauchy transform f makes 


[¢| 
Lo, 
sense. Show f = — 5, OI f), cf. Exercise 369,] 
2i 
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Their Relation to the Theory of Residues 


In this section we give a very quick introduction to the fundamental properties 
of distributions, only insofar as letting the reader operate with them con- 
fidently. We hope that this section will be enough to be able to read §3.6 for 


those who have not seen distributions before. For the general theory we 
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recommend [S], [GS], and [Ho2, Vol. 1]. We conclude this section with 
a recent approach to the theory of residues. 


3.8.1. Definition. A distribution T on an open subset Q of R” is a C-linear map 
T : BQ) — C such that, for every compact subset K of Q, if (@,);. , is a sequence 
of elements of @(Q) such that 

(i) supp(y;) S K (j = 1) 

(ii) for every a € N", lim sup|D*@(x)| = 0, (Le., g; > 0 in &(Q)), we have 


jJrmoxeK 


lim <T, @> = 0. 
jr? 
(It is standard to denote T(qg) by <T, @>.) The space of all distributions in Q 
is denoted by B’(Q). 
One can show from this definition that if Te 9’(Q) and K << Q, then 
there is N ec N and C > 0 such that 


KT, @>\ < C sup |D*p(x)| 


la|<N 
xek 


for every gp € DQ) with supp(g) c K. 
The simplest example of a distribution is obtained starting from a function 
f € Lj,.(Q). One defines T = T, € 9’(Q) by 


CT, 9) = | So dx. 


If f, g € Lj,,(Q) and T, = T, then f = g ae. in Q. By abuse of language, one 
often writes f instead of T, when f € L,,,(Q). 
If f e C'(Q), then one can associate not only to f, but also to every partial 
0 gs ; 
oT a distribution T,, T;_ , respectively. The relation between 
them is obtained by integration by parts: 


of 0@ 0p 
T. 3 = —— X= ——- = so . 
T,,,09= | Toax \ xf (7,58 
oT 


derivative f. = 


J 


For this reason we define the derivative ay of a distribution T € B’(Q) by 
xX. 


J 


; OT . , Lo ge 
It is easy to see that ay is again a distribution in Q. It follows that for « e N”, 
Xj 
gla! 


Ox” 


a 


<D°T, p> = (— 1)" T, D%@). 
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It is clear that 
D*(D°T) = D***(T). 


As an example, let 6 denote as always the Dirac mass at 0, 1.e., the distribution 
0: p> 0,9) = —(0) for g € AR). If H = 710,..; (the Heaviside function) and 


3.8.2. Definition. If Q, © Q, are two open sets in R” and T € 9'(Q,) one can 
define the restriction T|\Q, of T to Q,: 


(T|Q,,9> =<Te> for ge WQA,). 


This makes sense, since A(Q,) © HQ,). 
With the help of this definition one can define the support ofa distribution. 


3.8.3. Definition. Let T ¢ @’(Q). One denotes supp(T), support of T, the com- 
plement in Q of the union of all open sets w © O such that T|w = 0. 

It follows that Q\supp(T) is the largest open subset of Q on which T is zero 
(i.e., it restricts to the zero distribution). For a continuous function in Q, 
supp(T,) = supp(/). 

Sometimes there is some doubt about the variable on which a distribution 
acts. For instance, in the case g € @(R” x R") and T € 9’(R"), then we can 
write 7 to indicate that for each y € R” one has a function 


yr> CT, P(X, Ys 


which can be seen to belong to YR”). In this way one can define the tensor 
product T © S of two distributions in Y’(R") as a distribution in 9’(R2") given 
by the formula 


(PSS, @) = CT, Sy, O(% YY? = Sy, CL OO YD? 


The last identity is a generalization of the theorem of Fubini, which one proves 
first for gp € D(R*") of the form (x, y) = &(x)O(y), W, 6 € DR"). Then one uses 
the fact that linear combinations of such products are dense in Z(R*"). One 
finds that 


supp(T @ 5S) = supp(T) x supp(S). 


Starting from this concept of tensor product one can introduce the extremely 
important concept of convolution that generalizes the usual convolution of 
functions. One observes that, iffor a certain compact K € R” and distributions 
T, S € '(R"), the set 

K := {(x,y)e R" x R":x + ye K} (supp(T) x supp(S)) 


is compact, then one can give a meaning to the expression 
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(T, © S,, p(x + y)> 


when g € AK) (ie., gp € A(R"), supp(~) S K). Namely, choose x € F(R") 
which is identically 1 in a neighborhood of K, then the value 


(T @ S, x(x, y)e(x + y)> 


is independent of the choice of y. Hence, one declares it to be 
(T, @ S,, (x + y)>. 


3.8.4. Definition. Given S, T ¢ 2'(R”) one says they can be convolved if for 
any K <c R", the set K is compact in R*”. In that case the convolution T * S 
is the distribution in R” given by 


(T «8S, p> = (T, @ S,, o(x + y)>. 


3.8.5. Remarks. (1) A sufficient condition that S$, T can be convolved is that 
one of them has compact support. 

(2) Convolution is commutative but, in general, not associative. On the 
other hand, if supp S, cc R", supp S, cc R" then 


(T*S,)*S, = T*(S, *S,) = (T*S,)*S;. 


(3) The Dirac mass is the identity for the convolution product. For any 
Te &'(R") 


T «6 = 0. 
(4) If f, g are two functions in Lj,(IR") and one of them has compact 
support, then 
T; + Ty = Thay 


where f * g(x) = | f(x — y)g(y) dy is the usual convolution of functions. 


IR" 
For instance, if 9 € G(R") and T € 2’(R"), then T * T, coincides with T; where 
fis the C™ function 


f(x) = <T,, e(« — y). 


One writes T « g for this expression in order to simplify the notation. 


3.8.6. Definition. One denotes 6’(R") the family of those T € @'(R") such that 
supp(T) cc R". 

If T e &'(R") and y € A(R") 1s such that y = 1 ina neighborhood of supp(T), 
then for any g € &(R”) we have yg € Z(R") and it makes sense to compute 
<T, y@>, which also turns out to be independent of y. One concludes that T 
extends to a C-linear map &(R") — C defined by <T, p> := <T, y@>. It can be 
proved that gr><T,@) is a continuous map in the Frechet space &(R”). 
Moreover, every element of the topological dual of &(R") corresponds to 
a unique distribution T € &’(R”). 
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One of the fundamental theorems in the theory of distributions is the 
following. 


3.8.7. Proposition (Theorem of Titchmarsh-Lions-Schwartz). The space &’(R") 
is a commutative algebra under convolution with unit 6. Moreover, it is an 
integral domain as a consequence of the identity 

cv(supp(7 * S)) = cv(supp(T)) + cv(supp(S)), 


valid for any T,S € &'(R"). (We denote cv(supp(T)) = convex hull of the support 
of T and, for subsets A, B of R", A+ B= {a+b:aeA,be B},) 


There is a further property of the convolution worth mentioning. If 6@ 
represents the derivative D%6 of the Dirac distribution, then 


D*T = 6 « T. 


Therefore, for a linear partial differential operator with constant coefficients 
P(D)= 5 a,D*, we have 


lal<N 
P(D)T = P(0) * T, 
where P(6)= S a,6@. This formula can be generalized as follows: let 
aN 
T € 9'(R"), S € &'(R"), then 
D*(T * S) = (D°T)« S = T *(D°S). 
3.8.8. Definition. A fundamental solution E of a differential operator P(D) is 


a distribution E € 9’(R") such that P(D)E = o. 
If S e &’(R") (or if E * S makes sense) we can solve the distribution equation 


P(D)T = S, 
by taking T = ES. In fact, 
P(D)T = P(D)(E*S) = (P(D)E)*S =O*S=S. 
For instance, forn = 2, R* = C, we have seen that the distribution associated 


; 1. , , , 
to the Li..(C) function z+» —- is a fundamental solution for the differential 
MZ 


operator ae 
Z 
Another operation on distributions is the following. Let T ¢ 9’(R") and 
f ¢ C”(R"), then one can define a new distribution fT € Y’(IR") by 


ST, p> = CT, fo. 


Clearly supp( {T) © supp(/) q supp(T). Note that the inclusion can be strict, 

€.g., X09 (x) = 0. Furthermore, Leibnitz’ rule for the derivatives is also valid for 

products of functions and distributions. For instance, (xT) = T + xT". 
Using a partition of unity (g,);., on a set Q one can write any distribution 
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T € 2(Q) as a locally finite sum (in the sense of supports) 
T=) (9, T) =) T;, 
J J 


T; € Z’(R"), supp(7;) S supp(¢;). This remark was used in §3.6., 
This last remark, together with the following “representation” theorem, 
allows us to operate with distributions as if they were functions. 


3.8.9. Proposition. Let T ¢ &'(R"), supp(T) S BO, R). There exist an NEN 
and a finite number of continuous functions f,, «e N", |a| < N such that 
supp(f,) < B(O, R) and 

T= > D*T,. 


lal|<N 


In the exercises following this section, the reader will see the family of 
distributions |x|* in R (more precisely, T,,,.) indexed by a complex parameter 
A, Re A > 0, given by 


CIxl4@> = \. ixe(x)dx (pe BR). 


The transformation A+ <|x|*, @> is holomorphic in the half-plane Re A > 0 
and its analytic continuation, as a function of A, is related to the distribution 


1 
pv (*) defined by 
x 
i 
(ro(?).0) = im P(X) ay. 
Xx e>0 Jixi>e xX 
cf. Exercise 3.6.7. 


1 1 
In §3.6, we also considered the distributions in Y’(C) defined by —, pv (<.) ; 
Z z 


n > 2, and, more generally, pv(f), for fe W(Q). We saw there that they are 
related to the concept of residue in the classical sense, as it was introduced in 
Chapters 1 and 2. In fact, we have three slightly different notions of residue 
so far. In the remainder of this section we will introduce a less known 
systematic way of considering the residue, which can be traced back to 
Poincare, and more recently to Leray, Gelfand, Dolbeault, Grothendieck, 
Herrera, Lieberman, Passare, Yger, etc., and that promises to be very useful 
in several applications of complex analysis. 

In §3.6 we have already shown that for QO open subset of C, the space .@(Q) 
can be embedded as a subspace of 9’(Q) via the Cauchy principal value map 


pv: &(Q) — 2’ (Q) 
given by 


<pu(f), @> = im | F(z) p(z) dm(z), 
é-> OQ, 
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where Q, = {z€Q:|z — a| > ¢ > Oforeveryae P(f)}. We have also obtained 
that 


a _ 
—pv(f)=nx ) ) -—-—-- Ag yvwowrgt O05 
age (f) ote » (v _ 1)! AY Bevo a 
where the inner sum in v runs over the index set 1 < v < m = m, = order of 
aas a pole of f, and the principal part P, of f at z = ais given by 


P= > — he. 


l<v<m (z ~— a) 


We pointed out that it is standard to call residue distribution of f the 


distribution Res( /) = 5 


that Vm P(f) = {a} we have 
Res(f)|V = 2 Res(/, a)o, + T,, 


where T, is a distribution with supp(T7,) = {a}, involving only by 
1 <v<m — 1, which is not zero unless m = 1. é 

In what follows, given f € #(Q) we will recover Res(1/f) in terms of the 
family of distributions defined by | f|*. 

We start by observing that for a fixed value up € C, if Re uw > 0, the function 


é 


— pv(f), so that if V is an open neighborhood of a such 
Z 


zee tzu) 
Tt 


is locally integrable in C, and as such, it defines a distribution, still denoted 
1 


18 


2POm, 


Moreover, for each fixed g@ € Z(Q), we can consider the map 


1 
[be (ier, 
Te 


and prove without difficulty that it is also holomorphic in the same half-plane 
Re yu > 0. It is customary to express this fact by saying that the map 


I | 
he pre —|2z(?er, {Repu > 0} + Z(C) 
7 


is holomorphic. Note that this means that for each A,, ReA, > 0, we have 
a Taylor series expansion about J5, 


h(A) = > T,(A — Ag}, 


with 7, ¢ @(C). The meaning of this expansion is that for every @ € @(C) one 
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has 
ch(d), @> = dX (T,, 9A — dol 


which is convergent for all A close to Ay. Similarly for a meromorphic function 
g with values in #’(Q), the Laurent development near a point /, is formally 
given by 

tom fot +7) + T,(A — Ay) +°° 
(A — Ao)” A — “Ty ot ° ” 
with 7, € 2’(Q). It means that for g € BQ), and 0 < |A — A,| small (smallness 
depending on 9), 


= 2 TA — Ao = 


<9(4), > = 2 (A — Ag<T,, p>. 


It is then justified to say that the distribution T_, is the residue 
Res(g(A), 2 = Ag). 


I 
3.8.10. Proposition. The map h: u+>—|z|?"", with values in D’(C), admits 
nl 


an analytic continuation to the whole complex plane as a distribution valued 
meromorphic function with poles at u = 0, —1, —2,.... All the poles are simple 
and their residues are 

1 67*6§ 


Res(h(y), uu = —k)= (ke!) askas®? k E N. 


PRroor. For z #0,peN, we C, and g € AC), we have the identity 


[z|?7erP orelz) |z|7¥F2P~2 APp(z) 
a( yet A5p = (u + p) ao dz a dz 
2u+2p geri 
Sr ee dz A dz. 


Therefore, whenever Re 2u + p > 2, we can apply Stokes’ formula and obtain 


(=1) [[zF*2" a 902) Ela 200) ae. as 
u+p zPti — Azeri po Z Z. 


In terms of our distribution valued function A(y) = 1 pucn it means 
1 
that for Re yw sufficiently large we have 


(—1) Iz/"* 62) i 


2nip z OZ \ de 


1 
<h(u), p> = ni ) Iz/?*"*p(z) dz A dz = 


—1)° a ° 20) gs 
= ey + 1) 
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7 (—1P" |z|?""*P A?*) H(z) ead 
~ Qriplu + l).. (he + p) zprl Azer . 


The function z+ |z|*"*??/z?*! and its derivative with respect to p are clearly 
. + | 
integrable as long as Re2u + p—1 > —2, that is, for Rep > a — . By 


Morera’s theorem, the last integral is a holomorphic function in the half-plane 


1 , , 
Rep > Pe This shows that <h(), > is a holomorphic function of yu 


haat 


whenever Re yt > Pe except at the points w= —k, ke N, k < a 
where it has a simple pole. (Remark we only move to the left by 5 at each stage 
of this procedure.) Since p is an arbitrary natural integer, this proves the 
proposition except for the computation of the residue of h(yw) at yp = —k, ke N. 
We treat here the cases k = Oand k = 1, and leave the other ones to the reader 
as an exercise. 

For k = 0, we use the previous identity with p = 0: 


| 0g dz na dz i Codzad 
lim wch(y),) = tim ( — 2. | jpn OP 270%) 1 | Cede 


= (0) 


by Corollary 2.1.4 of Pompeiu’s formula. 
For k = 1, we need p = 2 in the . hence 


zee" oe) 
(u t+ I<h(y), @> = ane Ys | dz a dz. 
Let p = —1 to compute the residue. Then we have 
Res(<h(y), 9), H = —D= - [3 700) dz a dz= (x ().2y"). 
From Proposition 3.6.2, rol. _ 7} = = ( ) hence 


pol — i —_ =F 92) —_ — ow _ =o 92) 
nz*}’ 0z° éz° \uz)> éz? 


il 
a 
as} 
e 
a 
N | 
nll 
N| 
ae 
|S 
on 
w| A 
Nee 
tI 


_ [{1)\ 6 defz) 
PP\ ca) az Gzde* 
C | | _ | , _. 
We know that — aC pv ()) = pv () + Z0 = pv (“). since Z 1S zero 
Oz TZ TZ TZ 


| 
| 
aa 
QO) mw 
Ni] X23 
aN 
N 
SS 
cS 
eae 
. po 
ed 
ne 
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for z = 0. Hence 


1 \ _de(z)\ | 1\ 6 oz)\  /é@ 1 \ é7e@(z) 
PON 2? ozs | \ PN ae bez | ~ \dzP Naz)’ Fez 


its derivatives. A similar result is the following. 


3.8.11. Lemma. Let o € Z(C), me N. Then 
1 {Zz™o”™ 1 
fe ene) as y dz =(—1)"m! (po( 1). 9). 
2ni | z™ oz™ mz” 


ProoF. The proof is left to the reader. (x is enough to use that the left-hand 


4: 1 _ 20" Pz) 
side is ( pu| ——. ]g, a an and apply Propositions 3.6.2 and 3.6.3.) (© 
NZ 


gm 


Proposition 3.8.10 can be interpreted as saying that 


l 1 l 1 a 


where both sides are interpreted in the sense of distributions. Its natural 
generalization is the following proposition. 


3.8.12. Proposition. Let f ¢ #(Q), then the 9'(Q)-valued holomorphic function 
1 _ 

urr—|f|r@- Df", defined for Rey > 1, has an analytic continuation to the 
T 

whole plane as a meromorphic function. It has a simple pole at u = 0 and its 


1 
residue coincides with the distribution Res (*). That is, 


mf 


Po ~ lo 1 
Res( (1 1/earF@. 02) )ot = 0) = C &m(7).o). 
1 MOZ f 


Proor. Let (a;);., be the collection of zeros of f in Q, A; pairwise disjoint 
disks centered at a,, A; cc Q, a; € D(A;),0 < a; < 1,a, = 1 ona neighborhood 


ofa, B= 1— » a;. Let p € YQ). When Re p > 1 we can use Stokes’ formula 
J 
to verify that 
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un) = n (2 ~ fee PP, °)- H(i Pe 9 ode 


2ntijg f oz" 


fi? ae ed = 
_ dz ~ z }. 
Oni “lk. f “Binedz . +2 55 i 


The last sum is finite since supp(@) is compact. 
The first term is clearly an entire function of y since f never vanishes on 
supp(f). Its value for = 0 is obtained by direct evaluation. We obtain 


~ ai pages ste = (ool Sy) toe) = —(Be( sy) ss) 


Let us deal with one of the terms of the sum. In A, we have f(z) = (2 — a;)"g,(2), 
lg Zi" gz) 
a(z)——. 
g{z) OZ 
We then have (suppressing the index j to simplify the notation) 


(f\?* dy 1 f |z—al?™ _ 
wee ee dz a See ______ 4 d dz. 
wile 6 ar = i), Gam 


It is clear that @(,z) is an entire function of u, but the integral converges 


I 


g, holomorphic and never vanishing in A,. Define 6,(u, z) = 


{ 1 
a priori only for Rey > 5 which is not enough for us unless m = 1. To 
m 


get around this difficulty we transform the integral as in Proposition 3.8.10 by 
means of the following lemma. 


3.8.13. Lemma. One has the following identity 


— g\2mu 
-t,| 4s al aoa (pi, z)dzZ A dz 


(— es 1 omy z7—-a\"™a™ 
~ TT — ap | |} _O(p,z)dzZ Ad 
[] (mp + k) 2ni ae a| >a) oR (u,z)dz A dz. 


1<k<m 


ProoF. It is easy to verify that for z # a 


a" oma (Zz -4\" Iz — alm 
—_[|z— aq?" = ky je 
az” (i: al (: — *) (IL, me + ) (z ~ a)” 


Then one uses Stokes’s formula to verify the identity. C4 


As a first consequence of this lemma we see that the integral we are con- 


sidering has an analytic continuation which is holomorphic for Rex > — am 
m 
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It follows that if M = max{m,:a;e€supp(g)}, then ph(u) has an analytic 
1 
continuation to a function holomorphic for Re p > ay Therefore, u = 0 is 


a simple pole of h, and to evaluate the residue we only need to let up = Oin the 
integrals transformed using Lemma 3.8.13. By Lemma 3.8.11 we have(m = m,) 


(— yen’ t 3 qm 
m! Qn I eal 55m 9(0, 2) dz 0 dz 
_ I a, Op 
-(ro( (zc — ~xa) H0,2)) = -(w( oo ee) 
- oats) 8) 
—( &pv nz — arg, 7 an a; pv A) as ) 


(The next to last identity is due to the fact that g, does not vanish on supp(q,).) 
As a consequence we obtain 


0 0 
Res(h(), u = 0) = lim ph(u) = (Bre (= ).32) -) (ap (=)55) 
0p 0 1 1\ 
- ~(velag) az) = (aera) #) ~ (tog) #) 


This is the main identity we wanted to prove. 
With respect to the analytic continuation of h to the whole plane, one can 
easily reduce it to Proposition 3.8.10. We note that the poles will appear in the 
1 2 
M’ M” 
@; more precisely, it is determined as in the proof in terms of the multiplicities 
of the zeros a, of f in supp(¢). 0 


sequence 0, — ., but the value M will be dependent on the function 


In order to give some applications of the last proposition, we state first 
a consequence of Pompeiu’s formula. 


3.8.14. Lemma (Pompeiu’s Formula with Weights). Let Q be an open set with 
a C' regular boundary, f € C'(Q), and ® € C1(Q x Q) such that P(z,z) = 1 at 
the point z € Q. Then 


fl=—- I O(z, Of), act a O(2, Of) 0 a 


2ni a ae 
ars {po 8te. A de 
a] 


PRrooF. The proof is immediate from §2.1.2 applied to C> f(0)®(z, 0). Cc 


A particular example occurs when G is an entire function, G(1) = 1, and 
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D(z, 0) = GU + (z — Oalz,0), qe C1(Q « Q). Then 


- é . 
O,@(z,0) = GUL + (2 — Oalz,o))(z — 6) peo) 


3.8.15. Proposition. Let P,, ..., P,, be non-constant polynomials without 
P 
common zeros in C, Let yey" = i{2) se ifz #¢,9g,(z,z) = P;(z), WP(QO||? = 
vA 


d |P(S)|7, q(z, 0) = 
= 
the identities 


|  P(OP(z) ~ 
in |, 1<j<m POW ¢ y (Oz, C) for every ZE C; 


; a P(0) g1(z,0) 9,(z,0) 
1 = —— of o——- J J . 
(u) (3 pe & o): aon IPO ae P(z) ) 


Note that the g; are polynomials in the two variables z, ¢. Also 


Por 2 y Pi(C)gj(z,0) and O(z,0) = q(z,0) dl. We have 


(i) l= 


_ C _ 
0,Q(z,¢) = ar $4 A aC. It follows that both formulas produce poly- 
C 


nomials A, (resp. B,) such that )) A,P, = 1 (resp \ BP.= \) This is usually 
j j 


called the algebraic Bezout identity, and though it can easily be solved by the 
Euclidean division algorithm for polynomials, formulas (i) and (ii) can be 
generalized to the case of several variables and they permit sometimes.an a 
priori analysis of the A, (resp. B,) before finding them. Finally, this kind of 
formula is also valid for entire functions. We will see an application to 
deconvolution problems in the second volume. 


Proor. To prove formula (i), we let G(t) = t* as the auxiliary function used in 
the preceding example of ®, Q = B(O, R), and apply §3.8.14. Then we have for 
f(z) = 1, that for any z € B(O, R) 


| d 
l= 5 | Gl + (2 ale Ne 
TL J aBcO, R) 
_ Gil + (2 — Oat ogee, dt dt. 
TL } B(O,R) 
Since 1 +(z ~ Og -y 5 MIA ong Zo,0 = =o t)dé 0 dl, we 
A POW ° al 
obtain 
oan rion) dc f BOP s o7 2) 
2ni Jopo.ry \ictem IPQ? / 6-2 in J ao.r 1<T<m POW i. 
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Since none of the polynomials is constant we have || P(¢)|| > cQi + |¢|) and 


IP(S) | P(OI-* < ——.— o aa It follows that if we let R — oo the first integral 


tends to zero and the second one converges. It is clear that as functions of z 
the integrals 


1f PO 2 an 7 
A, di nd 
1) J POR & clinor MEADE NE 
are polynomials and 
S PA,= 1 
P(2)P(G) 


In order to prove (ii) we let g(z,¢) = 1+ (2 — C)q(z,¢) = Y PGE an 


0(z2,.0 =1+ P(OIP (OP? gi, Oz — © for Red sufficiently large. Let x 
be a radial function in O(B(O,2)), y = 1 in a neighborhood of B(0,1). We 


let f(z) = 1, ®(2,0) = o(z, O)0,(z, Oy (;). Then ®(z,z) = 1 for |z| < R. Let 


Q = B(O,2R) and apply §3.8.14. Since O(z, £) = 0 when € € 0Q, for z € B(0, R) 
we have 
dx(C/R) 0 de 


I 
l= -.— {, (2, 0)0,(2,) 
1 C—2z 


A _ 
+ \ lz, SPP MRCar(ecdx(F dn de 
Th Je R 


1 C \ oq = 
—— — j—(z,0)d0 a dC. 
+ Ii \. G,(z, Cx (5) at (2, ¢) ¢ A ¢ 
The idea now is to apply Stokes’ formula to the last integral. Observe that 


¢ Ox, ¢ ¢ 
S (4. (z,C)q(z, on( ))- ras )ate.004¢ o+x(h \a aa ,6)0,(z, ¢) 


+ in( a (2,09 (2, 0)(2 — OIPAC)?4 PPL). 


This allows us to replace the last integral by a sum of two integrals. One 
obtains 


_ 1 OX p(z,¢) 
= ran |. a atety( SEE J) an a 
A ee 


yi _ 
— 50 Tt (Sac — Ogiz, IP (C)PFPPO dk a at. 
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Let R be sufficiently large so that all zeros of P, hein || < R. We have then 
the right to let 4 + 0 and obtain that the second integral becomes 


i ¢ i Pf) 
(Res( 5 ).x(§ )aledoted)) = y (Res( -), aut Opole ) Ble) 


Under the same conditions, the last integral becomes 


t 
~ (Res (JF )ox(f)aenenrie — 0) 
~ (Res (.). q(z, 0) P, (2) 


ae P(O)giz,0) 
Pi) 2, (Res( =) “POI eee). 


| 
since P,(¢)q(z, ¢) is killed by Res (=). 
TP, 


Finally, we consider the first integral. We have that 


Z, | 
to2 ~ + 4, J = 


Since the integrand 1s only different from zero when R < |¢| < 2R, we are 
allowed to let 1 = 0 in @,. We then have 


Pi) ip (2) — p(y = 


6(z,0) =1 Nz) 
0&0) = 1+ re ialP P.O) 


Therefore, 


1 dy (t dt dt P,(z) t\ di andt 
sak |, AC 5) 0 Caz eR |. sl roe 


as R + oo. We conclude that 


[pel 1.) & BO 
= (Res (a), » POR 


We conclude this section with another application of the Pompeiu formula 
with weights and residues. The object is to find an explicit formula to write 
a division theorem with remainder for holomorphic functions. That is, given 
f, he #(B), B = B(O,1), we want to find a systematic way to obtain «, 
Bb € A(B) such that 


CI 


g,(z,¢) gj(z, C) ) 
Piz) Pz) | / 


h=of +6 
and B = Oif and only if his a multiple of f- 
In order to do so we let g(z,¢) = wee. and consider two auxiliary 
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functions q(l) = <4¢—~ -. Palest) = LPO YFOglz.~). We have 


\C\? — 
a —1 
@ — a0) = Ta and 1+(z—)q(Q)= a 
Moreover, 
(z — O)p,(0) = IFO?! LOY — £0), 
and 


b+ (2 — Opal) = | AOPE FOS + 1 — |F(0)??). 
For a positive integer N, arbitrary for the moment, we let 


@(z,0) = (1 + (2 — Fad) “CG + (2 — Opyalz, 0) 
-( ) (I FEPO MOS) + 1 = FOP). 


We fix a point z e B and apply Lemma 3.8.14 to the functions h and ®. We 
have 


1 ; dt dt 1 a 
h(z) = ari \. PZ, OM) — 5 ” mi. h(C)- oe z,C) a 


= =|, WO SE, aaa 


since ® vanishes on OB. For Re A sufficiently large, we can easily compute 
h(¢) o® N(Ig|? — 1)" 


So 2A-L) (7) _ a4 
a 2 ae! 6) = mo Wt $ meine CFO FOL) + A — (AOI?) 


+4 (er oe a OPO YF' Ogee, 0) 


Therefore, for Re A sufficiently large, we have 


me) = | \ Ve - sw FORME Ae » at] 


2ni (z¢ 
N (gj? — 17 - 

+ 5 il h(E) Ge ni (1 — | f(Q)I?4) df a dl 

4 x me) (EE — — iy gz, MAO? PF (Ode a db. 
Tl C 


We know that A+ | f|?“~)f’ has an analytic continuation as a meromorphic 
function with values in Z’(B(O, 1 + «)) for some ¢ > 0. Furthermore, to obtain 
this analytic continuation for the half-plane c < Re/, we only need to do a 
finite number of integrations by parts. Therefore this distribution will act on 
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functions which are only required to have L continuous derivatives (L depends 


2 N 
on c). Choosing N a sufficiently large integer, the function (= i ‘y eXx- 
tended as zero for ¢ in B®, will be of class C" in a neighborhood of B, and will 
have support in B. Therefore we can let J > 0 in the third integral and obtain 


prey = (Res( +) moate.on( — =Hy"). 


This function B ¢ #(B) and, furthermore, if h is a multiple of f, then auto- 
matically Bf = 0 

The second integral in the representation of h tends to zero as 4 — 0 since 
(1 — | f(Q)|**) > 0 almost everywhere in B. 

_ 2A 1 

Finally, when 4 —> 0 the distributions | f|?¢"f = va tend to pv (1): in 
3’ (B(O, 1 + €)), acting on functions with only finitely many continuous deriva- 
tives by the same argument of analytic continuation. Letting N be sufficiently 
large for all these conditions to be satisfied, we can define 


worm w(m(3) mo P=) 


which is also in #(B). We have therefore 
h= of + B. 


with the properties we claimed. 
A corollary of this decomposition is the following interesting result. Let Q 
be a connected open set and f, he #(Q), then he fH#°(Q) if and only if the 


1 
distribution h Res| - } is identically zero in D’(Q). 
Another corollary of the explicit formula for « is that when h = gf then 


1 
h pv (1) = g and the decomposition of h becomes 
T 


N rj? — pW 
atey= | ee aa 


271 (2 
2 _ 4yN-1 
This kernel, i ors am _ Playsa crucial role in the work of P. Charpentier 


to obtain mninimal solutions of the equation du = f in the ball and the polydisk 
in C”. It is the Kern of the orthogonal projection of the Hilbert space 


(2 s(t — 10/797 id F on a onto the closed subspace of holomorphic func- 


tions (see [Ch]}). 
Finally, note that the formula for the remainder term f depends only on 
the values of h near the zeros of f. 
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EXERCISES 3.8 

1. Let x, := max{0,x}, then x4 is well defined for any 1 € C (0* = 0). Moreover, when 
Rei > —1 the function x» x4 is locally integrable in R. It defines a distribution 
which we still denote x4, by 


(xt, Q@> = | 


ne. ©) 


ic.) 


x4.9(x)dx = | ° x*p(x)dx, (pe AR). 
0 


(a) Show that for any g € Y(R), the function 


A> {x40 


is a holomorphic function in the half-plane {AeC:Res> —I}. 


(b) Show that, for ReA > —1, 


Nene” 


i 0 oO 
(x2,0) = | Le) — p@Jax + 20 + [% g(a ar. 
0 A+ 1 , 
Explain why the third term is an entire function of A and the first one defines 
a holomorphic function for ReA > —2. Note that Res(x+,4 = —1) = 6, with 
the obvious meaning for the notation. 


(c) Show that A+ x7 has an analytic continuation to a meromorphic function in 
the whole plane such that 
A 
x 
a hire 
It ri +1) 
is an entire function with values in 9’(R). Find its values for 2 = —1, —2,.... 
Show that 
4 pa _ Amd 
dx + + 


(d) Defining x. = max{—x,0}, repeat the procedure to study J x2. 
(e) Define z* in C\ R by using the principal branch of the argument, —x < Argz <7. 
Show that for ReA > —1, we have the identities 


(x + i0)* = b,(z4) = x4 + e*x? 
(x — i0)* = b_(z*) = x4 4 ev By2, 


These identities allow us to obtain the analytic continuations of (x + i0) as 
(possibly) meromorphic functions in C with values in 9’(R). Show they are entire 
functions. 


1 
2. Let f € #(Q), f # 0. Show that f Res (‘) = Q as a distribution. 


1 Om 4 | 
3. Prove (ne Gace =) = (—1)"m! (nx (=).#) 
mz” oz™ mz” 

re 1 6**6 
4. Show that for ke N, Res{ —|z/*@") yu = —k | = —— ——.. 

Tt (k!)? dz*ez* 
5. Let g € #(B(0,r)), g(z) # 0 in B(O,r), and let f(z) = z™g(z). Use the analytic con- 

tinuation formula for |z|* to obtain the result from Proposition 3.8.12. (Hint: write 
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FPO PL OD = Le" PHD SF 1GPE POY = Uz? AMS 1GPA ">, where 
A=1+m(p — 1). Hence up = O corresponds to 1 = —m + 1. Use that the function 
Av {|g|?4-)'™, is holomorphic in 9’(B(0,r)) and the Exercise 3.8.4 to complete the 


proof.) 


6. In the case of two polynomials P,, P, without common zeros, this exercise provides 
a very easy proof of Proposition 3.8.15. 
(a) Let R > 0 be so large that Z(P,) © B(O, R). Show that for z € B(O, R) one has 


| I Pit) — Py (2) 
j=R (P(g)? C—2z 


(in Write 1 =< | PAG) — Pilz) a 


Dd, (Pi(z)y” dQ = 1. 


2ni m>0 


2ni Jer Py(6) — Py) 6-2 
(b) Show that if deg P, > 1, then 


= | t PA) — Pil) oe 
ci=r | 


2ni 21 (8) ie el 
for allm > 1 and z € B(O, R). Conclude that for every z € B(O, R) 


(Res (= __. , = Ete = |. 
mP,(C) G2 


It is understood the distribution Res( acts on the variable ¢ ) 


| 
mP,(¢) 
(c) Using that Z(P,) 0 Z(P,) = @, show that (b) becomes 


(Res | | eis 7AM! 
aP(OJ’P(OL 7° of —2z 


p p P,(z) — P,(¢) 0 
(d) Write P,(¢) M ~ 38 = C-z 


ae 
S 
LJ 
ae 


and use properties of the 


0 P,(C) 
determinant to conclude 


+ Py(Q)g{C 2), 


g holomorphic in ¢. 
(e) With the help of Exercise 3.8.2, conclude that for z € B(O, R), 


l= Res( ) f—2 aaa 
mP,(C)/ P2(S) 
P,(z) P,(z) 


Since R is arbitrary this identity holds for all ze C. 


7. Let C,,(R) denote the space of continuous function in R such that lim f(x) = 0. 


|x| 20 


It is a Banach space with the norm ||f| := max|/(x)|. Any continuous linear 


XE t 
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functional in C,,(R) is given by integration against a Radon measure dy such that 
\ d|p| < o (see [HS] or [Ru]). 
R 


(a) Show that if g e G(R) and f € C,,(R), then go « f € C,,(R) and is a C® function. 
Prove also that G(R) is dense in C,,(R). 

*(b) Let (z,),.,; be a sequence of complex numbers with Im z, > 0 and z, - Zo for 

some Z,, With Imz, > 0. Prove that the family of linear combinations of the 


1 1 
functions ——— —— — is dense in C,,(R). 
X—2Z, X—2, 


Notes to Chapter 3 


1. The treatment of Runge’s theorem, its relation to the Mittag-Leffler theorems, and 
the solvability of the inhomogeneous Cauchy-Riemann equation follow basically 
[Hol], where presented as an introduction to the theory of several complex variables. 
The fact that solvablity results and approximation results are related extends to all 
linear partial differential operators and convolution operators; we refer the reader to 
Volume 2 of the treatise [Ho2]. 

2. As we mentioned in §3.7, approximation problems can be considered in many 
different lights. We refer to three excellent introductions to the subject, [Zal], [Ga], 
and [Ful], for a rather complete treatment of Runge’s and Mergelyan’s theorems and 
their generalizations, as well as to some of the literature on uniform algebras (see also 
[Gam] and [ Wer]). The proof of Theorem 3.7.1 is essentially from [Mer]. The role of 
analytic capacity, Proposition 2.7.9, 1s very crucial. There are many questions open 
about this capacity and we refer to [Vi] for details. 

3. The proof of Weierstrass’ theorem given in the text follows [BT]. The proofs in 
the exercises are classical and can be found in [Ah1] and [Mar]. We will return to 
these Weierstrass expansions in Chapter 4. 

4. Mittag-Leffler Theorem 3.2.2 is clearly a theorem about vanishing of cohomology. 
In this form it generalizes to several complex variables. 

5. We gave two proofs to the interpolation theorem, namely, §3.4.1 and §3.6.9, 
because they introduce ideas that are central to the relations between complex analysis 
and harmonic analysis to be explored in the second volume. 

6. The theory of ideals in #(Q) follows the work of Helmer and Henriksen. The 
reader will find a similar treatment in [LR], where a functional analysis approach to 
complex analysis is also emphasized. 

7. The “jump formulas” of Exercise 3.6.9 were first found by Sokhotski in 1873. 
They appear naturally in many problems of integral and differential equations [Gak]. 
These formulas lead naturally to consideration of more general boundary values of 
holomorphic functions, in particular in the sense of distributions. Heaviside and others, 
in the first decades of this century, were led to consider these “generalized functions” 
while developing systematic methods, known as “operational calculus,” to solve partial 
differential equations. We recommend [Bre] and the first volume of the treatise [G-S] 
for a modern introduction to the systematic use of boundary values of holomorphic 
functions in the theory of distributions. In the rather recent past, M. Sato recognized 
the usefulness of assigning a boundary value to every holomorphic function in C\R. 
This leads to the theory of hyperfunctions and the very powerful algebraic analysis 
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methods of Sato and his school. The proof of the Edge-of-the-Wedge Theorem 3.6.23 
follows Martineau [Mart], who also recognized the link between this theorem and the 
theory of hyperfunctions. We will discuss hyperfunctions in the second volume. There 
are many new books on this emerging subject, none very elementary. Perhaps the best 
introduction is [KKK ]. 

8. Given a Jordan domain Q, clearly the function f(z) = Z is far from being ap- 
proximated uniformly in Q by polynomials. Nevertheless, the distance d(z,C[z]) 
(C[z] = space of all polynomials) in the metric of @(Q) appears already in the work of 
Ahlfors-Beurling. It is very curious that this quantity can be related to the isoperimetric 
inequality, as discovered by D. Khavinson [GK]. 

9. This chapter has clearly shown the important role of the inhomogeneous Cauchy- 
Riemann equation in complex analysis. There is a cognate equation that plays a 
fundamental role in the study of quasiconformal maps and Teichmiller theory. It is 


. of of 
the Beltrami equation — = uw—, 
02 OZ 

an introduction to this subject. 


where « = L®. We refer the reader to [Ah3] for 


CHAPTER 4 


bharmonic Functions 


Harmonic and Su 


$1. Introduction 


A large number of properties of holomorphic functions (maximum principle, 
Schwarz’s lemma, convexity properties, etc.) still hold for a much larger class 
of functions. It is the class of subharmonic functions (see Definition 4.4.1). The 
relation between these two classes of functions is given by the fact that if f is 
a holomorphic function, then log| f| is a subharmonic function. 

If f is a holomorphic function without zeros, then V = log|f| is a C® 
function, which verifies the Laplace equation 


AV = 0, 
where A is the second-order differential operator, Laplace operator, given by 


6G? 6? 6? 
~ Gx? * Gy?" G20F’ 
One says that V is a harmonic function. 

On the other hand, in a neighborhood of a zero z, of order k of f, the 
function V = log|f| behaves like klog|z — z,|, hence it tends to —oo as z 
approaches z,. Its Laplacian in the sense of distributions exists since V is 
locally integrable. Moreover, as will be seen later, in a neighborhood of zp, 
we have 


AV = 2nko,,. 


The properties of these functions, the subharmonic and harmonic functions, 
are essentially properties of their average values over circles and disks. In order 
to simplify the hypotheses necessary to compute these averages we are obliged 
first to extend the notion of integration to the case of measurable functions, 


300 4. Harmonic and Subharmonic Functions 


bounded above and with values in [ — oo, o[. We refer to the excellent books 
[Ru] and [HS] for the elements of the classical theory of integration. 


§2. A Remark on the Theory of Integration 
4.2.1. Proposition. Let (X,.7,u) be a complete measure space with a positive 
finite measure p (U(X) < oo). Let f: X + [—oo, of be a measurable function 


defined a.e. on X and bounded above a.e. For every M € R, which is an upper 
bound of f a.e., the value I{M) € [ —0o, oo[ given by 


I(M) = Mux) ~ | (M — f)du 
X 
is well defined and independent of the upper bound (majorant) M. 


Proor. (i) If [(M,))¢R for some M, upper bound of f ae. and if M is 
another a.e. upper bound, then Myu(X)e R and 0< | (M, — f)du < ow. 
X 


Hence, from M — f = M — M, + Mo — f, one concludes that [(M) e R also. 
Furthermore 


I(M) — I(Mo) = (M — Mo)u(X) -| (M — f)du+ { (Mo — f) du, 


but | (M — f)du =(M — M,)u(X) + | (M, — f) du, hence 1(M) = I(M,). 
xX X 


(ii) This argument also shows that if [(M,)) = —co for some a.e. upper 
bound M, of f, then it must be the case that I(M) = —oo for every other 
majorant. = 


We define the generalized integral of f over X as 
| fdu:= I(M), 
xX 


for an arbitrary majorant M of f. This value coincides with the usual one if f 
is y-integrable. It also preserves the properties of linearity and monotonicity 
of the usual definition. 


4.2.2, Examples. (1) Let X be a compact metric space and pa positive Radon 
measure on X. We can now integrate, in the generalized sense, any upper 
semicontinuous function in X with values in [ —0o, oo[, which is not iden- 
tically equal to — oo (we will abbreviate this to u.s.c.). This is precisely the case 
of interest in what follows. 
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4.2.3. Proposition. Let X be a compact metric space and u a positive Radon 
measure on X. For every upper semicontinuous function f on X taking values 
in [ —00, oof we have 


| fdu= int) | odu:@ > f continuous} 
x x 


Proor. We need first the following. 


4.2.4. Lemma. Let X be a compact metric space and f u.s.c. on X. There exists 
a decreasing sequence of real valued continuous functions on X whose pointwise 
limit is f. 


Proor. Let d be a distance function on X. Consider the sequence of functions 
JnlZ) = sup (f(C) — nd(z,¢)), 9 ze X. 


It is easy to see that f, > f, >>: > f, 2°: > fand the f, are real valued. (It 
is here where one uses that f does not take the value +o and, hence, 
sup f(C) < oo by the upper semicontinuity.) To show that for every z, 
lim f,(z) = f(z), it is enough to show that for a given ¢ > 0 there is an n large 


n-F oO 


enough such that for all ¢ e X, 


F(C) — nd(z,0) < f(z) + 


If f(z)> —oo, there is a 6 >O such that d(z,€)<0 implies that f(€)< f(z)+e 
by the semicontinuity. Therefore, we also have f(€) — nd(z,¢) < f(z) + «¢ if 
n > 1. On the other hand, if d(z,f) > 6 then 


f(C) — nd(z, 0) < (sup fw) — no. 
It is clear that there is an n, > 1 such that the right-hand side 1s less than 
f(z) + ¢. Therefore we have 
fO)—nd(iz,()<fla)+e& nen, 
in X \ B(z, 6). In other words, 
f@asfla<f@+e  ifnen,, 


which shows that f(z) \ f(z) when f(z) # —oo. 
If f(z) = —oo, for any A eR, there is 6 > 0 such that d(z,f) < 6 implies 
that f(¢€) —nd(z,6)< A for every n>1. If d(z,f)>6, then we have 


F() — nd(z,0) < | sup ftw) — nd < A once 
weXx 


weX 


n> m=(1 + sup f(w) — A)o" 
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Hence n > n, implies 


IZ) = —« < f(z) < A. 


Finally, the continuity of the f, can be seen using the inequality 


(P(C) — nd(z,C)) — (fC) — nd(z’, C))| < nd(z, 2’), 


which implies 
F(C) ~ nd(z,C) < f(C) — nd(z’,¢) + nd(z, z’), 


and, passing to the upper bounds, 


TAZ) < f(z’) + nd(z, z’). 


Interchanging the role of z and z’ we obtain 


In(Z) — ful2")| S nd(z, 2’). 


This concludes the proof of the lemma. ia 


ProoF of 4.2.3. We have first 


nt | pdu:o = f, p continuous} > [ f du. 


This can be seen easily considering separately the cases | fdu= —o and 
x 


| f du finite. 


XxX 
Conversely, let (f,),., be a decreasing sequence of continuous functions 
coverging pointwise to f. Let M be a strict majorant of f. The compactness 
of X implies there is a positive integer ny such that ifn > ny then f, < M. We 
can therefore write 


| f,du = Myp(X) — | (M — f,)du 
xX Xx 
| fd = Mux) — | (M — f)dp. 
X xX 
The Beppo Levi theorem ensures now that the sequence | (M — f,) du con- 


verges in a monotonously increasing way to [ (M — f)du. Therefore, the 


sequence [ f, du converges decreasingly to [. f du. CO 


4.2.5. Remark. Proposition 4.2.3. shows that the generalized integral we have 
defined coincides with the Daniell integral for u.s.c. functions (cf. [HS]). 
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4.2.6. Proposition (Dini-Cartan). Let X be a compact metric space, pi a positive 
Radon measure on X, and (f;);.; be a cofinal decreasing family of u.s.c. func- 


tions on X. Then 
nt | fidu= | (int fd 
iel JX xX \iel 


ProoF. Recall that the hypotheses that the family (/;);.; is decreasing and 
cofinal means that for i,j € J there is k € I such that 


he sf; and hs fj 


everywhere in X. 
First, consider the case inf f, = 0. We claim that given ¢ > 0 there is ip EI 
i 


such that f,, < «. In fact, for every z € X there is i, such that f, (z) < e. By the 
upper semicontinuity there is 6, > O such that, if d(C, z) < 6,, then we still have 
f,(¢) < . The compactness of X allows us to find i,, ..., i,¢ 7 such that 
inf(f;,,.--.f;,) < ¢everywhere. Since the family is cofinal, there is an ig € J such 
that f,, < ¢ as claimed. 


Hence, Jie du < eu(X) and therefore, inf af | fdu<0= | (in f) du in 
xX vf 
this particular case. 
If f= inf tf = 0, and if A e R is such that { fdu <A, then by Proposition 


4.2.3 there : is a continuous function @ > f such that 


| tavs| ody < 4. 
X X 


Let g; = sup(/; — 9,0). The family (g,);., 1s now a decreasing, cofinal family 


of u.s.c. functions such that infg; = 0. Therefore, inf] g;du < 0. This implies 
I IJx 


that inf | (f; — o) du < 0, and hence 
1 Jx 


nt [ fd < | od <A. 
r Jx x 


int | fidu< | fdu = | (int) du 


Since the reverse inequality is evident, the proposition holds. CO 


A posteriori, 


4.2.7. Proposition (Fubini-Tonelli). Let (X,.7, u) and (Y, ¥, v) be two measure 
spaces with yu, v bounded positive Radon measures and p x v the product mea- 
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sure. Let f: X x Y -—-[|—0o, o[ be an everywhere-defined measurable function 
for the product tribe J x SF, and let f be bounded above everywhere. Then 


(1) For every yé Y the function x+> f(x, y) is 7 -measurable and for every 
x € X the function xt f(x, y) is S-measurable. 


(2) The function yo | f(x, y)du(x) takes values in [ — 00, oo[ and is bounded 
X 


above and S-measurable. The function x -| f(x, y) dv(y) takes values in 
Xx 


| — oo, ool, is bounded, and is 7 -measurable. 


(3) | fd(p x v) -| | fav | -| | fda. 


ProoF. Apply the usual theorem of Fubini-Tonelli to the function M — f for 
a majorant M of f. a 


4.2.8. Remark. In the case of compact subsets of R", the usual theorem 
of change of variables is always valid for the integral we have just defined 
when the compacts are related by a C'-diffeomorphism defined in their 
neighborhood. 
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4.3.1. Definitions. Let Q be a nonempty open subset of C. 

(1) Let fe Ly.(Q) (resp. f :Q > [ — 00, oo[ measurable and bounded above 
on every compact subset of Q). For every closed disk B(z,r) < Q, we call area 
average of f over B(z,r), and denote it A(f,z,r), the complex number (resp. 
the element of [ — 00, oo[) given by 


1 
A(f,zny=-3 | fdm, 
mY B(z,r) 
where dm represents the Lebesgue measure in C, as usual. 
(2) Let f:Q > C,z€Q,r > 0 be such that B(z,r) ¢ QO and 


f\@B(z,r) € L'(éB(z,r), do), 


where do = rd@ is the Lebesgue measure on CB(z,r) (resp. f: Q —- [—oo, of, 
measurable and bounded above on every compact subset of Q). We denote 
A(f,z,r) the circular average of f over 0CB(z,r), i.e. the complex number (resp. 
the element in [ —0o, co[) given by 


1 
A(f,2Z,') = = | f do. 
CB(z,r) 
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4.3.2. Remarks 


(1) If fe Li.(Q), zr A(f,z,r) is continuous in Q, := {ze Q:d(z,Q°) > r} 
(ry >0 fixed). For zeQ, the function rr A(f,z,r) is continuous in 
10, d(z, QYL. 

(2) Integrating in polar coordinates one finds the relation 


9) r 
AU, 2,1) = 5 | Af, 2, p)p dp, 


since, in the case f € Li,(Q), the function 6+ f(z + pe”) belongs to 
L'(0B(z, p), d@) for almost every p € [0,7]. 


4.3.3. Proposition. Let Q be a nonempty open subset of C. The following 

statements are equivalent for any f:Q—-C. 

(1) fe &Q) and Af = 0. 

(2) f € &(Q) and f(z) = Af,z,r) for every B(z,r) <Q. 

(3) f € &(Q) and f(z) = A(f,z,r) for every B(z,r) & Q. 

(4) f € LEQ) and f(z) = A(f.z,r) for every B(z,r) & Q. 

(5) fe Ly.(Q) and f(z) = (f*@,)(z) in Q, = {z€Q:d(z,0)>r} if r>0 is 
sufficiently small and ¢ is a standard function. 


In the case that f satisfies any of these properties, we say that it is a harmonic 
function in Q. 


Proor. The plan of the proof is: 
(1) = (2) > (3) => (2) = (65) = G3); (3)< (4); and (2) => (1); 


although it is clear that some of the arrows are redundant. 


(a) (1) = (2). We have A(f,z,r) = > |. f(z + re) dé. Since f is C®, it 
0 


follows from this formula that rr A(/, z, r) is differentiable in [0, d(z, Q°)[ and 


4 hz r) = mo + re’®) dO 
dr POO a are 
Now 


of 


6 i 
a JZ + re )= a 


% C 
(z + re'®)cos@ + Lo + re”)sin@ = ie + re’®), 
oy On 
Recall that Green’s formula states that 


2n of 6 
| Af(C)dédn=r | —(@tre")dd (C= E + in). 
0 


Bz,r) 


Altogether this gives 
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d 1 
5 MS.250) = 5 | Af(C) dé dn. 


Biz,r) 
, d, , , 
Since Af=0 we get ak f,z,r)=0. Therefore A(f,z,r) is constant in 


[0, d(z, O°)[ and the value A(f, z, 0) = lim A(f, z,r) = J (z), allows us to conclude 
r->0 
that 
ACh, z,r) = f(z) for re [0,d(z,QYL. 


(b) (2) = (3). It follows from A(f,z,r) = ; \. A(f, Zz, p)p dp. 
(c) (3) => (2). If f(z) = A(f,z,r) for every re ro, d(z, Q°)[, we have 


r?f(z) =r? A(f,z,r) = 2 | Af, z, p)p dp. 
0 


Since f is continuous, p+ A(f, z, p)is also continuous, and we can differentiate 
the last identity with respect to r obtaining 
arf(z) = 2A(f,z,r)r. 


That is, f(z) = A(f,z,r) for r > 0, and for r = 0 by continuity. 

(d) (3)<> (4). This follows from the fact that z++ A(f,z,r) is continuous in 
Q, if fe LE(Q). 

(ec) (2) => (5). We have (f * ¢,)(z) = F(z + C)e,(—f)do dn (where we 


ICisr 


write € = & + in). Hence 


(f * @,)(z) = | oA o\( | (z+ pe) d0 pp 


_ | “ plp)a(f.2, p)p dp 


0 


= f(z) E | “ @,lp)p ip) = fle) | oe) de in| 
0 Y 


= f(z). 


(fF) (5) = (3). Let (@,),.2 be a sequence of standard functions, uniformly 
bounded, all of them with support in B(0,1), and depending only on |z|. 


oo 1 
Assume, moreover, they converge pointwise to — XB0,1)- 10 construct the g,, 
T 
= ; , 1. ; 
choose a, € 2(B(0, 1)), radially symmetric, equal to — in a neighborhood of 
Hs 


_ 1 1 
B (0. _— ‘) O<a, < —. It follows that 
n Tt 
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2 
( — 7) < a, =| a (C)dédy <1. 
n Cc 


1 
Set @, = a,/a,. We have | o,dm= 1,0 < 9, < —-—--—-5 < 4/n, and 
C 7( | — 1/ n) 


; 1 
lim 9,(z) = 7 eB0. 1) 


nO 


I 
for every z e C. We can conclude that lim 9, , = —5 Xg0,n- 
nr 


If (5) holds, then f(z) = (f* @,.,)(z), which shows that f is a C” function. 
Hence 


fz) = lim (f'* @,,,)(2) = lim F(Z + Pp, (0) de dn 


70 (Cl<r 


=, | fle + Odean = AUL2n, 
mP Jitise 
Note we have only proved (3) for r sufficiently small. The next step will show 
that this is enough to show (1) and hence the implication will be valid for every 
disk B(z,r) <Q. 

(g) (2) => (1). Since (2) = (5) has already been proved, and the proof of 
(5) = (3) shows that fe C”, now f = fg, shows D*f = D*f * , for every 
a € Ni. It follows again from (f) that D*f = A(D’f, z,r) for r sufficiently small. 
Therefore, taking a = (2,0) and (0,2) we obtain Af(z) = A(Af,z,r). On the 
other hand, we have already shown in (a) that the first identity here holds, 


4 gazna=2 | apaédn =" AlAf2n = Af) 
gihan=s | Afdedn => AlAh2n = 5 Alla) 
Since A(/, z,r) = f(z), it follows that Af(z) = 0. CO 


4.3.4. Examples. (1) Let Q be an open subset of C, f € #(Q). Then f, Re f, and 
Im f and harmonic functions. 
(2) If QO is a simply connected open set in C, every real-valued harmonic 


function in Q is the real part of a holomorphic function in Q. 
2 


es ; u Ou . 
In fact, if u is a harmonic function, Shs = 0, which shows that ap iS a 
ZOZz Zz 


holomorphic function in Q. The differential form @ := 2m dz is closed since 
~{ Ou Otu 
dw = 0 (2<tas] = 2 xan dz A dz =9. 
There is h € &(Q) such that wm = dh. We have, therefore, 
h 
oh 2 ou and oh 0. 


oz az oz 


308 4. Harmonic and Subharmonic Functions 


Hence his a holomorphic function. Furthermore, since u is real valued we have 


and 


It follows that for some real constant k we have u= Reh+k. Letting 
f =h+k we have obtained a holomorphic function in Q such that u = Ref. 
The function fis uniquely determined up to the addition of a purely imaginary 
constant. 

A function v such that u = Re f and v = Imf for the same holomorphic 
function f is called a harmonic conjugate of u. This concept is invariant under 
holomorphic transformations. 

We are now going to introduce Poisson’s representation formula for har- 
monic functions. If his a function holomorphic in a neighborhood of the unit 
disk B(O, 1) (or holomorphic in B(O, 1) and continuous in B(0, 1)), we have for 
|z| <1, 


h({z) 


AO) ap { chi) de 


© Oni gsr 6 — 2 gina 6 ~ 2 omit 


i h(o) zh(t) de 
0= — cot AC =f ans, 
ani lon ¢— 1/2 lon Z—€C 2nil 


since (C = 1. By subtraction it follows that 
| Zz | dt 
h(z) = h + — — 
(2) \ ofS F 5 | anit 


d dé 1—|zi* d 
Note that the measure ss is actually an for € = e”, hence z = 5 sa is a 


positive measure on |¢| = 1. Conjugating the previous identity we obtain 


apy —~  1—|z|? dt 
n@) = Ve Nea Dit 


and 


h+h 
Therefore the real-valued harmonic function u = = = Reh verifies also 


_ 1 — |z/? ae" lg 1 —|2|* 46 
u(z) = \. ul) 2 nit |. ule gi — z\* 2n 


" , 1 —r* ag 
- | u(e'?) - r (z = re'?). 


1 — 2rcos(a — 9) + r? 2n 


—K 
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If B(O, 1) is replaced by B(zy,r), we obtain for z € B(zy,r), by a simple change 
of variables, 


1 m 2 _ 
u(z) = - | rat 2h ey + re’) d@ 


_glZqo tre 
Ly r — p° | | 
rn rms AZ + re? dé z=2,+ pe). 
27 {7 r? — 2prcos(a — 0) + p? (Zo ) ( o + pe”) 


Since we have already shown that every real-valued harmonic function in 
a simply connected open set is the real part of a holomorphic function, we see 
that setting 
1—r? 


P(x) =. 
(a) 1 —2rcosa +r? 


we have the Poisson integral representation 
. 1 {* , 
u(re’®) = —- | P.(a — 6)u(e’) dé 
2n |_. 


for every real-valued harmonic function u in B(O,1) that is continuous in 
B(O, 1). (Note that, strictly speaking, we do not know a priori that a holo- 
morphic function h in B(0, 1) such that Reh = wu is also continuous in B(O, 1); 
a little limiting argument is necessary to bypass this point, we leave it as an 
exercise to the reader). This representation is a convolution on the group 

= {weC:|w| = 1}. By linearity, it is also valid for complex-valued har- 
monic functions. 

Moreover, if wis harmonic in B(O, 1), continuous in B(0, 1), and real valued, 
we can use the relation 

Io? —|z|?_ b +2 


iz fz 


to obtain a representation of the unique holomorphic function h in B(O, 1) 
with Im h(O) = 0 such that Reh = u. Namely, 


C+z2 af 
h(2) = 5— =n Fa gtOE — 7e BOD) 


We have h(0) = > . | ul) = u(O0)e R. 
g{=1 


The positive function P,(@) is called the Poisson kernel of the unit disk. The 
function 


z = re'®-+ P(6) 


is harmonic in the unit disk, hence it is C~ in 6 for every fixed r,O <r < 1. 
; iL {* , ; 
The integral an | P,(a)da = 1, as can be seen when representing the function 
~H 


u = 1. Furthermore, 
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(i) P.(a) = P.(~— a), 
(ii) lim P(a) = 0 uniformly in 6 < |«| < x, for each fixed 6 € ]0,x[, and 


ral 


(iii) P.(a)= SY rem. 
ne Z 


The Poisson representation of harmonic functions implies that if u is 
harmonic in B(O, 1) and continuous up to the boundary of the unit disk, then 
its values in B(O, 1) are completely determined by its values on 0B(0, 1). One 
could naturally ask which continuous functions on B(O, 1) can be obtained as 
restrictions to 6B(0, 1) of functions continuous in B(0, 1) and harmonic in the 
interior. This questions is known as the Dirichlet problem: 

Given a contimuous function f on 0B(0, 1) find a continuous function u in 
B(O, 1) such that 


a =Q in B(O,1) 
ul apo, 1) =f. 


We will solve this problem with the help of the Poisson representation 
formula. Later we will consider the same problem in arbitrary open subsets 
Q of C. 


4.3.5. Definition. Let f be an integrable function on B(0,1) (resp. 
f : dB(O, 1) + [ —co, o[ measurable and bounded above). The Poisson integral 
of f is the function P( /) defined in B(0, 1) by 


1 


PUf)(2) = 5 | P,(a — 8)f(e)d8, 


forz =re",0<r<l. 
More generally, replacing B(0, 1) by B(zy,r), we call the Poisson integral of 
f over 0B(zy,r) the function defined in B(z,,7r) by 


re 


r? —|z— 


i 2 
P(f)(2) = x | 2 fle + re'®) dé. 


_7lZo + re” 


Observe that the notation is a bit ambiguous and attention should be paid 
as to which disk one is working with. Modulo these considerations, we remark 
that 


P(f) (Zo) — Af, Zo>"), 
where Z, is the center of the disk B(zy,r), and 


P(f)(zo + pe) = > ape, 


nE 


where 
1 " i@\ ,—in@? 


which coincides with the nth Fourier coefficient of f when z. = 0,r = 1. 
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4.3.6. Proposition. Let f : 0B(z),r) ~ C be an integrable function. Then we have 


(1) P(f) is harmonic in B(zo,r) 
(2) If f =4,€C then P(f) = Ao. 
(3) If f is continuous at a point z, € OB(Z,,r) then 


lim = P(f)(z) = f(z) 


ZZ, 
zé B(zo,?) 


(4) If f is a continuous function in B(zo,r), which is harmonic in B(zo,r) then 
f = P(f|eBlzo,r)). 


PRooF. (1) This is proved either by differentiation under the integral sign or 
by considering the averages of P(f) over @B(z, p) for disks B(z, p) | B(zo,r) 
and using Fubini’s theorem. In either case, one has to use the harmonicity of 
r? — |z — Zo|” 
If ~2|? 
the details to the reader. 
(2) By direct evaluation we see that 


the function zi in B(z,,r) for a fixed € € 0B(zy,r). Ve leave 


1 20 ; 
P(Ao) (Zo + pe) = Bl Poirl@ — a) io Ag = Ao. 


(3) Using the previous result, P( f(z,)) = f(z,), we have 


r? —|z— 


1 2n 9 2 6 
P(f)(2) = fle) + x | “ol (Flea + re) ~ fle,))a0. 
7 —2| 


lZo + re”? 
Let z, =z) + re!. Then for every ¢ > 0 there is 0 < 6 < 2z such that if 
C =z, + re”, |@ — @,| < 6 then | f(0) — f(z,)| < ¢. Therefore, we can split the 
integral into two parts, one over |@ — @,| < 6, the other over the comple- 
mentary arc. 

Recall that by property (11) mentioned immediately after the definition of 


the Poisson kernel, lim P.(a) = 0 uniformly in a, 6 < |a| < x. Using this fact 
rAl 


and the Lebesgue-dominated convergence theorem, we see that the integral 
over the arc 6 < |@ — 6,| < x defines a function of z whose limit at z, exists 
and equals zero. On the other hand we have 


{ 2_\7 2) | 
fo eel (Me + re") — flea 


27 Jie-6,\<3 120 + re’ 
1 (7" r? —|z—z,/? 
<{ max |f(z) + re”) — f(z a | . dé 
(max, ° 7) 2n Jo Zo + re”? — 2/7 


= max |f(z) + re”) — f(z,)| <«. 
|@—8,|<6 


Finally, property (4) will follow from Corollary 4.3.8, applied to the function 
go = f — P(f), which is harmonic in B(zy,r), continuous in B(zy),r), and zero 
on 0B(Z,,1r) by (3). O 
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4.3.7. Lemma (Maximum Principle for Harmonic Functions). Let QO be an 
open connected subset of C,u: Q— Raharmonic function. If uis bounded above 
and attains its least upper bound in Q, then u is constant. 


ProoF. Let E := f €Q:u(z) = supu(f)=M < at This set E is closed in Q 
CeQ 


and not empty by hypothesis. Let a e E and r > 0 such that B(a,r) < Q. We 
have 


M = u(a) = A(u,a,r) = A(u(a), a,r). 


Hence A(u(a) — u,a,r) = 0. Since u(a) — u > 0 and it is continuous, it follows 
that u(a) = u in B(a,r). Therefore E is also open. It follows that E = Q. 
LJ 


4.3.8. Corollary. Let Q be a connected open subset of C and 9: Q — Ca bounded 
harmonic function such that |p| takes its least upper bound in Q. The function 
~ is then a constant. 


Proor. Let M = sup|g(¢)| and ae Q such that o(a) = Me™ for some real 
CeQ 


number «. Let g = e~@ = u + iv. Then both u and v are real-valued harmonic 
functions, g(a) = u(a) = M. Clearly u < |g| < M. By the previous lemma, u is 
the constant function M. It also follows that v=0 since |g) =./M? +07 <M. 
This proves the corollary. CI 


4.3.9. Proposition (Harnack’s Inequality). Let u be a nonnegative continuous 
function in B(Z9,r) and u harmonic in B(zp,r). Then the following inequality 
holds for z € B(Zo,r): 


r—izZ—Z r+iz— Z 
2 20h (25) <u(z) < + 2 | wey) 
r+ |zZ— Z| 


r—|Z— Z| 


PROOF. It is easy to see that 


r—|z—Zo| r? —|z—2Z,| r+ |z— Zl 


r+|z—Z |” |zo+re®—z\?7~ r—|z—zZol 


From the Poisson representation and u > 0 it follows that 


2n _ |e 
= | r— le Z0l (2, + re’) d@ < P(u)(z) 


o r+ |z—Zol 
1 2n __ 
< \ r+ |2 ~ Zo | uz + re’®) dé. 
Z 
The desired inequality now follows from the identity 


| 1 (77 | . 
u(Zo) = Plu)(Zo) = A(u, 2,7) = 5 | u(Z>y + re’) dé. CI 
0 
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4.3.10. Corollary. A bounded harmonic function u in C is necessarily constant. 


ProoF. It is clearly sufficient to prove it for real-valued functions. By addition 
of a constant we can assume u > 0. Therefore for any r such that 0 < |z| <r 
we have 

r— |z| r+(z| 


ry al u(0) < u(z) < rial 


u(Q). 
For z fixed let r > +o. It follows that u(z) = u(0). a 


4.3.11. Proposition (Harnack’s Theorem). Let Q be a connected open subset of 
C and {u,},>0 be an increasing sequence of (real-valued) harmonic functions in 
©. Either the sequence u,{z) tends to +00 for every z € Q (and uniformly over 
any compact subset of Q) or the sequence converges uniformly over every 
compact subset of Q to a harmonic function u. 


ProoF. Since the limit of u,(z) exists (possibly +00) for every z € Q, the function 
u can be defined by this limit as a map u: Q — ]— 00, co]. Let us assume that 
there is some Z, € Q such that u(z,) < o. Given € > 0 there is some n, such 
that ifn > m > n, then 


U,(Zo) — Up_{Zo) < &. 
If B(zo,r) SQ and |z—z)|=p<r we have by one part of Harnack’s 
inequality 
r+p 
—. 


0 < u,(z) — u,,(z) < & 


Therefore, by the maximum principle, the sequence {u,},.9 coverges uni- 
formly in B(zy, p), and u is defined and continuous in B(zy, p) and hence in 
B(Zo,r). If, on the other hand, u(z)) = +00, we can apply the other part of 
Harnack’s inequality to u,(z) — uo(z), see that u(z) = +00 in B(zp, p), and that 
the convergence is uniform in this disk. It follows that the sets Q, and Q, 
where u < oo and u = o, respectively, are both open subsets of Q. One of the 
two must be empty. In either case the argument shows that the convergence 
is locally uniform and hence uniform over compact sets. 

IfQ, = @, then for any B(z,,r) S Q we conclude that P(u) = u in B(zo,r) 
since P(u,) = u, and the convergence is uniform on B(zo,r). Therefore u is 
harmonic. CJ 


4.3.12. Remark. If D is a Jordan domain, by Theorem 2.8.8 there is a homeo- 
morphism ¢ of D to B(0, 1), such that g is holomorphic in D. Then we can use 
the preceding considerations to solve the Dirichlet problem in D by reducing 
it to B(O, 1). If fis a continuous function on OD, the harmonic extension u of 
f to Dis given by 


u(z) = P(f op *)(@(z)). 
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4.3.13. Examples. (1) D = B(zy,r), p(z) = ae One obtains the Poisson 
r 


formula in B(z,,r) from the Poisson formula in B(O, 1). 
(2) D = B(O, 1) {Imz > 0} (z) (2 + I~ ie — is a homeo 
— 3 ,Ww>= Lj 7 : , ~ 
OO (2 + 1p + i(z — 1P 


fact that ¢ is the composition of the following three maps, z->w, = ain 
—Z 
w, — 1 
Ww, hw, = w2, and whew = ——. 
W +1 


(3) If f is continuous on R and bounded, then one finds in the same way 
a function u, harmonic in {Imz > 0}, continuous in {Im z > 0}, bounded and 
equal to f on R, by taking 

u=P(fop)og 

zZ~-1 
z+i 

To conclude this section let us mention that under rather general condi- 
tions, a harmonic function in the unit disk has a Poisson representation 
u = P(f). For instance, the Riesz-Herglotz theorem states that if uis harmonic 
in B(O, 1), u > 0, then there is a nonnegative Radon measure du in OB(0, 1) 
such that |z| < 1 


with p(z) = 


1 f t-|2P 
u(z) = 5. | reas 


and | du = u(Q). (See, e.g., [Ru], [He2].) 
OB 


EXERCISES 4.3 
Here B = B(O, 1); Q is a domain in C. 


1. Use the solution of the Dirichlet problem in B to show that every continuous 
2n-periodic function f in R (ie, f(x + 22) = f(x)) can be uniformly approxi- 
mated by linear combinations of the trigonometric functions 1, sin x, cos x, sin 2x, 
cos 2x,... (that is, by trigenometric polynomials). 


2. Use Exercise 4.3.1 to show that every continuous function on a closed interval 
[a,b] of the real line can be uniformly approximated on [a,b] by polynomials. 


3. Let f:Q— R be such that both f and f* are harmonic. Show that f is constant. 


4. Let f:Q-—-R be a harmonic function such that fg is harmonic for every other 
harmonic function g in Q. Prove that f is a constant. 


5. Introduce polar coordinates in B and show that 


A 1df éu n 1 é*u 
“t= -—- — rs ee a nennne , 
4ar\" a} 062’ 


with the usual identification x = rcos@, y = rsin@. 
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Using this formula, determine the radial harmonic functions in B\ {0}. Are there 
any nonconstant radial harmonic functions in B? 


6. Let h be harmonic in the annulus 0 < R, < |z| < R, < «, let f(r) = A(h,r,0). Show 
f(r) = alogr + b for two constants a, b. 


7. Let f ¢ #(Q) be such that g(z) = Zf(z) is harmonic. Show that f is a constant. 


8. In this exercise we want to show that the Fourier series of a 2n-periodic function 
of class C* on R converges uniformly to the function, just using the solvability of 
the Dirichlet problem in B. With a little bit more effort and using Exercise 4.3.1, 
one can obtain the usual theory of Fourier series in L?([{—2, 2], dx). 

(a) If f e C?(R) and f is 2x-periodic, show that f’, f” are 2z- periodic. 
(b) Define a, = { f(x)e7'""* dx, and show that »» |a,| < 00. 


—~H 


(c) Recall from the text that 
(Pf)(re®) = 0 a,r™ 
neZ 


to show that 
dae" = f(x), 
neZ 
and the convergence is uniform. 
*(d) Since the previous result only depends on the fact that 2, |a,| < oo, show 


that the uniform convergence still holds under the weaker “hypotheses that 
f € C°(R) be 2n-periodic and piecewise C'. (Hint: First show that if b, is the 


nth Fourier coefficient of f’, then b, = ina,. Second, show that >» [b,1? < 


an |F’CO? dx.) 


9. (a) Show that all the harmonic functions in an annulus R, < |z| < R,, which are 
of the form u(z) = v(r)w(9), v, w of class C*, and w 2z-periodic, are solutions 
of a pair of ordinary differential equations 


d{ dv 
Av =0 
rol dr z)- -_ 
w” + Aw = 0 
for A = n*, ne N. Conclude that 
v(r) = ar" + br” 
w(8) = Acosn@ + Bsin nd 
for some constants a, b, A, B. 
(b) Use this observation to look for solutions 


u(re®) = ay + > (a,cosnO + b, sin nO)r", 
n=] 


of the Dirichlet problem in B(0,1) with boundary values (0) given by, 
respectively, 


(i) f(0) = cos*@ 
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(ii) (0) = sin? 0; 
(iii) ((0) = sin*@ + cos*é. 
(c) The Dirichlet problem in the annulus | < [z| < 2 with the boundary data /,(@) 
on |z| = 1 and f,(@) on |z| = 2, consists in finding a continuous function u in 
1 < |z| < 2, C* in 1 < [z| < 2, such that 
‘ee, inl <|z|}<2 
u(e*) = f,(0), — u(2e"”) = f,(0). 
Use item (a) to solve this problem in the cases 
(i) ,(@) = a, f,(0) = b,a,be R; and 
(ii) f,(0) = 1 + cos*6, f,(0) = sin*6. 


Solve the problem 
Au = —xy in B 
uloB =0 


(Hint: use that the function v(z) = —xy(x? + y*)/12 has the property Av = — xy, 
to reduce this problem to the Dirichlet problem in B.) 


. This exercise gives two ways of showing that if h: B\{0}-—R is a harmonic 


function, then 


hire’®) = alogr+b6+ > (a,cosnO + b,sinn6)r", 


ne Z* 


with the convergence being uniform inO <r, <r<r, < 1, for any pair r,,r,. 
(a) First method: For r fixed, develop the function 0+ h(re’’) in a Fourier series 
of the form 


h(re®) = A,{r) + ¥ (A,(r)cosné + B,(r) sin n6). 
n> 
Show that A,(r), 4,(r) cos n6, and B,(r)sinn@ are harmonic in B\ {0}. 
a 
(b) Second method: Use the fact that 3, H(B\{0}) to obtain the desired 
z 


representation. 


. Let h: B\{0} > R be a harmonic function such that h > 0 everywhere. Show that 


h(re®) = alogr + b + > (a,cosnO + b,sinn@)r”. What can you say about a and 
noi 
b? (Hint: Use h > 0 to show |A(h{z) cos n6, 0, r)| < A(h, 0,r).) 


. Let us recall that a real analytic function f in an open subset U of Risa C® function 


(n) 
such that for each x, € U, the Taylor series f C0) (g — Xo)" converges to f(x) 
n! 


n2o 


for |x — Xp| sufficiently small. 

(i) Show that every loop in an open set D ¢ C is homotopic to a real analytic loop. 

(ii) Show every path in D is homotopic, with a fixed-point homotopy, to a real 
analytic path in D. 


Let u, (n > 1) be a family of nonnegative harmonic functions in Q such that for 


some Zy € Q, numerical series y u,(Z,) is convergent. Show that u(z) = y u,,(Z) iS 
api n>1 


a harmonic function in Q. 


15. 


16. 


17, 


18. 


19. 


20. 


21. 
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Let (u,),>, be a sequence of harmonic functions in Q that converges locally 
uniformly to a function u. Show that for any a € N?, the sequence 


locally uniformly. 


For a point z € B, let us define a function g, = @: [0,22] > Ras follows. The point 
e'? is the intersection of 0B with the ray starting at z with direction e Moreover, 
we impose the restriction that 0 < (0) — 0 < 2n. 

(i) Show that ¢ is differentiable and 


giv) — 2 
ef _ 2 


dp _ 
do 


(ii) Show that if f is a continuous function on 6B, then 


20 
Pf(z) = \ f(ei?=) dé. 


Let f ¢ #€(B), f(0) = 0, and |Re f| < A < 00 in B. Show that 


2A 1 
Mm f(z)} << log (Jz| <r < 1). 
rt8 — 7 


(Hint: Compare the derivation of the formula for the Poisson kernel to represent 
Im f in terms of Re f,) 


Show that if a real-valued harmonic function u in C is bounded above, then u is 
constant. 


Let y be a C! regular Jordan curve, Int(y) < Q, h a harmonic function in Q, and 
z € Int(y). Show that 


1 {| oh 1 0 
h(z) = — 5 [ ~(C)loglé — 21d] — = { h(C)-—- logit ~ z||d¢\ 


Let Q be a domain with piecewise regular boundary, u, v € C?(Q). Define the 
Dirichlet scalar product 


Cu ov du dv 
D(u, v) = — — + — — |dxdy, 
(4,¥) \. (= Ox * oy =| ey 


and the Dirichlet norm D(u):= D(u, u). 
0 
(i) Show that D(u,v) = | u—|dz| — | u Avdx dy. 
an OU Q 
(ii) Let ulag = 0 and v harmonic in Q. Show that 
D(v) < D(u + v). 


(iii) (Dirichlet principle) If f is a function in C?(Q), f|0Q = g and u solves the 
Dirichlet problem with data g on 6Q, then D(u) < D(/f). 


(i) Prove the statement of Example 4.3.13, (3). Beware, the function fog! 
might not be continuous on 0B. (Why?) 
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(11) Show that the Poisson representation formula for the upper half-plane H, i.e., 
F = P(fo@")og, becomes 


yall” y 
F(z) = - | wane plu mz > 0) 


dt 
(iii) Why is this formula valid for any function fe L' (®,; + 3) in particular, 


dt 
for f € L®(R)? Show that, if f ¢ L! G ta) and ty is a continuity point of 
f, then 
lim F(z) = f(to). 


Zt 


22. Let f be a harmonic function in a neighborhood of z, # 0. Show that g(z) = f(1/Z) 
is harmonic in a neighborhood of 1/Z). Can you generalize this to f o h, f harmonic 
on the image of h, and h holomorphic? 


23. Let f: R > R be a C’ function such that whenever g : Q > Ris harmonic, it follows 
that f o gis harmonic. What can you say about f? 


24. Let f: B\{0} > R be harmonic and satisfy | f(z)| < Allog|z||? + B. Show that 
f has a harmonic extension to B. 


§4. Subharmonic Functions 


4.4.1. Definition. Let Q be an open subset of C. A function u:Q—- [ —o0, of 
is called subharmonic in the wide sense in Q if it verifies the following two 
conditions: 


(i) wis upper semicontinuous (u.S.c.); 
(11) for every disk B(z,r) SQ, u(z) < Au, z, Pr). 
4.4.2. Remarks 


(1) Here the circular average A is given by a generalized integral in the sense 
of §4.1. 

(2) We will see later that one can replace the circular average by the area 
average A(u, z,r) in condition (11). From the identity 


2 ¥ 
A(u, Z,r) = 2 | A(u, Zz, p)p dp 
0 


we see that if wis subharmonic in the wide sense 


u(z) < A(u,z,r). 


4.4.3. Proposition. Let Q be an open connected subset of C and u function 
subharmonic in the wide sense in Q. We have then either 
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(1) u = —o, or 
(2) we LEQ). 


loc 


In the second case we say that u is subharmonic. 


Proor. Let G = {z€Q:4V,, V, relatively compact neighborhood of z in Q, 
such that u|V, ¢ L'(V,)}. The set G is open by its very definition. Let B = Q\G. 
If B # @ then case (2) holds and there is nothing to prove. Assume B 4 @ 
and let z, € B. For every V, relatively compact neighborhood of z, in Q, we 
have 


| udxdy = —oo. 
V 


Let r > 0 be such that B(zy,r) S Q. We are going to show that u(z) = —oo for 
every z € B(z,,r/2). In fact, for such a z, B(z,r/2) is a relatively compact 
neighborhood of zg, hence A(u,z,r/2) = —co. By Remark 4.4.2(2) we have 
u(z) = —oo. Therefore u = —oo in B(Zg,r/2). We claim that it follows that 
B(2),7/2) S B. If fact, if z € B(zg,r/2) and V is a neighborhood of z, then 
V ~ B(Z9,r/2) contains a set of positive measure where u = —oo; therefore it 
is not possible that ue L'(V). Hence B is both open and closed in Q and not 
empty since z) € B. We conclude that B = Q and the preceding proof also 
shows that u = —oo in this case. CO 


4.4.4. Definitions 


(1) A subharmonic function in the wide sense in an open set Q is said to be 
subharmonic in Q if it is not identically equal to —co in any component of 
Q. We denote SH(Q) the set of all subharmonic functions in Q. 

(2) A subset P of Q is said to be a polar subset of Q if there is a subharmonic 
function u in Q such that P < {z € Q: u(z) = —oo}. 

(3) If u is subharmonic in Q, the (relatively) closed subset 


E:= {ze Q:u(z)= —o} 


is Called the polar set of u. 


4.4.5. Definition (Maximum Principle). Let X be a topological space. A func- 
tion f: X — [—oo, o[ verifies the maximum principle in X if the existence of 
a relative maximum x, € X implies that f is constant in a neighborhood of xp. 


4.4.6. Proposition (Maximum Property). If a u.s.c. function f in a connected 
topological space X verifies the maximum principle and has an absolute maxi- 
mum in X, then it is constant. 


Proor. The set Y = {ye X : f(y) = sup f(x)} is both open and closed. CO 
xexX 
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4.4.7, Proposition. A subharmonic function in an open subset of C verifies the 
maximum principle. 


Proor. Let zp €Q be a relative maximum of f. Let r > O be such that 
B(zo,r) S Q and such that if z € B(zg,7r), then f(z) < f(z 9). Hence 


f (Zo) < Af. Zo.) S f (Zo). 


If there is Wo € B(Zp,r) such that f(wo) < f(Zo), there would be p > O such that 
B(wWo, p) S B(zo,r) and f(w) < f(z,) for every w € B(wo, p). One would then 
have A(f,Zo.r) < f(Zo). Cl 


4.4.8. Corollary. Let Q be a connected open subset of C, f subharmonic function 
bounded above in Q such that f takes its least upper bound somewhere in Q. 
Then f is constant. 


4.4.9. Proposition. Let u be a real-valued function of class C* in an open set Q 
in C. The following two conditions are equivalent: 


(1) u is subharmonic in Q 
(2) Au > 0inQ. 


ProoF. (1) implies (2) by the following lemma. 


4.4.10. Lemma. For a function f of class C? in a neighborhood of z we have 


2 
Af{z) = im “a LACS, 2.7) — f(z). 


PROOF OF LEMMA 4.4.10. Integrate in the variable h the Taylor development 


f(z2+h)—f@=h 


Ox 2 


where e(h) > 0 as [h| > 0. By the symmetry of 0B(0,r) in the h, and h, 
directions we obtain for r > 0 sufficiently small 


+ (5 oF eh ht + 2 c ot yh hy + + Leva) + |h|*e(h) 


es ; 1 of 
A(f,257) ~ f(2) = 5— weal 3 52) | bidolt) +5538 | __, hada 
+ r? | e(h) doth) 
|hl=r 
= 5 (Af) + o(7)) O 


(2) implies (1) by an application of Green’s formula: for r € ]0,d(z, Q°)[ we 
have 
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d 1 (7* du e 1 Ou 
Fp lb 7) = an \ a, 2 + re )d@ = ar oBe.n 3, (o) 146 | 
I 
_!i Au(l)dé dy > 0. 
2nr OB(z,r) 


Hence r+> A(u,z,r) is increasing and, since A(u,z,0) = u(z), we have u(z) < 


A(u, Z, 1). CJ 


4.4.11. Proposition. Let Q be an open subset of C. The following properties hold: 


(1) If u is subharmonic in Q and v is harmonic in Q, then both u + v and u — v 
are subharmonic in Q. 
(2) Let {u;};.; be a family of subharmonic functions in Q. The function 
u = supu, is subharmonic if it is < +00 at every point and u.s.c. In par- 
ie! 
ticular, u is subharmonic if I is finite. 
(3) If x,,..., x, are real numbers >0 and u,,..., u, are subharmonic functions, 


then )  x;,u; is a subharmonic function. 


i<i<n 


(4) The infimum of a decreasing net of subharmonic functions, inf u;, is sub- 


harmonic in the wide sense. In particular, the limit of a decreasing sequence 
of subharmonic functions is subharmonic in the wide sense. 

(5) If u is harmonic (even if it is complex-valued) then |u| is subharmonic. 

(6) log|z — a| is subharmonic. 

(7) If f is holomorphic then Re f, 1m f,| f|, and log| f| are subharmonic functions. 
(The last one only holds if f # 0 in each connected component of Q.) 

(8) If Q is an open subset of C such that OY # @, then —log d(z,Q*) is sub- 
harmonic in Q. 


Proor. (1) (w+ v)(z) = u(z) + v(z) < A(u,z,r) + Atv, z,r) = Atutv,z,r) if 
B(z,r) <Q. _ 
(2) For every ie! we have u,(z) < A(u,;,z,r) if B(z,r) <Q. Hence 


u(z) = supu,(z) < A| supu,,z,r] if we assume that supu,; is u.s.c. Therefore 
i i 


ie! iel 


u = sup u,; is subharmonic in that case. If I is finite, then sup u; is always u.s.c. 


ie! 
2) Ye aanle) < Lavtuyz) = 2(Saimaz) 
1<i<n i i 
(4) The infimum u = infu; is u.s.c. and for every je I, u(z) < A(u,;,z,r) if 
B(z,r) < Q. By the Dini-Cartan Proposition 4.2.6 we have 
inf A(u;,zZ,7r) = (int u;,Z, 3 = A(u, Z,1r), 
ie] 


ie! ie 


hence uwissubharmonic. = =— | 
(5) If u is harmonic in Q and B(z,r) <Q, then u(z) = A(u,z,r), it follows 
then that |u(z)| < A(jul, z,r) even if u is complex-valued. 
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(6) For every ¢ > 0, the function u,(z) = 4log(|z — a|* + ¢) is C® and its 
Laplacian is 4e/(|z — a|* + e)’. Therefore log|z — a| is subharmonic as a de- 
creasing limit of a family of subharmonic functions (see (4)). 

(7) It is clear that Re f and Im f are subharmonic. Moreover, by (5), | f| is 
also subharmonic. If f # 0 in every open set relatively compact and simply 
connected Q, cc Q, then we can write f/Q, =h |] (z — a)”, where the a,, 

1<j<q 
1 <j<q< o,areall the zeros of f in Q,, m, their multiplicities, and h = e* 
for some holomorphic function g in Q,. Therefore, in Q, we have 
logif|= > mlog|z — a,| + Reg, 
i <j<q 

which shows that log| f| is subharmonic in Q,. This ensures that log] f| is 
subharmonic in disks whose closure is contained in Q. This obviously implies 
log| f| is subharmonic in Q. 

(8) The function —logd(z,Q°) is continuous in Q. Moreover, for every 
¢ e OF the function —log|{ — z| is harmonic in Q, hence 


—log d(z, Q°) = sup (—log|z — ¢]) 
Ce fw 
ensures that —log d(z, Q*) is subharmonic by part (2). Cc] 


For the proof of item (7) of the preceding proposition we proved that log| f| 
was subharmonic essentially by a localization argument. In fact, subhar- 
monicity is a local property as it is shown by: 


4.4.12. Proposition. Let Q be an open subset of C, u:Q—+[—o, o[ a us.c. 
function. The following properties are equivalent: 


(1) For every compact K © Qand every real-valued continuous function f in K 
that is harmonic in K, if f = u on 6K, then f > uin K. 

(2) If D = B(zo,r) <Q and if fe C[z] is a polynomial in z with complex 
coefficients such that u < Re f on CD, thenu < Re f in D. 

(3) For every r > 0, for every measure js > 0 on [0,r], and for every z€Q, = 
{Ce Q:d(C,Q°) > r}, we have 


u([0, r])u(z) < | A(u, Z, p) dup) (*) 
{0,r] 
(4) For every 6 > 0 and z € Q there is a positive measure in (0, 6], with nonzero 
mass in |0,6] such that (*) is valid. 


Proor. (1) => (2) and (3) = (4) are evident. 


(2) => (3). Let us recall that if a trigonometric polynomial g(6) = > a,e"” 
is real-valued, then we have a_, = 4,,0 <k <n. " 

If z€Q,,0<p<r, then D = B(z,p) <Q. Suppose a real-valued trigo- 
nometric polynomial (8) satisfies u(z + pe’) < o(0) for every 0 € [0,27]. 
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Then the polynomial f = uy + )) a,(€ — z)*/p* will satisfy u < Re f on OD. 
k=0 


Therefore u < Re f in D. In particular, at € = z we have 


If w is an arbitrary real-valued continuous function in [0,22] such that 
u(z + pe’) < W(0), and if ¢ > 0 is given, we can find a trigonometric poly- 
nomial g such that W < 9 < + «. It follows that 


Since ¢ > 0 was arbitrary we can also let ¢ = 0 in this inequality. On the other 
hand 


0 


2n 
| u(z + pe’) dé = inf at | w(0) dé, yw continuous, 


which shows that u(z) < A(u, z, » Integrating this inequality with respect to 
the positive measure yu we obtain (3). 

(4) => (1). Let K be a compact subset of Q and ha real-valued function that 
is continuous in K, harmonic in K, and h > uon 0K. If M = sup (u—h)>O 


3 


then the upper semicontinuity ofu — himplies thatu —h = M on a nonempty 
compact subset F of K. Let Zo € F such that d(z),0K) =d(F,0K). Let 
OQ < 0 < d(F,0K) and p be a measure in [0,6] with the property (4). By the 
very definition of Zz, for every r, 0<r< 6, the circle 6B(z),r) contains at 
least a point in K \ F, hence, by the upper semicontinuity, it contains a whole 
arc of points such that u(z) — h(z) < M. Therefore, 


2% 
| (u — h)(z, + re'®) dO < 2nM, 


0 
whence 


5 Qn 5 
| | (u — hA)(zq + re’) dO dul(r) < 221M | du(r) = (u — h)(zo)2xp([0, 5)]). 
o Jo 0 


For the harmonic function h we have equality of the corresponding terms in 
this inequality, it follows that 


1 
—____ A(u, Zo, p)d < u(Zo), 
u([0, 61) \.. o> P) du(p) (Zo 
which contradicts (4). CJ 
4.4.13. Remarks. (1) To show that (1) = (3) we could also reason as follows: 


if p is continuous on OB(Zp, p)(0 < p <r) then yg = P(@)|AB(Zo, p), where P(¢) 
is the Poisson integral of og. If u < @ on OB(Zo, p) then it follows by (1) that 
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u < P(~)in B(zo, p). Hence, u(z)) < A(u, Zp, p) and, by integrating with respect 
to p, the proof can be concluded. 7 
(2) The same argument shows that u < P(u) in B(Zo, p), since 


P(u) = P( inf @ = inf P(g) > u. 
Pau Pou 
g continuous 
(3) Clearly condition (4) is satisfied if u is subharmonic in the wide sense. 
It follows that we can define subharmonicity in the wide sense using area 
averages instead of circular averages. 


It is clear what we mean by the phrase: u is locally subharmonic (or locally 
subharmonic in the wide sense). We have the following corollary to Proposi- 
tion 4.4.12. 


4.4.14. Corollary. Let O be an open subset of C and u:Q—>[—0o, of a u.s.c. 
function. 

(a) u is subharmonic in the wide sense if and only if u is locally subharmonic 
in the wide sense. 

(b) If ue Lj,.(Q), u is subharmonic if and only if u is locally subharmonic. 


If ue SH(Q) and B(zy,r) & Q, then we can define 


M(u,Z ,r):= max u(z). 


|z—Zol=r 
By Propositions 4.4.6 and 4.4.7 we have that 


(i) M(u,Z ),r) = max u(z), and 

Iz—-Zol <r 
(ii) r+» M(u, Z,r) is increasing for r € ]0, d(Z9, Q°)[. 
The following proposition extends these properties to the circular and area 
averages of u. If z. = 0 then we often write M(u,r) instead of M(u,0,r), 
especially in the case Q = C. 


4.4.15. Proposition. Let Q be an open subset of C, u a subharmonic function 
in Q, z €Q. In the interval ]0,d(z 9, Q°)[ the two following functions are 
increasing: 
A(u, Zo): rr A(u, Zo, r) € [—, of 
A(u,Z 9): rt A(u, Zo,r) ER. 
Furthermore, 
(1) A(u, 29,7) < Alu, 2,7) (0 <r < d(Zo,)) 
(2) u(z >) = lim A(u, Z9,r) = lim A(u, Zo,r). 
r-O0 r>0 


Proor. Let 0< r< R < d(Zo, 92"). 
(1) A(u, Zo) 1S Increasing: 
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In B(z,, R) we have u < P(u), therefore 
A(U, 29,1) S A(P(u), 29,7) = P(u)(Zo) = A(U, Zo, R). 
(2) Inequality A(u, Zo, r) < A(u, Zo, r): 


r 


2 2 {° 
A(u, Zo9,r) = 2 | A(u, Zo, t)tdt < "2 | A(u,Zo,r)tdt = A(u,Z,P). 
0 


0 


(3) A(u, Z)) is increasing: 
Assume 0 < r < R. Then 


2 [RF . 
A(u, 20> R) = R2 | Alu, 20> p)p dp 
0 


2 [8 r? 2 [° 
yp? A(u, Zo, p)p dp Oa A(u, Zo, p)p dp 


RI. R* 77 J, 
(R?—r7) r? 
= A(u, 203 r) RR? OO + R2 Alu, Z0> r) = Alu, 205 r). 


To conclude the proof it suffices to show that lim A(u, zo, r) = u(z,). Let 
r->0 


a € IR such that u(z)) < «. There exists ¢ > 0 such that if z € B(zy,), then 
u(z) < «. Therefore u(z,.) < A(u,Zz9, p) < «for0 < p <a. OO 


4.4.16. Proposition. Let u be a subharmonic function in an open subset Q of C 
and « a standard function in C. For p sufficiently small, u, = u*a, is sub- 
harmonic inQX, = {z € Q: d(z,Q°) > p} and the sequence {Uy} n>n, is decreasing 
and converges to u in Q,),,, (No integer sufficiently large). 


Proor. We have u,(z) = | u(z — C)a,(C)do dy = u(C)a,(z — C) de dn 
B(O, p) B(z, p) 


for ze Q,. If Biz,r) S Q,, we can apply Fubini’s Theorem 4.2.7 and obtain 


2% 
Au,, 2,1) = | (3. | u(z + re’? — sdb) a(C) dé dy 
B(0,p) \2T 


0 
> | u(z — C)a,(C)dodn = u,(z), 
B(O, p) 


hence the C® function u, is subharmonic in Q,. To show that the family u, 
decreases in p when p \. 0 and converges toward u, we just have to rewrite 
the definition of u, for ze Q,: 


u,(z) = | u(z — C)a,(C)dé dy = \ \- u(z — re'’)a,(r) dr dé 
B(O, p) 0 J0 


p 1 
= 27 | A(u, Z, p)a,(r)dr = 2n | A(u, Z, ps)a(s) ds. 
0 0 


326 4. Harmonic and Subharmonic Functions 


From this identity we see that u,(z) > u(z) if p > 0, and that if p, < p, and 
zéEQ,, then 


P2? 
1 


u, (Zz) — uy (Zz) = 22 | (A(u, Z, P28) — A{u, Zz, p,s))a(s)ds > 0. a 


0 


4.4.17. Remark. There is an analogous statement for a convex function f on 
an open interval Ja, b[ of the real axis. For any [a’,b’| © Ja, b[ we can define 
for x e[a’,b’] 

i/k 


Idx) = I(x — thay, ( dt, 
—i/k 
if k is a sufficiently large integer and a is a standard function in R. Set 
A(f, xX, 8) := (f(x + s) + f(x — s))/2, then we have 


1/k 
fidx) = \ (f(x + t) + f(x — D)oy,() dt 


“fered 
= 2 |. ils x, ; a(s) ds. 
0 k 


The convexity of f ensures that ifs, < s,, then A(f, x,s,) > A(f,x,s,). There- 
fore the sequence f, converges decreasingly to {. One verifies as in §4.4.16 that 
f, is convex on ja’, b’[. It is also clear from the definition that if f 1s increasing, 


then f, is also increasing. 


4.4.18. Proposition. Let [a,b[ ¢[—oo, oo[, f:[a,b[ - R convex, increasing 
and such that f(a) = lim f(t). Let u:Q—[a,b[ be a subharmonic function in 
i-a 


the open set Q < C. The function f o u is then subharmonic in Q. 


Proor. (1) If f and u are both of class C, then an easy computation shows that 
A(fou) =(f"ou)i|grad ul/* + (f° u)Au > 0, 


hence f o u is subharmonic. 

(2) If f is C? and u is subharmonic then (with the notations of §4.4.16) we 
have that fo u, is also subharmonic in Q,,. These functions tend decreasingly 
towards f o u, which is therefore subharmonic. 

(3) If a > —oo, extend the definition of f to ]—0oo,b[ by setting it to be 
equal to f(a) in ]—co, a]. This function is still convex and increasing, and we 
can approximate it in [a,b’] for any b’ < b by a decreasing sequence of C™ 
increasing convex functions f,, as was done in §4.4.17. Therefore, if u is sub- 
harmonic, we have that the decreasing sequence of subharmonic functions 
f, o uconverges toward fo u. This ends the proof of the proposition. C] 
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4.4.19. Examples. The last proposition allows us to construct numerous 
examples of subharmonic functions. 


(1) Ifu > 01s subharmonic and « > 1, then u* is subharmonic. 

(2) If u is subharmonic, then e“ is subharmonic. 

(3) If logu is subharmonic (u > 0), then u is subharmonic and wu? is also 
subharmonic for any p > 0. 

(4) If f is holomorphic, then | f|? is subharmonic for any p > 0. 

(5) If @ is a convex increasing function of a real variable, then ¢(|z|) is 
subharmonic. 

(6) If @, w are two convex functions in R, then for any A, 4 > 0 we have that 
u(z) = Ag(Re z) + py (Im z) is a subharmonic function in C. 


4.4.20. Proposition. Let Q be an open set in C and u:Q— R* au.s.c. function. 
Then logu is subharmonic in Q if and only if for every «é R?, the function 
v(z) := u(zjexp(a,x + a,y) is subharmonic in Q. 


PROOF. 1. The condition is necessary. If log u is subharmonic then 
logu+ a,x + ay 


is also subharmonic as well as its exponential. 
2. The condition is sufficient. Let us assume u € C? with values in 0, oof. 
We then have 


Ou Ou 
av = er] Au + 2(a a + O22 ot) + Gat + 08m |=0 


for every a € R*. Therefore, eliminating the exponential factor, multiplying by 
u, and completing squares, we have 


[lw ras) +(e) fewme-[(Z) +(3) Jeo 


Since a € R* is arbitrary, for each z € Q we can choose it so that the first term 
vanishes. Hence 
u*A(log u) = uAu — ||\grad ul? > 0. 


It follows that log u is subharmonic. If u is not of class C? we regularize as 
in 4.4.16 and 4.4.18. If uv is not strictly positive, consider u + ¢, ¢ > 0. Then let 
E>. (] 


4.4.21. Example. If u; > 0 and log u; is subharmonic (1 <j < q) then 


log(u, + °°: + u,) 


is subharmonic (log0 = — oo). 

It is enough to show this for g = 2. For ae R?, we have u. (zje"* "29 is 
subharmonic since log u; is subharmonic. Therefore (u,(z) + uy(z))et*t42? j iS 
also subharmonic for every a € R?, hence log(u, + u,) is subharmonic. 


328 4. Harmonic and Subharmonic Functions 


Let ue Li.(Q). We have seen in Chapter 3 that u can be considered as 
the element of the space of distributions 9’(Q) given by 


on| pdxdy (pe B&Q). 
Q 

aly, 
Ox" Oy?’ 
In particular, the Laplacian of u in the sense of distributions is the linear 
functional 


As such we can define D*u = for a = (a,,0,)E N27, lal =a, + a. 


pr <Au, p> -| uAg dé dn, pe AQ). 
Q 


Ou 
dz 
distributions then u coincides almost everywhere with a holomorphic function 
in Q. 

We recall that the Dirac measure at the point a is the linear functional 
6,: o> p{a). If a = 0 then we occasionally suppress the subscript. 


Example 5 of §2.2.9 can be restated as saying that if — = 0 in the sense of 


l 
4.4.22. Proposition. (1) The Laplacian of 5, losiz| in the sense of distributions 
Tt 


is the Dirac measure 0 (at the origin). 

(2) If f € #Q), f# 0 in any connected component of Q, and if {a;};., is the 
discrete set of zeros of and m, = m(f,a;) the multiplicity of those zeros, then the 
Laplacian of log|f| in the sense of distributions is a nonnegative measure: 


Alog|f| = 2x ¥ m,6,,, 


iel 


that is, 
(Alogif.> = 2 Yi mola) for pe HO). 


2 


Proor. Let us compute ( logiz1.0 for ge AC). We have by 


OZ0Z 
definition 
a2 d7@ j O20 
l 5 = ] nr, | — " 2 — 
(oe og |2| o) \. ogl2| - = x dy at (log|z| \ nae a2 A az 


: A2 
= , lim |. (log|z|?)—— dz n di. 


270 


The last identity is valid because the function log|z|* is locally integrable. On 
the other hand we have that for z # 0 the following computation is valid: 


§4. Subharmonic Functions 329 


a(S dogizi*y42) = 0 (220g 2°) 
OZ OZ 


0-0 3 _ , OY 
= a5aq loslz| ydz An dz + Orde A dz. 


Therefore, for ¢ > 0 we have 
O ool 
| (log|z|? )< dz a dz -| a(S ose) 4? | -| Pn dz x dz 
ljzj>e izi>e OZ Izj>e 0Z Z 


--| © dogiz|?)dz — | Op dz nde 
a | 


B(0,2) OZ ee ee 


. , 0 
It is easy to see that lim | °? logiz\? dz = QO, therefore 
CB(O,«) 


e-*0 


0 log|z| dg i Tl 
( Anas o)=-3|, a5 a —dz 0 d? =< 0(0) = zo 


The last identity is a consequence of Pompeiu’s formula. This proves the first 
part of the proposition, 


(2) Let {e;};., be a sequence of positive real numbers such that the closed 
disks B(a;,¢,) @ Q are pairwise disjoint, f(z) = (z — a,)"hjz) for some h; 
holomorphic in Q without any zeros in B(a;,¢,). Let Q) = Q\{a;:ie 1}, 
Q, = B(a,,¢;), ie I. Consider a, «; (i¢ 1) a C® partition of the unity sub- 
ordinate to this open covering of Q. For @ € BQ) we have 


<A log|f|,@> = I. (log| f|)Ag dx dy 


=| (log| f|)A(ao@p) dx dy + d | (log! f))A(a,p) dx dy. 


B(a;,&;) 


Let Q5 be a regular open set with boundary piecewise C! such that 


SUuPP(A%&)@) S QE cc Qo. We can apply to the first term Green’s formula and 
obtain 


[. (log| f)A(a%op) dx dy = | (log| f)A(ao) dx dy 
2% 


= { (Alogi fI)aog dx dy = 0, 


where the final identity follows from the fact that log] {| is harmonic in Qo. 
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We also have 


| (log| f))A(a;,p) dx dy = m, | (log|z — a,|)A(a,@) dx dy 
B(a;,€;) 


B(a;,&;) 
+ | (log|h,|)A(a;@) dx dy. 
B(a;,£;) 


The second term on the right-hand side is zero, because h; does not vanish on 
B(a;, €;). By (1) we can compute 


| loglz — «,|A(a,g)dx dy = | log|z — «;|A(a,p)dx dy 
Bla;, &;) Cc 


= 2n(a;9)(a;) = 2nep(4;), 


since by the choice of the partition of unity, we have «,(a;) = 1. Altogether we 
have obtained 


<Alog|f|,@> = 2m D) m<O.,. >: 


ie! 
1.€., 
Alog|f| = 2x > m;6,,. O 
ied 


4.4.23. Proposition. Let u¢ Li.(Q). The function u is subharmonic (i.e., equal 
a.e. to a true subharmonic function in Q) if and only if Au is a nonnegative 
measure. 


ProoF. Let us recall that for @ €e (Q) we have 


2 
lim re [A(g, Z, r) ~~ p{z) | = Ag(z), 


r70 


and the convergence is uniform (cf. §4.4.11). Let u be a subharmonic function. 
We claim that the following identity holds: 


| [A(u, z,r) ~ u(z) ]o(z)dx dy = | u(z)[A(@, z,r) — p(z)] dx dy. 
2 Q 
Assuming this claim for the moment, we have for g > 0 


(Au, p> = | u(z)Ag(z)dx dy = im ; | u(z)[A(@, 2,7) — p(z)] dx dy 
Q r Q 


= lim 2 | [A(u, z,r) — u(z)]o(z)dx dy = 0 


roo F 


since u is subharmonic. It is a standard fact in the theory of distributions that 
if <Au, p> = 0 for g € AQ), — = O, then Au is a nonnegative measure (i.e., it 
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makes sense to compute | w Au for any w continuous function with compact 


2 
support), see [L. Schwartz, Ch. 1, §4, Theorem V]. 
To prove the claim, we observe that 


2n 
| A(u, z, r)p(z) dx dy -| (>. | u(z + re®) 40 ~(z) dx dy 
° g \2n 


0 


1 [7 , 
= (| u(z + re’’)@(z) dx iy) dé 
20 Jo 2 
1 2n 


ae (| u(z)p(z — re’) dx iy) dé 


= | (3 \. p(z — re’®) io) u(z) dx dy 
2 \27 Jo 


-| A(, Zz, r)u(z) dx dy, 
Q 


where we have used several times that supp@ & Q,. 
This proves half of the statement of the proposition. To prove the other 
half we need two lemmas. 


4.4.24, Lemma. (1) If wis a complex Radon measure with compact support K, 
then the function 


I 
UM(2) = 5 | _loglz ~ ¢ldu(e) 


i 


is harmonic in C\K and, for |z| large, equals 5 
T 


log|z| + h(z), where h is a 


harmonic function tending to zero at infinity. 

(2) If wis also nonnegative then U" is subharmonic in C and U"(a) = —oo 
for every atom a of p. 

(3) (Riesz’ Decomposition Theorem): Let Q, be a relatively compact open 
subset of an open set Q < C,u € Li,.(Q) such that its Laplacian Au (in the sense 
of distributions) is a nonnegative measure p. Then, if we define a function uy in 
(2, by means of the decomposition, 


Ulz) = ule) + 5 | log|z — Cldu({), 
Tv 


G2, 


we have that uy is a harmonic function in Q,. 


The function U* is called the logarithmic potential of the measure 1. 


332 4. Harmonic and Subharmonic Functions 


ProoF. (1) The proof of (1) is left to the reader. 
(2) Letr > 0. Fort € K we have 


| logit zildxdy s | |log|w|| dx dy = M = M(r,d) < ow, 
\z|<r 


lwi<r+d 


where d is chosen so that K < B(0,d). Therefore, the function 


i | llog|t — z|| dx dy € L'() 
\z|<r 


since 


{| | llog|t — z|| dx iy| du(t) < Mu(K) < oo. 
lzi<r 


By Fubini’s theorem this implies that U“ € Lj,.(C). Note that U“ is only 
defined (up to now) outside a set of Lebesgue measure zero. 


1 
Let h,(z) := 4, “oslzl + 6) and g,(z):= [mc — €)du(). We verify imme- 


l 

diately that Ag,(z) = | (if - Pye du(¢) => 0. Therefore the family (g,),55 
7 —Z 

of subharmonic functions decreases towards U“, which is hence subharmonic 

in the wide sense. Since U“ € Li,,(C) then U* is subharmonic and defined 

everywhere. 


The last statement of (2) follows from the observation that 


i 
U°«(z) = —log|z — al ifz 4a. 

2n 
(3) Let us show now that in Q, we have the following property: 


| uyAgdxdy =0 for every gp € AQ, ). 
Qy 


In fact, by the definition of uy we have 


1 
| u(z)Ag(z)dx dy = | (| log|z — cldut) A(z) dx dy 


+ | Ug(z)Ag(z) dx dy. 
Q, 


go € AQ,). By Fubini, the last identity becomes 


\. u(z)Ag(z) dx dy = | p(z) du(z) + | ug(z)Ae(z) dx dy. 


2, 2, 
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But | u(z)Ap(z)dxdy = | ~(z) du(z) by the very definition of u! Therefore 
Q, Q, 
we have shown that the claim holds. 


We need an additional lemma. 


4.4.25. Lemma (Weyl’s Lemma). Let uy € Lj,.(Q,) such that its Laplacian in 
the sense of distribution vanishes identically in Q,. Then ug is harmonic (i.e., it 
coincides a.e. with a harmonic function in ,). 


Proor. This lemma is a particular case of Proposition 3.6.5, nevertheless it is 
instructive to give a different proof here. Let « be a standard function. The 
family of C° functions U, = ug +a,, p > 0, converges to u in Li,.(Q,) when 
p — 0. The function u, is only defined in Q, ,, but it is harmonic there. In fact, 
ifzeQ, , 


1,p? 


Au,(z) = | Uo(C)A(ag(z — 6) dE dy = | uo(L)Ar(a,(z — £)) dé dn = 0, 
Q, Q, 
since, for z fixed in Q, , the function ¢r>a,(z — ¢) is in D(Q,), and Auy = 0 
in the sense of distributions in Q,. 
Let now p, 0 > 0 be very smail, we have in Q, ,,,, 


Up * 4, * A, = Up *¥ A, *H, = UQ* Ay, 


by §4.3.3, (5), since we have just shown that uy*u, is harmonic in Q, ,. 
Therefore letting p — 0 we obtain uy * a, = uga.e.inQ, ,. That is, ug coincides 
a.e.inQ, , with a function C° and harmonic. A posteriori ug can be modified 
in a set of measure zero of Q, and taken to be harmonic itself. This proves 
Lemma 4.4.25. C] 


This also concludes the last part of the proof of the Riesz’s decomposition 
theorem. Lemma 4.4.24 is completely proven. C] 


We can now go back to the proof of Proposition 4.4.23. If ue Li.(Q) and 
Au > 0 in the sense of distributions, then for every open relatively compact 
set we have (up to a set of Lebesgue measure zero) 


u|{Q, = U* + up, p= Au. 


Since U* is subharmonic in Q, and uy is harmonic there, we can modify u|Q, 
so that it is defined everywhere in Q, and subharmonic. Since the subhar- 
monicity 1s a local property, ucan be made subharmonic in OQ (after modifying 
it in a set of Lebesgue measure zero). CI 


4.2.26. Proposition (Riesz’s Convexity Theorem). Let u be a subharmonic func- 
tion in the annulus C = {CE€C:0< R <([¢| < R’ < «}. Then the function 
Arr A(u,0,r), is a convex function of logr forré ]R, R’[. 
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2 
ProorF. Let us first assume u of class C’, let t = logr, and compute he We 


have 


di didr di 
di drdt dr 


d?h df{ da 2 d*) n 1 da AI 

—5 = r—(r—-|= = +--—]J= , 

dt? adr\ dr dr? or dr 
The last identity is valid since 4 is a radial function. Therefore, to show the 
convexity of 4 with respect to logr, we have to show that / 1s subharmonic as 


a function of z in the annulus C. Let us introduce the auxiliary function 
g(z) := A(u, 0, |z|). Then 


and 


Lf Lf 
g(z) = — u({zje) d@ = — u(ze'*) da. 
2 Jo 2T Jo 


If B(zo, p) = C then 


1 1 (*n/ 1 . 
A(g, Zo; P) = xp? {, g(z)dx dy = | (— | u(ze’") dx iy) da 
0 B 


B(Zo, p) (Z9,p) 


1 (7 . 
> | u(Z,e*)da = g(Zp). 
20 Jo 


If u is not of class C* we can regularize and obtain A(u, 0,r) as a decreasing 
limit of A(u*a,,0,r), which are convex functions of logr. Therefore A is also 
a convex function of logr. CO 


4.4.27. Remarks. (1) It follows from §4.4.26 that / is differentiable as a function 
of logr, except possibly at a countable collection of points. The right and left 
derivatives always exist. 

(2) The proof of §4.4.26 shows that if uis subharmonic in C and radial, and 
we write u(z) = ~(|2|), then @ is a convex function of log r. If uis subharmonic 
in B(O, R) and radial, then ¢ is also increasing since g(r) = A(u, 0,1). 

(3) As it could already have been remarked after §4.4.15, let us note that 
if u is subharmonic in Q and if E is the polar set of u, then not only E 
has Lebesgue measure zero but for any B(zo,r) < Q the linear measure of 
Eo éB(Zo,r) 1s also zero. If not, A(u, zg,r) = —o, and we would have 
A(u, Zo, p) = —0o for 0 < p <r, contradicting the fact that ue L}.(Q). 


4.4.28. Proposition (Gauss’ Theorem). Let u be subharmonic in an open set Q 
of C. For every z,9 €Q, re j0,d(z5,Q°)[ the function A: rt A(u,Z,7r) admits 
right and left derivatives with respect to logr and we have: 
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0 | 1 
sigs A(u, zon) (r) = x lo. Au = 5, Au(Bl2o,1)), 


0 1 1 _ 
= logr A(u, zon) (r) = x \ Au = 5, Au(Blo,7) 


where Au denotes the measure >0O induced by the Laplacian of u in the sense 
of distributions. Since A is a convex of logr, these derivatives are equal except 
at most at a countable collection of points and we have the integral relation: 


i(u, 2, R) —~ Hu,zo,r)=2-| $ Au)dat=2-| ! Au ) dt 
A(u,Z,,R) — A(uszZo,rns=— |] —- u , 
“0 “0 2n r f B(zo.r) 2n t B(zo,P) 


forO<r<R < d(z9,°). 
Proor. Let us suppose first that u is of class C, let ¢ = logr. Green’s formula 
gives 
di di | 
—(r) = —(r) = — | Au dm, 
2n B(Zo,F) 


(dm = Lebesgue measure) and, by integration, if0 <r< R < d(z),°) 


i Rj 
A(u, Z9, R) — A{u, Zo, hr) = =| ‘(| Au im dt. 
r B(Zg,P) 


For u an arbitrary subharmonic function we regularize as usual, u, = u*«a,. 
We claim that 


(1) lim A(u,, 29, 0) = A(u, Zg, t), and it is decreasing. 
p0 
(2) Au < lim | Au, dm < iim | Au,dm < | Au. 
B(zo,t) pO J Blzo,t) pO J Blzo,t) B(zo, t) 


We have observed (1) several times before. Property (2) follows from general 
properties of nonnegative measures. In fact, if @, yy € GQ) and 


PS Xp25,1) = LBz.1) S W, 


then 


| pau = | uo = tim | uA9 = tim | Au, <tim | Au, dm. 
Q 2 p70 JQ po JQ pO J Blzo,t) 


Hence 


| Au= sup | oAu < im | Au, dm. 
B(zo,t) O<e<i 2 pO J B(zo,t) 


<@ 
ee BB(zq,1)) 


The same way we obtain 
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| wAu = | uAw = lim | u,Ay =lim | wAu, > lim | Au, dm, 
Q Q 2 B(Zo,1) 


p70 prod JQ p70 


hence 


| Au= inf wAu > lim | Au, dm. 
B(zo,t) ype AQ) JO pO J B(zo,t) 
= XBizo,t) 


This leads to the chain of inequalities (2). We can now integrate them against 
the measure dt/t. One obtains, by Fatou’s inequality, 


Rj Rj 
li(| aud < | “(tim | Au, dm) 
r f B(zo,t) r © \p-0 B(zo,t) 
Ry 
< tim | (| du, dm) 
p70 Jr fF B(zo,?) 


= lim [A(u,, Zo, R) _ A(u,y,Zo57) | 
po 


= A(u,Z , R) — A(u, Zo, Pr), 


since the limits exist by (1). Similarly we can use the other part of (2). This 
leads to 


R 1 R 1 
| (| su) dt < A(u,Z),R) — A(u,Z9,r) < | ‘(| Au) dt. 
r f B(zo,t) r t B(zo,r) 


To compute the left derivative at R we need to divide by R —r and let 
r 7 R. Now we have from the continuity properties of measures 


lim Au(B(Zo, t)) = lim Au(B(zp,t)) = Au(B(Zo, R)). 
t>R* t-R~ 


Hence the limit of the difference quotient is 


d 1 
E Au, Zo9)| (R) = = Au(B(Zo, R)). 
The expression for the logarithmic derivative is obtained from this one by the 
chain rule. The right derivative is computed the same way. Cc 


4.4.29. Corollary (Jensen’s Formula I). Let f be a holomorphic function in 
B(O, R), (0) 40,0 <r<R and a,,..., ay the zeros of f in B(O,r), counted 
according to multiplicity, 0 <|a,| <|a,|<--:<|a,|. We then have the 
expression 


] 2H | 
A(log| f|, 0,7) = x| log| f(re"’)| dO = log| f(0)| + Nlogr — » , log|a;| 
0 


SJS 


= log (\s00 Il 1), 


i<j<n 
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Proor. Let us assume first that |a,| <r. Denote a, <-:: < a,, the different 
values of |a,| and n, the number of zeros (counted with multiplicities) of f in 
B(O, «,). Finally, let «) be an arbitrary value in JO,a,[ and np = 0. We are 
going to obtain Jensen’s formula from the integral version of Gauss’ theorem. 
Recall that 


Alogi|f|=2x ») 4,, 
1<j<N 


since this sum includes the multiplicities. For 0 < t < r we have 


ifte [a;-,,4;Lj <m 


| Nj—4 
v(t) = 5, (A logl f1)(BO, 0) = 1 =N ifte[a,, rl. 


(Recall we are assuming no zeros of f liein 0B(0, r).) Gauss’ theorem shows that 


A(log| f1,0,7) — Adog| |, 0, a) 


Ao t 


“1 dt 4 72 dt eg 2m dt 4 r dt 
n _ n _ owe i 1 h — 
to 0 t 7 1 t sens m~-1 t wo, m t 


= —n,loga, +(n, —n,)loga, +-°: + (n,_-; — 1, loga,,-, + 1, logr 


=Nlogr— > logiajl. 


1<j<N 


l 


On the other hand the function log|f| is harmonic in B(0,a,), hence 
A(log| f|,0, %,) = log| f(0)|. This proves Jensen’s formula when there are no 
zeros a;, with |a,| =r. 

If now a,, = r, we can write the preceding formula for r’ > r, and let r’ tend 
to r since every term is continuous on.r’. Note the terms with |a,| = r do not 
really count at the end. Oj 


4.4.30. Corollary (Jensen’s Formula II). The same conditions as in Corollary 


4.4.29 except we do not assume {(0) # 0 but let k be the order of multiplicity of 
the origin as zero of f. Then one has 


1 (7% 6 1 r 
_ i _ 4 pw k ir 
se |, loelfreido=toe( Zire TT), 


i<j< 
where a,, ..., dy denote the zeros of f in B(0,r)\{0}, counted according to 
multiplicity. 
Proor. Apply Corollary 4.4.29 to the function g(z) = f(z)/z*. O 


4.4.31. Remark. (1) If u is a subharmonic function in Q, z9€Q and 
O<r<er < d(Z,,), then 


Au(B(zo,7)) Ss A(u, 20> er) ~ Au, Zo,1). 
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| er dt 
In fact, Au(B(Z5, r))— = A(u,Z,,er) — A(u,Z9,r), and for t € |r, er[{ we have 


A(B(Zo, t)) 2 Au(B(Zo, r)). 
(2) In particular, if fis holomorphic in Q, f(z.) = 1 and v(r) is defined by 


I 
vr) = 5 (Alogls})(B(Zo,7)), then 


ar: 
V(r) < log M(If |, Zo.er) 


where M(\fl,z0,R)= sup If) 


f-Zo 
In fact, A(log| f|, 25, er) < log M(|f]|, Zo, er) and 
A(logif|, 20.1) = log f(zo)| =9. 
Note that v(r) coincides with the number of zeros of f in B(0,r). 
4.4.32. Proposition. (Hadamard’s Three Circles Theorem). Let u be a subhar- 


monic function in the annulus C = {Ce C:0<R <|C| < R’ < ow}. The func- 
tionrt+ M(u,r) = sup u(C), defined in |R, R'[, is an increasing convex function 


l=r 
of logr. 
Proor. For 6 € [0,27] fixed, the function u,(C) := u(fe’®) is subharmonic in C. 
Let 4(0):= sup u,(C). It will be subharmonic if one could prove it is u.s.c. 
O<@<2n 


If that were done, then .4(€) = M(u,r) when |¢| =r, hence .@ is radial and 
therefore equal to its circular average. We already know that the circular 
average of a subharmonic function is an increasing convex function of logr. 

So all we have to do is prove that .@ is u.s.c. Let z)7 €e Cand a > @(z,). Let 
¢ be any point with |f| = |zo|. Since wu is u.s.c. there is a neighborhood V, of ¢ 
such that u(z) < # if z € V,. There is ¢ > 0 such that 


Vee {2:R<|zo|—e< [z)<|zl+e<R SHC. 
IS1=Izol 


For ze C’ we have M(C) < a. This inequality proves the proposition. CO 


4.4.33. Corollary. There is no subharmonic function which is bounded above in 
C, except for the constants. 


Note that this corollary includes Liouville’s Theorem 2.2.20 as a particular 
case. 

If uw is subharmonic function in Q and E is its polar set, then for z ¢ E we 
have 

A(u, Zr 
y(u, z) := lim Au, 2,1) = 
roo logr 

since A(u,z,r) > u(z) as r>0 when z¢E. More generally we have the 
following. 
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4.4.34, Proposition. Let u be a subharmonic function in a neighborhood of z € C. 
The two limits 


A(u, z, r) _ M(u,z,r) 
lim and lim ————— 
0 logr r+o 6s Logrr 


exist, are finite, nonnegative, and they coincide. 
The common value limit y(u, z) is called the Lelong number of u at z. 


Proor. The existence of the two limits and that their values lie in [0, oo[ are 
consequences of the fact that A(u, z,r) and M(u, z,r) are increasing and convex 
functions of logr (cf. §4.4.15 and §4.4.32). From the preceding observation it 
is enough to prove their coincidence at points where u(z) = — oo, otherwise 
they are both zero. 

Ifu(z) = —oo there is Ry, 0 < Ry < 1 such that u(f) < O when ¢ € B(z, Ro). 
Let |C —zl) =r<p<R<R,.Wehave ~ 


| 2% R2 _ p? 
u(t) < M(u,z,p) < sup | ipa Re® we"? + Re) dé. 
) 


lw—zl=p 


| R2 __ p” R2 _. p? R __ p 
N h > eS d Re’®) < 0, 
ow we have zt Re — w= (Rip? Rip and u(z + Re”) 
therefore 
u(C) < M(u,z,p) < ——" A(u,z, R). 
R+p 
Hence 


R—p 
A(u, z,r) < M(u,z, 0) < —— — A{u, z, R). 
(u, 2.7) < M(u2,) <p> Hu 2,R) 
By continuity we can replace p by r. Dividing by logr reverses the inequalities, 


SO 


A(u, Z, 1) 5 M(u, z,r) 5 1 —r/R A(u,z,r) log R 
logr ~ logr ~1++r/R logR logr’ 


To obtain the desired conclusion it suffices to let R, r > 0 in such a way that 
log R ~ logr and r/R ~ 0. For instance R = —rlogr. O 


4.4.35. Corollary. If f is a holomorphic function in a neighborhood of z, then 


y(log} f|,z) = lim Allogifl.27) 4. Milogif2.7) _ m(f.2), 
r>0 logr 0 logr 


where m(f, z) is the multiplicity of z as a zero of f. 


Proor. Use Jensen’s formula 4.4.30 to evaluate y(log| |, z). ‘a 
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Figure 4.1 


4.4.36. Proposition (Schwarz’s Lemma for Subharmonic Functions). Let u be 
subharmonic in B(QO, R’) and such that u(0) = — oo, y(u,0) > 0. Let R be such 
thatO0 < R < R’. For every r withO <r < R we have 


M(u,0,r) < M(u,9, R) + y(u, O)log 5. 


Proor. Consider the convex increasing function F in ]— oo, log R’[ such that 
M(u,0,r) = F(log r) (see Figure 4.1). The corresponding graph in ]— oo, log R] 
lies below the straight line passing through the point B = (log R, M(u, 0, R)) 
with slope y(u, 0). The equation of this line is 


Y = M(u,0,R) + y(u,0)[logr — log R] = M(u,0, R) + y(u,0) logs. 
The inequality follows. C 


4.4.37. Corollary (Schwarz’s Lemma for Holomorphic Functions). Let f be a 
holomorphic function in a neighborhood of B(O, R) with a zero at the origin of 
multiplicity m = m(f,0) > 0. For 0 < |z| =r < R we have 


fle) < M(I11,0,8) (3) | 


PRrooF. Let u = log| f| in the previous proposition. Cl 


Let X be a Hausdorff topological space and f: X ~ R=[—co, 0]. We 
introduce the upper regularized function f* of f and the lower regularized 
function f, of f by 


f *(x) := lim sup f(x), J, {x)= lim inf f(y). 


yx 
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The function f* is upper semicontinuous (u.s.c.) and f, is lower semicon- 
tinuos (L.s.c.). Furthermore, f* is the smallest u.s.c. majorant of f and f, the 
largest l.s.c. minorant of f. Therefore, f is u.s.c. if and only if f = f*, and f is 
Ls.c. if and only if f = f,. 


4.4.38. Proposition. Let Q be an open set in C and u:Q—+[—oo, o[ be such 
that u € Lj,.(Q) and u(z) < A(u,z,r) for every B(z,r) <Q. Then u* is subhar- 
monic in Q. 


Proor. We have u(z) < u*(z) < A(u,z,r) since A(u,z,r) is continuous in Q,. 
Therefore u*(z) < A(u*,z,r) and, since u* is u.s.c., u* is subharmonic. CI 


4.4.39. Remark. We have in §4.4.38 that u = u* a.e. Namely, 


lim A(u, z,r) = u(z) 

r-0 
at every Lebesgue point of u (cf. [HS]), that is, ae. From the chain of 
inequalities 


u(z) < u*(z) < A(u,z,r) < A(u*,z,r) 
and u* subharmonic, we also conclude that everywhere 


u*(z) = lim A(u*,z,r) = lim A(u, z,r). 
r—0 r—0 
Therefore u = u* ae. 


4.4.49. Proposition (Hartogs’s Lemma). Let {u,},,., be a sequence of subhar- 
monic functions in an open set Q of C. Assume they are uniformly bounded above 
on every compact subset of Q. Let u:= limsupu, and u* its upper regulariza- 
tion. Then mo 


(i) the function u* is subharmonic; 
(11) assume there is a continuous function g in Q such that u < g inQ. Then, for 
every compact K © Q and every & > 0 there is an integer N such that 


u,(z) < g(z) + € forzeK, n>N. 


Proor. Let ¢, := supu,. The functions yg, and u = lim g,, satisfy the hypoth- 
k>n n-00 
eses of Proposition 4.4.38. Therefore p* and u* are subharmonic. Furthermore 
u* = lim o*. 
In fact, ~,41; < @, implies o*,, < o*. Therefore the limit of @* exist, is sub- 
harmonic, and clearly u < lim ¢*. It follows that u* < lim g*. Moreover, 


n-> oO nora 


both sides coincide except possibly in a set of Lebesgue measure zero (just use 
the previous remark). The identity follows now from the following lemma. 
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4.4.41, Lemma. Let u,,u, be two subharmonic functions in Q such that u, = u, 
a.e., then u, = u,. In particular, u = u* whenever ue SH(Q). 


ProoF. It follows from the following more general statement. 


4.4.42. Lemma. Let u, be subharmonic and u, be u.s.c. in Q. If u, = u, a.e. then 
u, <u, everywhere. 

PRrooF. Let us assume there is z9 € Q such that u,(z,.) < u,(Zg). Then there 
is 6 >0 such that u,(z) < u,(zy) in B(zo,d). For O<r<6 we then have 
A{tiy,Z0,1') < u,(Zo) < A(u,,Z,1r), therefore A(u,,2Z 9,6) < A(u,,Z 9,6), which 
contradicts the hypothesis. Cj 


Returning to the proof of Proposition 4.4.40, let now K cc Q, ¢ > 0 be 
given. Set E, := {ze K : p*(z) — g(z) > e}. E, is then a compact set and 


() E, =D 

n>1 
since u* < g. There is therefore n(e, K) such that n > n(e, K) implies E, = @. 
(The E, are nested.) Therefore o*(z) < g(z) + eforze K.Sinceu, < u* < oF, 
the proposition follows. CO 


4.4.43. Remarks. (1). Let {u,},., be an increasing sequence of functions in 
SH(Q) which is locally bounded above and u(z) := lim u,(z). Then u* € SH(Q) 


and the set {z € 0: u(z) < u*(z)} has Lebesgue measure zero. 

(2) The statement of §4.4.40 holds when we have a family u, depending on 
the parameter t > 0, (u,),.. uniformly bounded above on compact sets and 
u = limsup u,. 


i a0 


Some results comparing the averages of a subharmonic function in different 
points are given later. They will be applied to a division problem. 


4.4.44, Proposition. Let QO be an open subset of C, u subharmonic in Q, and K 
a compact subset of Q. There are two positive constants A, B depending only 
on u and K such that if Zp, 2, are any two points in Q, 0 <1ro, r, such that 
B(Zo,%o) S K, B(z,,7,) & K, and the segment [zp,z,] & K, then 


|A(u, Zoo) ~ A(u,23,71)| S Alzy — Zol + BLlog*(1/r,) + log*(1/ro) + 1]. 
Proor. Let 0, be a relatively compact subset of Q such that K ¢ Q,. We can 
apply the Riesz’s decomposition theorem to u and obtain 

u= U*+h inQ,, 


with yp = Au, h harmonic in Q,. We have evidently (since [z),z, ] © K) 
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|A(A, Zo, %o) — ACh, 24,71)| = [h(zo) — A(Z1)| S ky |Z, — Zol, 


for some constant k, that depends only on h and K. Our problem reduces to 
study only the case u = U*. Let 0 < R < dist(K,Q{). We will start by esti- 
mating A(U*,z,,R) — A(U*,z,, R). For that purpose recall that 


ACU, ¢, R) -| A(log|: — t],¢, R) du), 


$2, 


where the dot indicates that the average is taken with respect to that variable. 
Let N,(¢,t) represent the integrand, there are many ways to compute it 
explicitly, for instance, see §4.6.2, 


{1 {77 logit —¢C| if|¢—-C/>R. 
N,(C,t) = log|t — € — Re®|d@ = , 
alos) x |, ogit — 0 — Red ek if|t-—Cl< R. 
Let us now estimate |Np(z,,t) — Ne(Zo,t)|. Let z(s) = z, + s(Zp — 2), 
d 
O<s < l,and g(s) = Nz(z(s), t). We can compute (s) for the values of s such 


that |z(s) — t| 4 R. This excludes at most two values. We have 


d 
“F_0 if |z(s)—tl <R 
ds 
and 
dg 1(t—z)(Z9 —2,) + (t — Z)(Z% —%) , 
d Ljt— a 
Therefore, - < 5 fa aloo ial in the second case. Clearly, for teQ,, 


1 
z € K, we have 5 |t — z|/R* < C. It follows that 


Ig) — g(O)| < Clz9 — 2,1. 
This implies that 
|A(U*, z,, R) — A(U", 29, R)| < Cu(Q,)|z, — 2 
and 
|A(u, z,,R) — A(u,2Z 9, R)| < Alz, — Zol. 


Let us now estimate |A(u, z,, R) — A(u,z,,1r,)|. Assume first r, < R. Then by 
Gauss’ theorem 


1 (1 
[A(u,z,,R) — A(u,21,7,)| = pal (| iu) dt 
2n Pi E B(z,,0) 


H(Q,) + 1 
<< naire —_ . 
a, | log r, +logR 
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The other case r, > R is easier since r, < Ry < oo, with Ry a constant that 
depends only on K. Since the point z, can be treated the same way we obtain 


a 
i 


| | | 
|A(u, 21517; ) — A(u,2Z9,%)| < Alz; — Zo] + B| los" ~ + log* ~ + \). 
0 1 
as we wanted to prove. CJ 


4.4.45, Theorem. Let u be a subharmonic function in an open subset Q of C, K 
a connected compact subset of Q. There are two real constants a, b, b > 0, such 
that for every disk B(z,r) S K one has 


A(u,z,r) > a-+t blogr. 


Proor. Let 0 < a < dist(K,°), K, = {z 6 C: dist(z, K) < a}. There is a finite 
number N of disks B(z,,«) such that z;e K and 
Ke |) Bi,,a¢ K,. 
1<i<N 
Let p,0 < p < a/2, be the Lebesgue number of this covering of K and z) € K 
be such that u(z,) > —oo. (We can suppose Zz, exists since we are only 
interested in the case K contains some disk.) 
Let us show that there is a constant C > 0 such that 


|A(u, Z, p) — Au, Zo, p)| S Clz— Z| (2 € K). 


We are going to use that the proof of the preceding proposition shows that 
we can take B = 0 when rp = r, = p, independent of the points considered. 
The only problem to surmount is that the segment [z, z, | does not belong 
necessarily to K,. The problem only arises if B(z, p) and B(zo, p) are not both 
contained in the same disk B(z;,«). In that case |z — z,| > p. Since K is con- 
nected there is a chain of disks B(z,,,a), 1<k<n, such that B(zo, p)< B(z; , 2), 
BZ, HOB(Z,, HAO itl <k <n— 1 and Biz, p) S B(z;,,«). We can also 
assume that in the intersection we can find x, such that B(x,,p)¢ 
B(z;,,%) 0 B(z;,,,,«), by the definition of Lebesgue number. Now we have that 


Z,X,,Xz,..-, Zg are such that the successive segments lie in K,, therefore 
| A(u, Z, p) _ A(u, Zo, P)| s |A(u, Z, p) _ A(u, X1, p)| on 
+ |A(u, Xns p) _ A(u, Zo; p)| 


_ Let us consider now separately the cases r > p and 0 <r < p for a disk 
B(z,r) c K. 
Ifr > p then: 
A(u, Z, r) = A(u, Z, p) = A(u, 20> p) _ A\z ~~ Z| 


> inf (A(u,z>,p) — Alz — Zo|) = B > — oo. 
zéeK 
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IfO0 <r < p we have, since B(z, p) & K,, 


1 |? 1 K 
A(u, Z,p) — A({u,z,r) = rn | (| iu) dt < Hee og? 
r Biz,t) 


Therefore 


A(u,z,r) > A{u, z, p) — Me og? > A(u,Z9,p) — Alz — Zo| — Me Io a 

Let now r, := sup{r > 0:42 e K such that B(z,r) S K} and let b := me 
Choose now a, so that a, + blogr, < f. 

If0 <r < p then we have 

A(u,z,r) > B — blogp + blogr >a + blogr. 
Ifp<r<r, then we have 
A(u,z,r) > B>a,+ blogr, > a+ blogr, 

for a convenient choice of a, and the theorem has been proved. CO] 


4.4.46. Definition. Let QO be a bounded open subset of C, f holomorphic in Q 
and u subharmonic in Q. We say that f (resp. u) has polynomial growth in Q 
if there is M > O and p > 0 such that 


M 
<- Q 
SOS ae gyp (eD) 
(resp. u(z) < M — plogd(z,®*), ze Q). 
Therefore f has polynomial growth if and only if log| f| has polynomial 
growth. 
We have now the following “division” theorem. 


4.4.47, Theorem. Let Q be an open connected set. Let u be a subharmonic 
function of polynomial growth in Q and w a function subharmonic in a neighbor- 
hood W of Q such that h = u — w is subharmonic in Q. Then h is also of 
polynomial growth in Q. 


Proor. We have u(z) < M — plogd(z,Q°), M ER, p > 0. We also have 


cy 
h(z) <4 @ z, “ ) 


d(z, a) d(z, OQ) 
2 


we have d(€,Q°) > a therefore 


For €e 0B (-, 


h(f) = u(C) — w() < M — plog d(C, Q*) — wif) 
<(M + plog2) — plogd(z,Q°) — w(€). 
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From the previous theorem we can conclude that there are a, be R, b > 0, 
such that if B(z,r) © Q, then 


A(w,Z,r) > a+ blogr. 


d(z, O°) 


In particular, forr = 5 We obtain 


d(z, QS 
i(wz ( o)) >a — blog2 + blog d(z, Q). 


Therefore, 
d , O26 d Zy or 
h(z) < i(h, Z, G , <M + plog2 — plogd(z,Q*°) — il Z, a — 
< M, — p, log d(z,’). 
with p, =p +6,M,=M—a+(p+ bdjlog?. Cc 


4.4.48. Corollary. Let be a connected bounded open subset of C, f holomor- 
phic inQ of polynomial growth, g holomorphic in a neighborhood of Q. If h = f/g 
is holomorphic in Q then h has polynomial growth in Q. 


This corollary is related to very precise lower bounds on the absolute 
value of holomorphic functions, which go by the generic name of “minimum 
modulus” theorems. We will see other ones in this book. The quintessential 
one is the Cartan-Boutroux Lemma 4.5.13 (cf. [Le], see also [Momm] and 
references therein, [ Vall ]). 


EXERCISES 4.4 
Q is a domain of C and B = B(O,1). We write z = x + iy. 


1. 


Show that the subset of SH(Q), consisting of the continuous subharmonic func- 
tions, can be characterized as the set of real-valued functions u in Q such that for 
every compact K <Q there is an open neighborhood V of K, a decreasing 
sequence u, € C*(V), u, subharmonic and u is the uniform limit of the u, on K. 


. Let wu: Q—>[—o, of be us.c., u # —oo. Assume that for every a, be R, the 


function z+> ett" is subharmonic in Q. Show that u is subharmonic. Is 
the converse true? 


. (i) Let fe CR(R), f'(0 > 0 for every t, and v € CZ,(Q). Assume that for every 


a, be R, the function z+> f(ax + by + v(z)) is subharmonic. Show that v is 
subharmonic. 

(ii) Let f e CR(R). Assume that for every a, b e R and every v €e SH(Q) n C?(Q), 
the function zt f(ax + by + v(z)) is in SH(Q). Show that f is a convex 
function. 


. Give an example ofa u.s.c. function f : Q -» [—oo, oo [ such that for every compact 


K &Q, f|K takes its maximum value on 0K, but f ¢ SH(Q). 
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5. Let feSHQ) and @geCp(Q) such that g is subharmonic in 
Q\ {z €Q: f(z) = —co}. Show that 9 is subharmonic in Q. (Hint: For ¢ > 0, 
show that @ + ef € SH(Q).) 


6. Assume that (u,),>, & SH(Q) and u, — u uniformly on Q when n — oo. Show that 
u € SH(Q). Show that it is enough to assume the convergence is uniform over 
compact subsets of Q. 


7. Consider the space SH(Q) with the topology of locally uniform convergence, 
suppose ( # ¥ S SH(Q) is a relatively compact family. Show that the function 
g(z) = sup{ f(z): fe F} is subharmonic in Q. 


8. Let H = {ze C:Imz=y> 0}. Let ve SH(A) be such that v(z) < A + By for 
some constants A, B. Show that 


oy) = sup v(x + iy) 


is a convex function of y. (Hint: let O<a<b, Liy)=ay+ 8 be such 
that g(a) < L(a), o(b) < L(b). Let ¢ > 0 and consider the auxiliary function 
v,(z) = v(z) ~ L(y) — e(x* — y? + b?). Show that v, <0 in the strip a< y <b. 
Conclude that @ 1s convex.) 


*9. Let do, a1,...,a, € H#(C), ag(z) # 0 for every z e C. Consider P(z, w) = a,(z)w" + 
a,_,(z)w"! + +++ + a,(w)z + ao(z). Let Z(P) = {(x, w) € C?: P(z, w) = 0}. 
(i) Show that Z(P) is a closed subset of C? and Z(P) a(C x {0}) = @. 
(ii) Define g(z) = d(0, {w: P(z, w) = 0}). Show @ is a continuous function with 
values in ]0, oof. (Hint: use Hurwitz’s theorem.) 
(iii) For every fixed z, consider the function wt (P(z, w))”'. It is holomorphic in 
B(O, p(z)). Let 


= \ a,(z)w*. 


P(z, w) k>0 


Show that the «, are entire functions. 


in C, 

(v) Assume that there is p > 0 such that (C x B(O, p)) \ Z(P) = @. Show that 
there is R > O such that for every z, the polynomial equation P(z, w) = 0 has 
a root of absolute value exactly R. (Hint: What can you say about g under 
this assumption?) 


*10. Let 0 < a, € SH(Q), 1 <i, j <n. Let A(z) be the n x n matrix whose entries are 
the functions a,,. Suppose A(z) is an orthogonal matrix for every z € Q, show all 
the a;; are constant functions. 

1i. Let D= {zeEC:R, <|[z| < R,}, 0 <u, e SH(D). The aim of this exercise is to 
generalize §4.4.26 and show that 


1 2% 1/2 
rr>m(r) = (5. | (u(re'®))? io) 
0 


is a convex function of logr when R, <r< R,. 
(i) Show that it is enough to prove it for 0 < uand ue C”. 
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13. 


14. 


15. 
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(ii) Show that if one can prove that the function mis subharmonic we are done. 
(11) Show that if one could prove that, for every ne N*, the function 


| mon, 
ug(2) = (; py (err) 


is subharmonic, the statement would be correct. 

(iv) Let v,, ..., v,é€C*, 0<v,eSH(D). Prove that z+>(vj(z) +--+ + v7 (z))'? 
is subharmonic. Note that for a fixed z) there are real nonnegative num- 
bers x,,..., X, such that x7 + °°: + x2 = L and (v?(zg) + °°: + v2(z,))!? = 
X,0,(29) + °° + X,0,(Z9). Conclude the proof of (iv) and of the original claim. 


1/2 


(Hopf’s Lemma). Assume that Q has a C? regular boundary. Let fe CL(Q), f 
harmonic in Q and not constant. Let z, ¢ 0Q be such that zy is a strict local 
maximum for f (that 1s, f(z)) > f(z) for every z € B(zy,r) AQ, for some r small.) 


| 6 
We want to conclude that Fe.) > 0, n = outer normal. 
én 


(i) Show we can find a disk B(z,, R) such that z, € B(z,,R) © Q/ {zp}. 

(ii) Consider the region B’ = B(z,, RR) B(zo,r), where r,O0 <r < R,is chosen so 
that the hypothesis of the local maximum is satisfied. Show that for « > 0 
sufficiently large, the function A(z) = e~**77! — e7?*’ satisfies Ah > 0 in BY. 

(ii) For ¢ > 0 small, consider the function @ = f + eh. Show that for 
Z€ Biz, r) OQ, o(z) < f(Z9). Conclude that g(z) < f(z) in 6B’\{z)}, while 
(Zo) = f(Z,). Deduce that 


Show that this imphes that Tea) > 0. 
n 


Let u > 0 in Q, show that log u is subharmonic in Q if and only if uis us.c., u € 0, 
and for every open set U in Q and every h harmonic in U, the function ue" is 
subharmonic in U. 


Let u # 0, u.s.c. in Q, u > 0. Show that log u is subharmonic in Q if and only if u* 
is subharmonic in Q for every « > 0. 


(i) Let 0 < u be a continuous function in the annulus D = {zeC:0< R, < 
|z|< R, < o}. Show that 
rt log A(u, 0,1) 


is a convex function of logr for re ]R,,R,[ if for every real a the function 


rrr? A(u, 0,7) 
is a convex function of logr. 

(ii) With u as in (i), assume further that logu is subharmonic in D. Show that 
for real a, z++logu(z) + «log|z| is subharmonic and the same is true for 
ze>|z{*u(z). 

(iii) Under the conditions of (ii), compute A(|z|*u(z), 0,7) in terms of A(u, 0, r). 

(iv) Conclude that if 0 < uin D and logu € SH(D), then 


rt log A(u, 0,1) 


is a convex function of logr,ré |R,,R,[. 
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16. 


19. 


20. 


(v) Let u > 0 for which log u € SH(B). Show that 
rt log A(u, 0,7) 
is a convex function of logr in ]0, 1[. 


Let u: B > [ —oo, oof be u.s.c. and # —oo. Show that iffor every ye ]—1,1[ the 


function 
xrou(x,y) — (Ix] </1 — y’) 


is a convex function of x, and for every x € |—1, I[,, the function 


yerou(x,y) (ly < 1 — x?) 


is a convex function of y, then u €¢ SH(B). (Hints: (i) Show that if (h,k) ¢ R? are 
such that 0 < h* + k* =r’ sufficiently small, then u(xo, yo) < 

4[u(xo + A, Vo +k) + ulXg + hy VQ — kK) + ulXy — hy yo + kK) + u(X9 — hy VQ — KI. 
(11) Let g, be a decreasing sequence of continuous functions converging to u in 


B(zo,r) for some zy, € B, 0 < r small. Use (i) to conclude that u(z,) < A(@,, Z9,1).) 


. Recall from the last chapter that A(B) = #(B) 0 GB). 


1— 
(i) Let f € A(B). Let y be an arc of 6B of length a > Oand A(z) = = ea ze B. 
mi+|z 
Show that 
A(z} 1—A(z) 
f(s (ma 0] (max 101) . (*) 
ey € 


(Hint: Let M > m be such that M > max|/f(¢)|, m = max|/(¢)|. Show that 
eB € 
~p(z) = log max(| f(z)|,m) = logm + log* ( — : is subharmonic in B and 
m 


2n 1 — \z|* 


1 | 
z)<h(z):=— | —»— ole) do. 
plz) < h(z) x epee” 


Show that h(z) < A(z)logm + (1 — A(z))log M in B. Conclude that (*) holds.) 

(11) Use (i) to show that if (f,),., S A(B), || fillg <M, and the sequence (/,), 
converges uniformly in some arcy of length « > 0, then (/,), converges in 
H#(B) to a bounded holomorphic function f. 


. Let fe #(C). Assume | f(z)| < Ae®", A,B,p >0. Estimate the function 


1 
v(r) = x (A log] f|)(B(O, r)), for large values of r. Apply to the case f(z) = g(z) — a, 
for ae C€ fixed, |g(z)| < Ae®?. 


Let fe #(C), compute A log| f|. Is log| f| subharmonic? Can you derive Jensen’s 
formula in this case from the Riesz’s decomposition theorem anyway? 


Let D= {zeC:0< R, <r<R, < o}. Let fe A(D), f(z) # 0 for every point 
in D. Let m, = min | f(z)|,m, = min | f(z)|. Estimate 
z|=Ry Izl=R2 


min|f()| (Ry, <r < R,). 


lz|=F 


. Let T be a Jordan arc contained, except for its endpoints, in the open angle 


|Argz| < « < 2. Assume its endpoints a, b lie respectively on the rays Argz = a, 
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22. 


*23. 
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Arg z = —a. Define a Jordan domain Q as the interior of the Jordan curve formed 
by [0,a[, C and ]b,0[. Let f € #(Q) be such that 
— m iff€eT 
li < 
my OTs tne £€ [0,4] U [6,0] 


and let R = max{|¢|:¢ € T}. Show that for any r € Q 7 R, one has the inequality 
flr] < MEMOIR py RI 


Note this estimate is only interesting if m < M. (Hint: for any e > 0 consider 

the auxiliary function ¢,(z):= f(z)exp(e(z/r)""), z € Q. Obtain an estimate for 

sup |@,(z)|, a corresponding estimate for | f(r)|, and minimize the latter over all 
Q 


ée>0,) 
Conclude that if a sequence (f,),., € #(Q) ts uniformly bounded in Q and 
converges uniformly to zero on I, then it converges to zero in #(Q). 


Let f € #(B), p > 0. Show that 


nr 


l I . 
— | | f(z)? dm(z) < — | | f(e")|? dé. 
Tt |p 2n 


kh 


dm(z)\}/7 dz\\12 
(| ray) <( | | for —— , 
B us OB 20 


* .,, 40 
(The functions f{ € #(B) for which im If re) 5 < oo constitute the 
_ T 


poi” 


In particular, 


natural domain for the inequality. One says f € H?(B). There is a very rich theory 
about the space H?(B), see [Du2], [Koo].) 


(a) Let ao, a,,..., 2Oand B,:= } a a,_;. Show that 
j=0 


Be<(nt+ 1) d OF On 5. 
« 


(b) Let f € #(B). Show that 


d dz\|\- 
) say <( | top ) | 
B mt éB 2n 


Why is this not an obvious consequence of Exercise 4.4.22? (Hint: introduce 
the function g(z) = (f(z))*, compute both sides in terms of their Taylor 
expansions and use part (a).) 

(c) Let f € #(B) show that 


d dz|\* 
| | | iftails } 3 
B 7m éB ml 


(Hint: Assume first f does not vanish on B.) 
(d) Let w € #(B) which is injective in 0B, and let Q = p(B), T = cQ. Use (c) to 
show that the isoparametric inequality holds: 
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24. 


25. 


26. 


*27. 


1 
m(Q) < —(¢(T)y. 
An 


(Note that one can refine the previous parts to show also that equality holds 
in the isoparametric inequality if and only if Q is a disk. For related inequali- 
ties, see [Car]. Moreover, part (c) can also be used to show that if u € @(D), 
u > 0 throughout, then log u € SH(D) 1s subharmonic if and only if for every 
disk B(zy,r) S D one has 


(A(u?;z9,1r))*? < A(u;zo,7), 
see [Ra, 3.26] and references therein.) 


Let u be a nonnegative continuous and subharmonic function in B(O,R). Let 
Zp € B(O, R), C be a circle of center z, and contained in B(O, R). Show that 


| u(z)|dz| < (: +- ve) | u(z)|dz|. 
C R 0B(O0, R) 


(Hint: let v be the harmonic function in B(O, R) that coincides with u on 0B(0, R). 

Compare | u(z)|dz| and v(z,). Then use the Poisson formula.) In the case where 
Cc 

u(z) = | f(z)’, f € A(B(O, R)), A > 0, and C is a convex curve inside B(0,r), it is 


possible to prove the more general inequality 


| [f(@I"ldz| < 2 f(z)" 1dz| 
Cc B(O, R) 


(see [Gab] ], [Gab2]). 
Use Theorem 4.4.5 to prove that if f ¢ A(B(O, 1)), f = 0, then 


| log| f(e”)|d@ > —oo. 


(In fact, weaker conditions that continuity up to 0B(0, 1) suffice, e.g., f bounded.) 
Conclude that if g is a holomorphic function in H = {z:Imz > 0}, g is 
continuous in H = {z:Imz > 0} and bounded, then 


© it 
[7 Pose =o 
_» %Itx 


implies that g = 0. 


1 
Give a different proof of 4.4.22(1), using that log|z| and — are locally integrable; 
2 


0G 10d 1 
hence the computation of the derivative —log|z| = — —log|z|* = —, which is 
OZ 2 Oz 2Z 


correct for z # 0, holds everywhere in the sense of distributions. Use the pre- 


; 0 1 
viously proven a mo to conclude the proof. 
Zz 


i _ 
Let Q = ‘ :-<|z[< . B= B(0, 1), f:Q—- B holomorphic, f continuous in Q, 
r 


1 log|z 1 
and f(¢B) S OB, and let h(z) = — 8! | +=, 
2logr 2 
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(a) Let u(z):= 5 A(¢), where the sum takes place over the solutions { € Q of the 


equation f. (c ) = f(z). Show that ue SH(Q). 
(b) Assume f|{z:|z| =r} is injective. Show that u(z) < 1 everywhere in Q. 
(c) Use (b) to conclude that f|{z:1 <|z| <r} is injective. 


1 ; . 
(d) Use the function g(z) = z + — to construct an example of a function f that is 
z 


not injective in {z:a <|z| <r} for any « < 1 (cf. [BGHT)). 


§5. Order and Type of Subharmonic Functions in C 


As we have already seen, a function u which is subharmonic in C cannot be 
bounded above unless u is constant. In fact, M(u,r) grows at least as fast as a 
linear function of logr. It is therefore natural to compare the order of growth 
of M(u,r) with that of different functions of logr, and classify, if possible, the 
subharmonic functions according to the different orders of growth of M(u, r). 
In what follows, an order of growth will be a positive, nonconstant convex 
function of logr. The typical functions are r*, exp(r*), exp(exp(r7)) = exp,(r’), 
...,€xp,(r*), with p integer > 1, a > 0, and exp, = exp(exp,-_,). Let us denote 
log,x = log(log x) (for x > e), log,x = log(log,_,x) (for x > exp,1). We can 
now introduce the concept of class of growth of a subharmonic function. 


4.5.1. Definition. For a subharmonic function u in C we say that 


° It is of class zero if 


Mu, 
lim sup (4,7) < 
r 


rood 
¢ It is of finite class p > 1 if pis the smallest integer k > 1 such that 


log, M(u, 
lim sup een < 0 


¢ It is of infinite class if no such integer exists. 


If p = 1 one says also that u is of finite order. In this case, the number 
p € [0, of defined by 
log M(u,r) 


= |i ! 
p mm SUP logr 


is called the order of u. 
For functions of positive order p > 0, we have also the concept of the type t: 


t = limsup 


ro 
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We say that u is of minimal (resp. normal, maximal) type if t = 0 (resp. it is 
finite and nonzero, infinite). The function u is said to be of finite type if it is of 
either minimal or normal type. 

Finally, if f is an entire function we use for f the terminology used for 


u = log| |. 


4.5.2. Examples and Remarks. (1) If fis an entire function, then f is of class 
zero if and only if f is a polynomial. 


log|z| + ./(log|z|)? + 4 
(2) u(z) = vi 
which is not the logarithm of | f|, for any f entire. 

(3) Let P be the polynomial P(z) = a,z" + -°* + ao, z, # 0. Then exp(P) is 
an entire function of order n and type |a,|. The function exp,(P) is of class 2, etc. 

(4) More generally, if fis an entire function of class p then exp(/) 1s of class 
pti. 

(S) An entire function which is not a polynomial is called transcendental. 
We will see that there are transcendental functions of order zero. Such a 
function f verifies the condition: 


Ve > 0 4c, > 0:|f(z)| < c, exp(|z|*) (ze C). 


is a subharmonic function of class zero 


In the same way a function f will be of order p > 0 if and only if: 
Ve > 0 dc, > 0:| f(z)| < c, exp(|z|?*™*) (ze C), 


and p is the smallest number having this property. 

The entire functions most often considered are those of finite order since 
they arise in a natural way in harmonic analysis. Quite often, they are of 
exponential type. These are entire functions for which there are constants A, 
B > 0 such that 


If(z)| < Aexp(Biz|) (ze €). 


In other words, these functions are precisely the entire functions of order < 1 
together with the functions of order 1 and finite type. 

(6) Ifu,,u, are two subharmonic functions of the same class, then u, + u, 
is at most of the same class. If the classes are different, then u, + u, is of the 
largest class. One can verify the same property holds for orders. 

(7) The class, order, type of an entire function, and those of its derivative 
coincide. 

(8) If fis an entire function without any zeros and of finite order p (resp. 
class p) then the function 1/fis of the same order p (resp. class p). 

The proofs of the nonevident parts of these statements will constitute the 
rest of this section. 


4.5.3. Proposition. The entire function f(z) = >| a,z" is of finite order p if and 
only if nz0 
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nlogn 


= |} 
Cee F —loglayl 


is finite. In that case p = UL. 


ProorF. We show first that up < p. We will use that 


Mf, 
la,| < MUSE?) r>0. 
r 
If u = 0 we have clearly that up < p. Let us assume 0 < pp < 0. If up < o, let 
R = pt — &, with e small and positive, so that R > 0, and let R > 0 arbitrary if 
yt = +00. It follows that for infinitely many indices n > 1 we have log|a,| < 0 
and 


I 
nlogn > Rlog ia) 
ay, 


Therefore for these indices 
logia,| = —nlosn 
and 
log M(|f|,r) > logia,| + nlogr > n( toes _ ven) 


Set r, = (en)'/*. Then 


n 
log M > — 
og M(\fl.7,) = R 


and 


loglog M(|f\,r,) S logn — logR 
logr, logn + 1 


We conclude that 


loglog M log log M( 
= fim sup CBOE MUILY Shin sup Oboe MUS) Sp 
rao log r fi 00 log rh 


Since R is an arbitrary real number smaller than y it follows that p > yu. 
Let us show now that p < yu. If # = +o there is nothing to prove. Assume 
uu < oo and let ¢ > 0. For n sufficiently large we have 


that is, 


ja,| << noe), 
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Note this condition also implies that f is entire. Since the addition of a 
polynomial does not change the order of a function we can assume the last 
inequality holds for every n > 1 and that ay = 0. We have therefore for r > 1: 


M(fLo< > lair" < ¥ nvr = §, + S,, 
n>0 n>1 
where 
S, _ » no nete) pn S, _ n ete) pn 
i<n<(2ryete n>(2ryete 
In S, we have rn '/#*®) < 1/2. Hence S, < 1. On the other hand 
2 2 
S,<rPP™ SY not) < M exp((2r**logr) < M, exp(r“*?*). 
n> 


for some constants M > Oand M, > 0. It follows that p < yu + 2e. Since e > 0 
is arbitrary, the proposition has been proved. C] 


4.5.4. Proposition. Let f(z) = ) a,z" anentire function of order p,0 < p < ©. 
Let nO 
v = lim sup nla, |?/". 
noo 


Then f is of type t, v = pet (with the understanding that f is of maximal type 
if and only if v = +00.) 


PRooF. If v < oo then f is at most of order p and if v > 0 then ff is at least of 
order p. Namely, let « > 0, then if v < oo and vn large 


nla,|"" <v + ¢, 


it follows from the previous proposition that the order of f is at most p. 
Analogously one shows the other statement holds. 

Assume now that 0 < v < 00 and we will show that t < v/ep. Let ¢ > 0, for 
n large one has 


and one can suppose this inequality holds for n > 1 and a, = O since adding 
a polynomial to f will not change its type. Therefore 


PL n/p 
fa s Y lair s 5 (OFAN 


n> nH 


, | r?(v + e)\/? , , 
Consider the function g(t) = ae for t > 0. Its maximum value is 
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taken at 1 =! —_ rer and it 1S Cxp (vr8 — ) We have thus, for some 
e p 
convenient M > 0, 
V + & r? n/p y + £ r? 
31 = ». (C28 — <(v + 2e)r? exp G24 
1 <n<(v+2e)r? n pe 


p 
< M exp (+ 20) 
pe 


(v + ey ( v+eéE y" 
5, = ae <)>) |--- = M, < o. 
; eaxoon ( n », v + 2¢ , 


It follows that t < v/ep. To show the opposite inequality, note that if0 <é< vy 
there are infinitely many n such that 


In the Cauchy inequality ja,|<r"M(|fl,r), let us take r? = man One 
obtains me 


M(florq) > laalr > (ery = oho = exp (“ —#) i) 


nh 


Therefore t > a Cc] 
ep 


Examples 


p\n/p 
GQ) f2ij= > (<") z" is an entire function of order p and type t. 
n 


n> 


(2) The same holds for f(z) = >. iis a) 
n>O0 


4.5.5. Proposition. Let v,,v, be two subharmonic functions in C such that the 
function v = v, — v2 is also subharmonic. Assume v,(0) > —00. For every s > 0 
and 4 > 0 one has 


2 2 
M(v,s)< M(v,,C1 + A)s) + (1 + ") _ 1 | Moot + A)s) — ( + :) v,(O). 


Proor. Let R = (1 + A)s,r = R—s =As and 
p= v2 — M(v2, R). 


This function is then subharmonic and negative in B(0, R). This last property 
implies that for any z with |z| = s we have 
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| pdxdy < | oy dx dy, 
B(O, R) Biz,r) 


which can be rewritten as 
r? A(p,z,r) > R*A(@,0, R), 
or 
r?* A(v,,2z,r) — r?>M(v2, R) > R? (0) = R7v,(0) — R?M(v,, R), 


because @ is subharmonic. This last inequality is equivalent to 


2 2 
A(v,,2Z,r) > Me.) — (: + :) ) + (: + 7) v,(0). 


We use now the hypothesis that v is also subharmonic, 


v(z) < A(v,z,r) = A(v,,2,7r) — A(vz,z,r) < M(v,,R) — Al(v3,z, Pr) 


2 2 
< M(v,,R) + Mos. R)((1 + ) — } _ (: + 7 »,(0). 


Since z was arbitrary we have 


M(v,s)< M(v,,(1+/4)s)4+ M(v,, (14+ a((1 + ) _ 7 — (: + ) v,(0). 


which is the inequality we were looking for. O 


4.5.6. Corollary. If v, and v, are two subharmonic functions of order at most 
p (resp. finite class at most p) such that v = v, — v, is also subharmonic, then v 
is of order at most p (resp. finite class at most p). 

If for every ¢ > 0 there is ann > 0 such that whenever |z| > n one has 


v,(z) S(t, + 8)/2| and v2(Z) < (t2 + €)|2I, 
then 
(t, if t,=0 
| 2t, if t, =0 
| Po 1+ Ag)(1 + 24 
t = limsup \ (1 + Ag)t, + (+ Ao)(l + 240) Tt, if t,t, #90, 


| Ao 
where A, is the positive root of 


| (t,/t,)A? ~ 31-2 =0. 


ProoF. Let us prove only the last statement, the other ones being similar. We 
can assume v,(0) > —oo (otherwise a small translation would achieve this). 
For ¢ > Oand s large we have 
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Mi(v,s) < (t, + 8)(1 + A)s 


2 2 
+(t, +e) + as((\ + ) _ 7 — ( + 1) v,(0). 
Hence 


Me(r, | 1\? 
t = limsup ns < inf Jl +A) +1,(1 4 a(( + ) — i)}. 
570 ‘ A>O \ 


(1 +A) " + ( + ) _ | 


a 1\? , os 
which is exactly (1 + Ag) + + ( + ") — i with A, the only positive root 
2 


of (t,/t,)A° — 3A -—-2=0. 


4.5.7. Corollary. If f,, f, are two entire functions of exponential type at most 
t, and t, respectively, and if f = f,/f, is entire, then f is of exponential type t 
with t <7, if t, = 0,71 < 21, if t, = 0, and 

(i + A,)C + 2ho) | 


TS (i + Ao)Ty + nn? il 3 
Ao 


if T1T2 # 0, 
where J, is the positive root of (t,/t,)A° — 3A —-2 = 0. 


4.5.8. Remark. It follows from §4.5.6. that if f is an entire function without 
any zeros and of finite order p (resp. finite class p) then the function 1/f is 
of order p (resp. class p). More generally, if f and g are entire functions of finite 
order p (resp. class p) and f/g is entire, then the function f/g is of order at 
most p (resp. class at most p). 

The statement and proof of §4.5.5 are due to Avanissian [Av]. 


4.5.9. Proposition. (Borel-Caratheodory Inequality). Let f be a holomorphic 
function in B(O,p). For O<r <p let A(f,r) = max Re f(z). The following 
|zj=r 


inequality holds for anyO <r< R <p 


2r 


M(|f |r) <LAJS,R) ~ Ref] ,—— + |f(0)| 


Proor. It is easy to see that we can assume f(0) = 0, f not constant. Hence 
Re f is not constant either and Re f(z) < oA(f, R) if |z| < R. Consider the 
auxiliary function 

F(z) 


1) 5A 9.R) =F) 


§5. Order and Type of Subharmonic Functions in C 359 


which is holomorphic in B(O, R). Furthermore, |g(z)| < 1. In fact, 


ig(z)2 = FI" I. 
F(Z)? + 4.00, R)(A(f, R) — Re f(z)) ~ 


By Schwarz’s lemma we have |g(z)| < |z|/R. Writing fin terms of g one obtains 


2.A(f, R)g(z) 


f(2) = t+gl) 
whence 
2e(f,R)(\z|/R) _ 2A(f,R)r 
|f(2)| < ——_ < 
1 — ({z|/R) R—-r 
if |z| <r < R. The proposition follows immediately from this. rl 


4.5.10. Corollary. Let f be a holomorphic function in B(O,p), f(0) = 1 and 
assume further that f(z) # 0 in B(O, R),0 < R < p. Then 


2r 
log| f(z)| = R708 M((f |, R) 
for |\zi)<r<R. 


Proor. The function g = Log f is holomorphic in B(0,R) and zero at the 
origin. Recalling that |Log f| => —ReLogf = —log|f| and applying the 
Borel-Caratheodory inequality to g we obtain for |z| <r 


—log| f(2)| < M(—log|fl,r) < M(\gl,r) 


2r 2r 
"= _*" _ M(logif'\, R), 


which proves the corollary. CO 
Without much difficulty one can obtain now the following results. 


4.5.11. Corollary. If f is an entire function without zeros of class p + 1, then 
log f is an entire function of class p. If f is an entire function without any zeros 
of finite order at most p then log f is a polynomial of degree <[ p]. 


We have already seen that every transcendental function has a dense range 
and even that the image of every set {|z| > R} is dense (Casorati-Weierstrass). 
This statement was made more precise by showing that for every « the 
equation f(z) = « always has infinitely many solutions, with the exception of 
at most a single value a. This result is Picard’s Little Theorem 2.7.10. Here we 
can give a very elementary proof for the functions of finite class. (This argu- 
ment is inspired on a theorem of E. Borel.) 
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4.5.12. Proposition. Let f be an entire function of finite class p > 1. We have 
#{aeC: #(f ‘Ca}))< of <1. 


Proor. Let a # b be two exceptional values: 


#(f '(fah))< 0,  #(f7'({b})) < o. 


Therefore, there are two nonzero polynomials P, Q and two entire functions 
g, h such that 


f =a+t Pexp(g) = b+ OCexp(h). 
Differentiate the two sides of the identity 
a—b+ Pexp(g) = Qexp(h) 


to obtain 
(P’ + Pg’)exp(g) = (Q' + Qh’) exp(h). 


Let us assume first that P’ + Pg’ # 0, O' + Qh’ $ 0. The functions g, h are of 
class exactly p — 1, therefore P’ + Pg’, Q’ + Qh’ are also of class at most p — 1. 
The last identity can be rewritten as 


(P’ + Pg')exp(g — h) = Q' + Qh’, 


hence exp(g — h) if also of class at most p — 1. We have to consider two 
separate cases: 

If p = 1, then his a polynomial and exp(g — h) is also a polynomial, hence 
it is a constant since it does not vanish. Since 


1 
e" = ___[Q — Pexp(g — h)], 
a—b 


it follows that e~” is of class 0. This is impossible because h is a polynomial 
which cannot be constant, otherwise f could not be of class 1. 

If p > 1, then e~" would be of class at most p — 1, which is again impossible. 
Otherwise h would be of class at most p — 2. 

The only possibility left is that P’ + Pg’ = Oand Q’ + Qh’ = 0. This implies 
that P cannot vanish, otherwise g’ would have poles. Therefore P is a constant, 
P’ = Oand g’ = 0. This is again impossible because f would be a constant. 

J 


The minimum modulus theorem at the end of this section is a far-reaching 
generalization of Corollary 4.5.10. 


4.5.13. Lemma. (Cartan-Boutroux). Let z,, ..., Zz, be n arbitrary complex 
numbers and P(z)= || (z —z,). For every H > 0 the inequality 


l<j<n 
H\" 
|P(z)| > | — 
€ 
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holds outside a set which is the union of p disks, p <n, whose radii add up to at 
most 2H. 


H 
Proor. The change of variables ( = a? reduces the problem to the case 


H =n. That is, we must show |P(z)| > (") outside a collection of no 
e 


more than n circles, the sum of whose radii does not exceed 2n. The set 
K = cv{z,,...,2,} iS a polygon whose vertices are among the z;. Let z, be one 
of these vertices, m, the multiplicity of this value among the Z;. ‘One can easily 
see (by drawing a picture) that there is at least one closed disk D of radius m, 
such that Do K = {z,}. Let us call E the collection of closed disks D such 
that #{j: z,€ D} = radius of D. As we said, E # @. Of course, the radii of 
any disk in E is an integer <n. Let r, be the largest value for those radii. 

For any integer p > r, and any ae C it is not possible that B(a, p) con- 
tains strictly more z, than p, say p’ > p. Otherwise, either Bia, p)eéF and 
p> p2>r,, which contradicts the maximality of r,, or B(a,p’) contains 
p> p’ of the z;. Then we see again that B(a, p") ¢ E, which means it con- 
tains p” > p" of the z;. And so on, but the z, are a finite collection and 
this would lead to an infinite set. Therefore, if p>, peN, we have 
HL G2 2; e B(a, p)} < p. Choose a,éC such that B(a,,r,)¢ E. The points 
Zz,€ Bla 1,1,) are said to belong to the first generation, there are exactly r, of 
them (counted with multiplicities). Let us take them out. We are left withn — ry 
points. If n —r, > 0 we can continue and obtain a disk Bay, 15) _by the 
same procedure as earlier r, <n — r,. Let us see that r, <r,. If not B(a,, 15) 
contains r; > r, > r, points of the initial set and we know this is impossible. 
The points in B(a,,r,) are said to be of the second generation. Iterating this 
procedure we obtain integers r, >r, >--- > rp2i,r, +++° +r, =n (hence 


p <n), and U) B(a;,r;) 2 {24,...,2,}. 
j=l 


Our exceptional disks are going to be the B(a a;,2r;), 1 <j <p. Clearly the 
sum of the radii equals 2n. Let now z ¢ U Bia; , 2r,). If p e N* then we must 


have 
Biz, p)V Bia, r)=O  ifr,>p, 


otherwise |z—a|<p+r j < 2r;, which is false. Let k be the smallest index 
such that 7, < p, B(z, p) contains no points of the first k — 1 generations. 
Therefore B(z, p) must contain at most p — 1 points of the sequence, otherwise 
it would have been a competitor for the kth generation of points. Let us now 
reorder the sequence by increasing distance to z. Since B(z, 1) contains no 
points of the sequence, we have |z — z,| > 1. The disk B(z, 2) contains at most 
one point of the sequence, therefore in the worst case this is z,. Hence 
|Z — z,| > 2. And we can go on to show |z — Z,| > k (after reordering). It 
follows that 
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n nN n 
| P(z)| = I] Iz—z)>nl> (") , 
jai € 


Since z was arbitrary we have proved the lemma. a 


4.5.14. Minimum Modulus Theorem. Let f be holomorphic in the disk B(O, 2eR) 
and continuous in the closure of this disk. Assume f{(0) = 1 and let ¢ > 0 be such 


3 
thatO0<é< > Then in the disk |z| < R, and outside a collection of closed 


disks the sum of whose radii does not exceed 4&eR, we have 


3 
log| f(z)| > -(2 + oes) log M(|f|, 2eR). 
Proor. Let z,, ..., z, be the zeros of f in |z| < 2R, always counted with 


multiplicity. We can assume that none of them lies in |z| = 2R. (If not, replace 
in what follows 2R by a slightly bigger quantity R’ and verify that the 
argument remains true.) Let @ be the auxihary function 


_ (-2R)" 2R(z — z,) 
0) = dg ie, OR Be 
—_ 6 (2R)" 
holomorphic in |z| < 2R, o(0) = 1, |@QRe”)| = iz, > 1. The function 
“1 sesh 


W(z) = f(z)/g(z) is now holomorphic and without zeros in |z| < 2R. From 
Corollary 4.5.10 we conclude that if |z| < R, then 


log|y(z)| = — 2log M(|f|/ig|,2R) = —2log M(|f|,2R) + 2log|(2Re")| 
> — 2log M(jf|,2R) => —2log M((f], 2eR). 


We need to find a lower bound for |@|. On one hand, for |z| < R the denomina- 
tor of @ can be easily estimated: 


|] \(2R)* — 2,2| < (6R7)’. 
k=1 
To the numerator we can apply Cartan-Boutroux’ Lemma 4.5.13 with 


H = 2eR, hence for any z € C outside a family of p disks (p < n) whose radu 
add up to at most 4eR we have 


Therefore, for those points in |z| < R that lie outside those exceptional disks, 


we have 
. (2R) 2WR\" 1 Qe \" 
lo) = |=} 4, 2(5). 
|z,...2Z,|\ on (6R*) 3e 


On the other hand, by §$4.4.31 (2), we have 
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n = v,(2R) < log M(|f|, 2eR), 


that is, outside the exceptional disks 


2 
log| p(z)| = log (*) log M(|f], 2eR) 
and 
3e 

logif(2)| = log] e(2)| + logiW(2)] > -(2 + log (*) Joe M((f|,2eR) 
This proves the theorem. O 
EXERCISES 4.5 

1. Find the order and type of the following functions: 

a) E,(zy= > 7 (p > 0) (b) sinz (c) cosz 

EMI 2 + mp) 

(d) coshz (e) sinh z 

(— Ly'zPt?" a 5 
(f) J(z)= > (pe N) (g) Ae*? + Be"? 


nso 2?*?"n!(n + p)! 
(h) cos ./z (i) (os Jz + cost V9 ( y ( 2 ) 


log n)*/"2" 


1 
ey) ye b> | edt, peN* 
n>1 n 9) 


2. Compare the order, type, class of f and f’. 


3. Let fe H(C), f(z) = > a,z”. Show that the condition for every ¢ > 0 there is C, 
such that n20 


[f(a < Cet = WzeC) 
is equivalent to 


lim Y/n!la,| = 0. 


4. Why ts the Example 4.5.2 (2) correct? Verify also items 1 and 3 of §4.5.2. 


5. Write a formula for the class of an entire function f in terms of the Taylor 
coefficients a, of f about z = 0. 


6. Let f be an entire function of order p and finite type, show that there are two 
positive constants, e, C > 0 such that for any R > 1 one can find re [R,2R] such 
that 


min | f(z)| => ceo”. 
izj=r 
7. Verify statement 4.5.2 (6). What can you say about the class, order, and type of the 
sum and of the product of two entire functions? 
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8. Let f be an entire function of class p > 1. Show that there cannot be two distinct 
constants a, b such that 


f=a+t Pei =b + Oe", 
for some P, Q, entire functions of class <p — 1, and g, h entire. 


*9. Let g(z)= > 5b,z" be an entire function of order p, 0 < p < 00, and type r, 


n> 


O<t< oo. Let f(z):= e = ¥ a,z" 


n>t 
log, M(f|, 
(i) Show that p = limsup og, M(/f1,7r) 
rm log r 
— fj log, M([f\,r) 
t = limsup . 
ra r 


(ii) Let v := lim sup (log na, |”). We want to show that t < v. 


1 ae 0) 
(a) We can assume v < co (why?). Let v; = v + ¢ and n, > 2 be such that 
log nja,|?" < v, for n > n,. Show first that 


ne vr? n/p 
M(fhrs 2X lagle +) ( 


n>2 logn 


5 pP \t/p vyre 
(b) Show that for r> 1, max (i < exo(‘ ) The maximum is 
t>2 logt p 


achieved at a value t = t(r) satisfying 


exp (‘ — - < t(r) < exp(y,r?). 
e 
(c) Use (a) and (b) to conclude that 


log, M(fi, 
lim sup 222 Ub 
r 


(ii) Show that v/e? < +. 
(iv) Let G(z) := [b,|z". Find the order and type of G. 
0 


(v) Let s,(z) := a,z*. Show that for |z| < r one has 


O<k<n 
Z n+l 
Pr 


2G 
Conclude that if |z| < rexp ( — 60) , then 
n 


= 
iV 


11 — s,(zje 9 < 1. 


(vi) Let 6, be the modulus of the smaller zero of s,. Why does 6, > 00 as n > «©? 
Show that for any r > 0 we have 


2G 
6, = rexp ( — oe) 
n 
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Let «, be the unique positive root of G(a,) = n. Show that 
6, > e *a,. 


ii) Show that p = li nlog.n 
= lim sup ————-— -, 
(vil) Show that p im st p “jogia 


(One can also show that when g is not a polynomial 


log, n 
p = limsup ; 
n-0 ©10gd, 
logn 
Fee Ge 


cf. [Buck ]). 
10. Let f(z) = >  a,z" be an entire function of exponential type. 
(i) Show that if for every z € C we have 
|f(2)| < Ae**, 
then 


Aew~ Ae"a" 


— 
— 


|a,| < inf — 
rp>O r 4) 


Use Stirling’s formula, 


ni= 


mem v 2mm +e(n)),  e(n)\ > O0asn— 0, 
e 


to show that the radius of convergence of 
oO 
g(w) = > nla,w" 
n=0 


1 
is at least —. 
a 


1 fi 
(11) Let B(w) := —g (*) defined in|w| > « and Oat oo, show that for p > a one has 
w \w 


f(a= _ | e*” B(w) dw. 
2ni lwi=p 


As usual, the circle |w| = p is traversed in the positive sense. 
(ii) Show that f is of exponential type zero, i.e., for every ¢ > 0 there is an A, such 
that | f(z)| < A,e**!, if and only if g is an entire function. 
11. Throughout this exercise f will be a function as in part (i) of Exercise 4.5.10 with 


O<a<log2. Let AM(f):=(-1)" \¥ (—1F (7) (These are exactly the 
0 


Skin 
divided differences defined in Exercise 3.4.5.) 
(1) Show that for every z € C fixed, the series 


SS (e” — 1)” 


n=O n} 
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converges uniformly in every compact subset of |w| < log 2 to the value e*”. 
The term with n = 0 has the value 1. (Hint: use the Taylor series development 
ofutr>(1 + uy for |u| < 1.) 
(11) Use Exercise 4.5.10, (11) to show that 
am, 2 — D... (2 —nt+ PD 
f(z) = YAM fy 
n=O 


n! 


holds for every fixed z € C. 
(iii) Show that for n > 1 


AM(f) = =| I) -dz 
| 


271 Jizizan 242 — 1)...(2 —n) 


Parameterize the circle |z| = 2n by z = p(t) = 2ne" V" _nd/n<t< n/n to 
conclude that 


. 2A (n!)?2?" (5) \" 2n — 1 n 
Aw < —____|,,,| _—__—-|d 
ens (2n)t./n\2/ Jo |@M-1] leQ-n 
4A (5) \" In —1 | n 
<—-f—f fF J————— —~}...[-————— dt. 
nm \2 o [e(t)—1 p(t)—n 


] i 
(iv) Using that for A = g log 9, one has Tay <e*” for 0 < y < 8, show that for 
y 


O<t<n,/n 


a | 1 < ex (- 8Ak 5] 
1 + (8nk/(2n — k)?) sin? (t/2,/n) P (2n—kyP n°} 
2n— 1 


Conclude that 
_( (1082/42) 
g(t) — 1 ne 


Hence, there is an absolute constant «x > 0 such that 


a\ 2n 
mini <xa(S] | 


(v) Show that if f(N) < Z, then A™(f) € Z for every ne N. 

(vi) Conclude that if 0 < « < log2 and |f(z)| < Ae*”! for every ze C, then the 
condition f(N) S Z implies that fis a polynomial. Estimate the degree. What 
happens if f vanishes for all ne N? (For different generalizations of this 
expansion and applications, we refer to [Ge].) 


nh 


g(t) —n 


oan 


$6. Integral Representations 


Our objective in this section is to obtain integral formulas representing 
a subharmonic function u in terms of the measure p = Au > 0. In case 
u =log|f|, f an entire function, one obtains, as a corollary, the Weierstrass 
and Hadamard representations of entire functions as infinite products of 
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elementary factors. These factors are defined in terms of the zeros of f and the 
order of growth of f. 
We start by generalizing the Jensen and Poisson formulas. 


Ri — 
4.6.1. Lemma. For a fixed €,0 < |C| < R, the function z+ log 


the following properties: 

(1) It is harmonic in B(O, R)\{C}- 
(2) Continuous in B(O, R)\{€} and identically zero when |z| = R. 
R(z — ¢) 
R?— 2 


(3) The function z+ log|z — ¢| — log is harmonic in B(O,R) and 


continuous in B(0, R). 


ProorF. Since |(| < R, we have R? — zf #0 for z € B(O, R). We can write in 


BOO, R)\{C} 
R(z — ¢) 


log | ——_—-= 
R? — z¢ 


= log|z — 6] + log R — log|R* — z€}. 


which shows (1) and the continuity part of (2). It also shows (3) holds. The 
only statement to check is the last part of (2). 
If |z| = R then zz = R* and 


[R? — 26] = |2||2 ~C] = Riz - | = |R(z — 6), 


4.6.2. Lemma. The following identity holds for |\z| < R: 


1 (* R? —|2/? ) 
_ | Ree logiw — Re’®| dé 
—Z 


2n |_, |Re® — z|? 
Riz — 
log|z — w| — log RG ~ w) if |w| < R 
—_ R* — zw 
log|z — w| if |w) > R. 


ProorF. (1) If|w| > R then log|z — w| is a harmonic function of z in a neigh- 
borhood of B(O, R), hence by Poisson’s formula we obtain 


1 te R2 _ |z|* ; 

logiz —w| = _ \" iRe® _ 2/2 08lRe 8 _ wi dé. 
(2) If |w| < R, the function 

R(z — w) 


h(z) = log|z — w| — log Roo aw 
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is harmonic in B(O, R) and continuous in B(O, R) by Lemma 4.6.1, (3). Therefore 
for |z| < R we have 


a R(z—w)) 1 {” R* — |z|? ve 
h(z) = log|z — w| — log R? owl On \" iRe® — 2p h(Re") dé 
] 4 R? __ |z|* ; 
= 5 \" Rew — 7p loglRe * _ wl dé 


since the other term vanishes by part (2) of the previous lemma. 
(3) If |w| = R, let w = eR, consider in 4 < t < 1 the function 


— 1 (* R*—{2|? | 
t) = — . logitw — Re’) dé, 
p(t) an \" Re® — 2p og|tw e” 


which can be evaluated by the previous part of this proof as 


R(z — tw) 


RP rel > log|R — zte™‘*| 


p(t) = log|z — tw| — log 


= log| Re —_ zt a1 log|w — Z|, 


On the other hand, the function |log|tw — Re’®|| can be bounded as follows 
(draw a picture!) 


ele 


<|w — 2Re"|. 


Therefore, 
llogitw — Re’®|| < log2 + max(|log|w — Re'*||, |logjw — 2Re’||) = g(6), 


and g(@) is an integrable function of 6. The Lebesgue-dominated convergence 


theorem allows us to take the limit under the integral defining @ and obtain 
1 n R2 _ \z/? ; 
logiw — z| = lim p(t) = = | Re® - 7p loslw — Re'®| dé. 


(Recall that all along z is fixed, |z| < R). CI 


4.6.3. Proposition. (Poisson-Jensen’s Formula for Subharmonic Functions). 
Let u be a subharmonic function in a neighborhood of B(O,R). Then for 
z € B(O, R) we have 


(Au)(¢). 


1 f*® R2—|z22 | R(z 
=. | 22 Re) dO + log| 
u(z) 2n \" |Re”® — z/? u(Ren) ae + 2n \. e& R? — zt 


Proor. Let R’ > R be such that u is subharmonic in B(0, R’). Then for |¢| < R’ 
we have (cf. §4.4.24(3)) 


u(C) = _ | log|¢ — w|(Au)(w) + A(C), 
B(O, R’) 


$6. Integral Representations 369 


h harmonic. Therefore, for |z| < R, 
I ft Rela? 


2n }_, |Re 


m 2 2 
- Lf RB EHELL[  toginot wisn + nite hae 
B(O, R’) 


Pp u(Re'’) dé 


2n |_, |Re’® — 2|? [2x 


1 1 (* R?—|z/? 
= h(z) + — — \" 7a ;log|Re’® — w| io} Au(w). 
@) 2n I. Rr) (20 |Re® — z|? 


By Lemma 4.6.2, the integral has the value 


l l 
—— log|z — w|Au(w) — — | log 
an lo. 2n B(O, R) 


The first term is exactly u(z) — h(z), hence 


1 R 2 2 | 
_— | Rl = u(Re”’) dO = u(z) — = | log 
Z| 27 J BO, R) 


RG ~ Ww) aw (). O 


2n }_,|Re® —z 1 


4.6.4. Corollary. (Poisson-Jensen’s Formula for Holomorphic Functions). Let 
f be a holomorphic function in the neighborhood of B(O, R), and a,,..., a, its 
zeros in B(O, R), counted with multiplicities. For z € B(O, R), we have 
1 (* R* —|2/? |R(z — a;)| 
l 51 Re'®)| dé / 
ogi f(2)| = = \" [pew zeloalf(Re®)1d0 + Y 


L<j<n |R? — a;z| ) 


In fact, one can add the zeros on 0B(O, R) since they do not contribute to the 
last sum. 


We want to introduce now the Nevanlinna growth function N of a subhar- 
monic function. It will be apparent from the following definition that it is 
convenient to assume that u is harmonic in a neighborhood of the origin. 
Assume u is subharmonic in a neighborhood of B(0, R). For ¢ > 0 very small 
and fixed, we replace u by the harmonic extension to B(0, &) of u|dB(0, ¢). This 
way, one obtains a new subharmonic function in a neighborhood of B(0, R), 
which is harmonic in a neighborhood of the origin and coincides with the 
original function outside B(0,¢). By abuse of language we will call the new 
function u also. Applying the Poisson-Jensen formula to this new function we 


obtain 
u(O) = I { u(Re’) dé + | (tog 5} au 
20 Jn B(O, R) R 


= A(u,0, R) + | (108) | )auer 
B(O, R) 


u~ = max{u,0}, u~ = —min{u,0} = max{—u,0}, 


Let 
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and define the auxiliary functions T, m, and v by 
T(u,0,r) = T(u,r) = A(u™,0,r), 
m(u, 0,r) = m(u,r) = A(u7,0,r), 
vir) = (Au)(B(0, r)). 


Note that v(r) is increasing and v(r) = 0 for 0 < r < e. We claim that 


- | (108 Jane = | ; Oat 
B(O, R) 


0 
In fact, we know already from §4.4.28 that 


y 


b 


Since u(O) = lim /(u, 0, r) we have also 


r-0 


1 (R vt 
A(u, 0, R) = u(0) + — | vi) dt. 
2n Jo t 
By comparison with the previous application of the Poisson-Jensen formula, 
we see that the claim is correct. 
Let us now define 


N(u,r) = a [ ") dt. 


o «t 


The Poisson-Jensen formula becomes 


u(0) = A(u,0, R) — | (10g - Jan = A(u,0, R) — N(u, R) 
B(O, R) 


= A(u*,0, R) — A(u7,0, R) — N(u, R). 


This can be rewritten as the first fundamental formula of R. Nevantiinna, 
namely, 


T(u, R) = N(u, R) + m(u, R) + u(0). 


This formula is the first step of a very rich and deep theory developed originally 
by R. Nevanlinna. It has many applications to the study of holomorphic 
functions of one and several complex variables. Its pursuit will take us too 
far afield, the reader will profit from consulting the references in the bibliogra- 
phy, e.g., [Ha] and [Grill]. We remark that the two functions 


pro T(u,p), pre N(u,p) 


are increasing and convex functions of log p. 
Let us return now to the question of integral representations of subhar- 
monic functions in C. 
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We start by describing the orders of growth of functions of the form 
v(t) = u(B(0,1)), uw a positive Borel measure. By analogy with §4.5 we define 
the order of growth p of v to be 

log v(r) 
p:= limsup 


0 logr 


We use throughout the Stieltjes integral and the formula of integration by 
parts for this integral without any further ado (see [HS]). 


4.6.5. Lemma. For a > 0, gq > 0, and v an increasing nonnegative function, the 
following conditions are equivalent: 


(1) [0 <o 


(2) | wr dt < 0. 


Let N(t) = \ us U9) a5 then the third equivalent condition is 


a 


© N(t) 


; ; . ge VEE 
Every one of these three conditions implies lim 0 = 0. We also have then 


t->00 


ProorF. Integrating by parts one finds 


| ‘dv(t) vy 


7 t4 |, 


" v(t) 
+ q { cari a. 
(1) = (2): We have 


eal’ erat = 4 |’ dv{t) _ ee 


1 a pati qt t4 a’ t4 


Since the two terms on the left are nonnegative, then (2) follows. Furthermore, 
the functions r+ q " Bi) dt and r |" ou) are increasing, therefore both 
have finite limits when r—-> OO. Hence, the preceding identity implies that 
L = lim 0) exists, 0 < L < oo. Given ¢ > 0 there is an r, > 0 such that for 


roo iF 
r >r, we have 
WO | 
q \" pati dt S €. 
Fr 
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Hence, since v is increasing 


v(r) © dt © v(t) 
4 qv(r) | pati = &q | pati dt<e 


and L <eforr > r,. So, lim“ = 0, 


¥->CO r 


(2)=>(1): Note that the previous reasoning shows that when (2) holds, 


lim sup "0 = (). Since m7) > 0 it follows that lim 7) = 0. Hence 
ro r rot 
~ dv(t) ” dv(t) via) .s(r) ~ y(t) 
| r4 = tim | jo ga thm +4 aad 
v(a) © y(t) 
- Osa wari at < 0. 


(2) = (3): 


| NO iy = i _NO} i! [ aN(t) _ 1 No NO, [ ag) én 
a tt q tt ol, Ada «= qi. a? rf q £4 


[NO [a] cee 
q| at at? 


N 
(3) = (2): Since the integral in (3) 1s finite, “0 —+ 0 when r— oo, by the 


reasoning used in the part (2)=(1), which only uses the function being 
increasing and nonnegative. Therefore, 


f 0 NO, f NO» 


pati ik. pati 


a a 


which concludes the proof. O 


It is clear the conditions in Lemma 4.6.5 are independent of the choice of 
a> 0. 


4.6.6. Definitions. Let 4 be a positive Borel measure in C, v(t) = u(B(0,1)), 
a> 0. 


(1) The number (or more precisely, the element of [0, 00 |) 


p= int}s>0:| on co} = int}s > 0: | at < xf 


is called the exponent of convergence of the measure uw. 


~ dvit 
(2) When p, > 0, the smallest nonnegative integer g such that ) avis) < 


a 
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is called the genus of the measure yp. Note that the genus q 1s also the 


“) 


smallest nonnegative integer such that i 


a 


4.6.7. Proposition. Let py, v, a be related as in §4.6.6. Then 
log v(r) 


(1) The order p of the function v, p = limsup ————, coincides with the 
r 


ra ilo 
exponent of convergence of measure UL. 
(2) If p is not an integer, the genus q of wu is the largest integer <p, that is 
q=([pl. 
(3) If p is an integer, theng < p <q + 1. When p = q then v is of minimal type 
for the order p. 


ProoF. (1) If s > p,, ¢ > 0, there is r, > a such that r > r, imphes 


v(r) | 4 ai — <|" Od dt S é. 


log v(r) — slogr < log(se), 


v(r 
Hence, “r) < sé and 
r 


from this inequality is follows that 


p = limsup 


r-?co 


lo 
g v(r) < 
logr 
Therefore p < p,, since s was an arbitrary number bigger than p,. 
Conversely, ifs > p, let p < o < s, then there is r, > a such that forr > Fr, 


log vr) e ye 
& 


one has o, that is, 
logr 


ptt Sears lor r,, 


© y(t) "o v(t) dt 
| peti dt < | psi dt + pe=ayri SO. 
a a ro 


Therefore p, < s for every s > p, and hence p, < p. 
The proofs of (2) and (3) are obvious. CI 


and 


Examples. If {a,',., is a sequence of nonzero complex numbers such that 
la,| < |a,4,| for every n > 1, we assume that either {a,}, is a finite sequence 
or |a,| > co asn— oo. Let us consider the measure 
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w= > d,. 


n>1 


We have here 
v(t) = p(BO,d) = €{n:la,| < th, 


which is an increasing function, continuous on the left. 
The exponent of convergence of yz is here the exponent of convergence of 
the sequence {a,} 51, 


1 
0. = inf >0: 5 —.< at 
The genus q is defined only when p, > 0, hence the sequence is necessarily 


ae , wo ; | 
infinite. In this case it is the smallest integer such that dig ati < © 
ry a, 


For instance, 


— , aeal 
(i) if a, = n'/?, then the exponent of convergence is p while > — = 0; 
n=] a, 
(ii) if a, = (nlog? n)'’? (n > 2), the exponent of convergence is also p but this 
, 2d 
time } — < 0; 
n=2 i 
(iii) if a, = e”, the exponent of convergence is zero; 
(iv) if a, = logn (n > 2), the exponent of convergence is +00 (recail that the 
infimum of an empty set of real numbers is +00). 


We are now going to define a canonical potential associated to a Borel 
measure p > 0, using canonical kernels adapted to the behavior of pu at oo. 

For ¢ #0 the function z++log|z — ¢| is harmonic in C\{f} and has a 
development in a Taylor series valid for |z| < |¢!: 


1 Mi 
log|z — C| = Re{log|¢| + Log(1 — z/¢)} = Re Jogi — s (7) \ 


n>i ll ¢ 
a,,(Z, ¢) = —Re<-|[- (n = 1). 
n\¢ 


1 Kt 
}a,(2,0)| S -() when |zj=p, |¢|=r. 


Let 


One has 


If0 < p <r then the series log|¢| + )) a,(z,¢) converges absolutely and uni- 
n>1 
formly to log|z — ¢| for |z| < p, |C| =r. 
For q an integer > 0, let K, be the canonical kernel of genus q: 


K,(z,¢):= log|z —¢|—log|{i-_ )) a, (z,0) = d a,{Z, ¢). 


i<n<q 
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Note the last identity only holds with |z| = p<r=(|€|. The function 
K,(z,¢) — log|z — ¢| is a harmonic function of z in the whole plane, hence K, 
is subharmonic in C. 

We are now going to give some estimates for the kernels K 7 


4.6.8. Lemma. Let r = |€| > 0, p = |z|, then 


y) p q+1 1 r 
(1) Kaos (*) Sst FOS; Gen 


2) Kolz,¢) < oe I + 4 

4 r 
QB) Ki20s25 fi <p zt) 
(4) For q > 1, one always has 


q 
K, (2,0) < 247 Print 121. 
r r 


PROOF. We have, first of all, 


Kolz,¢) = loglz ~ £| ~ logit} = og|1 — =| < oe 1 A * - og(1 + 4 
For q > 1 and0 < p <r we have 
1 p n 1 p qt+i 1 
K 3 < ri >) < — _— — — ae, ae 
Ral) ne lan(2, 0) a (2) + (2) 1 ~ (p/r) 
If0 < p < r/2 one obtains 
2 [{p\% 1 
K,(z,¢)| < —~ . << -—., 
Ral2 Ol so (2) 24(q + 1) 


Stil, in the case q > 1, ifr > p > r/2 one has 


~_y a(est) <log(1 +2) + . (0) 


l<n< 


=e) 


Finally, (4) is a consequence of (1) and (3). CO 


K,{(z,C) = log 


z 
j—< 
¢ 


4.6.9. Theorem. Let y be a Borel measure > 0 in C, v(t) = u(B(O, 0), and q(t) a 
function continuous on the left with values in N, such that for some ro > 0 and 
every ty > 0 one has 
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xo /p \atty+1 
| (*2) dv(t) < oo. 


Then, there are subharmonic functions u in C such that Au = p. One of them 
can be explicitly written down as 


| | 
u(z) = \ logiz — ¢|du{C) + | K ggey lz, 6) du). 
20 Jiti<ro KKi<ro 


Furthermore, 


| | K gacy (2, 9) d(C) < . 
ICl2ro 


The second term in the decomposition of u is called the canonical potential 
for y. 

Before proceeding to prove Theorem 4.6.9 let us remark that given an 
increasing, continuous-on-the-left function n(t), one can always find a function 
q(t), increasing, continuous on the left, with values in N such that for some 
ro > O and every t, > 0 one has 


8) t g(tjy+1 
| (‘2} dn{t) < oo. 


For instance, we can assume a(t) > 1 for t > ro (otherwise we add the 
value —n(7)) + 1 to it) and take g(t) = [log(n(t) + 1)] = integral part of 
log(n(t) + 1). Then for t >t, = tye? we have 

| 
(1 + n(t))’ 


t q(tj)+1 
(2) < exp(—2log(n(t) + 1)) = 


and 


a0 ty a@)y+i ee dn(t) 
— dn(t) < tant + — -—-----—--; 
[ (‘2) n(t) < constant + . (ft nny ~~ 


PROOF OF THEOREM 4.6.9. Let us assume g(t) = q iS constant in the interval 
|t,,to]ro <t, <t, < o. Let 


1 
v(z) = —— | K ,(z,¢) du(). 
20 Jt, <itlsty 


Since K, is subharmonic in C (as a function of z), v is a subharmonic function 
in C. Furthermore, the measure Av is given by 


du int, <|z|<t, 
Av = 
0 outside. 


In fact, 


p(z) = = | log|z — ¢| d(C) 
t,<({{<to 
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is a subharmonic function with that property and (by §4.4.24) v — p is a 
harmonic polynomial of degree < gq. 


. t 
Let g> 1, if [zi <p, [Cl =t, psa<h <t<t,, then p <t/2, hence 


gti 
IK ,(z,0)| < qt (*) and, therefore, 


9) p gti _ 9) (“)" 
i's q+1 — (Fi) an) = q+1 |. t ant). 


Let us now consider separately the two cases: 


(1) The function g is not bounded: 
Let q,; = q(‘o) and, for q > q,, let r, = inf{r > ro: q(r) = q}. 
(2) The function is bounded: 
Let q, as previously, q, = sup{q(t):t > 0}. For q < q letr, = 
inf{r > rg: q(r) = q}, and for q > qp, letr, =7,, + 4 — 2. 


In either case we have thatr, = ro, q(t) = qinr, <t <1r,4,,and limr, = oo. 
q7o@ 


Let us define 
u,(z) = | K,(z, ¢) du(¢). 
rg <li Srg+i 


. r . . . 
If p satisfies rp < p < > |z| < p, then from the preceding considerations we 


atiyt+l 
lu,(z)| <2 | (*) dv(t). 
Pq <tS¥q+1 


For a fixed p, this inequality is valid for q sufficiently large and therefore, 


have 


for any qo > q,, the series }° u,(z) converges uniformly and absolutely in 


94240 
|z| < p. Moreover, the sum is harmonic in |z| < p ifr,, > 2p. In fact, to show 
the uniform convergence we can assume that r,, > 2p. For a fixed integer 
n > do we have 


qt) +1 
Y u@i<2 | (*) dv(0 
<n Pg <tSrg+i 


Goss Go Sn 


GO p q(tjt+1 
<2 | (*) dv(t) < oo 


by hypothesis. Ifr,, > 2p then z is not in the support of Au,, hence all the u,, 
q = Go are harmonic in a neighborhood of z, and the same holds for its sum. 
Therefore, the function 


l 
u(z) = x | loglz ~ ¢|du(f) + ) u,(z) 
an flsro G24) 
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is subharmonic in |z| < p and satisfies Au = yw for every p > rg. This is exactly 
the function from the statement of the theorem. a 


4.6.10. Lemma. Let pu be a Borel measure > OinC, v(t) = p(B(O,t)), and rp > 0 
be such that u(B(0,r9)) = 0. Assume that g is the genus of the pu and let 


u(z) = | | K,(z,¢) du(¢). 
fl>ro 


The function u is subharmonic in C and Au = wu. Moreover, if r > ro, |z| <r, 
the following inequalities hold: 


u(z) < 277! jar | ue + (q + ir”? | Oe (q = 1), 
u(z) <| ae +r " Oat (q = 0). 


PRooF. From §4.6.9 and the definition of genus we have that the function u is 
a well-defined subharmonic function with Au = yu. (Recall that u = 0 on 
B(0,7ro).) We only need to prove the inequalities. 


Ifq > 1, we can use that K,(z,¢) < 277" (3) in}, ae Then, with |z| = 


r, we have 


ue)= | Kec) dute) + | | K, (2,0) duo) 
ro<lel<r r<|f|<oo 


+1 |Z | (zy ! 
24 d 12] F 
: _ (i) MG) + +[ \¢| HS) 
ae ‘7 [ 0) pass f wo} 


which is exactly the first inequality after integration by parts. 
If q = 0 we have 


u(z) < [" le (1 + " dv(t)=r [° ns dt < i WO ae 4 | Oat 
CJ 


4.6.11. Theorem. (1) Let uw be a Borel measure in C, p20 such that 
u(B(O,r5)) =0 for some ro > 0, and assume that p is of genus q > 0. Then 


u(z) = | K,(z, 0) du(C) 
i>ro 


is a subharmonic function in C, Au = p, and the order of u equals the order of v 
(v(t) = u(B(O, t)). If the order of v equals q + 1 then the type of u is minimal. 
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(2) Let u be a subharmonic function in C of order at most p, such that u is 
harmonic in a neighborhood of B(0,r9) for some ro > 0. Let q be the genus of 
p= Au, then gq <[p] and 


u(z) = | K,(z,¢)du(c) + v(z), 
IKl>ro 
where v is a harmonic polynomial of degree < [p]. 


ProorF. Let us first prove part (1). The preceding lemma shows the function u 
is subharmonic, Au = yp, and satisfies the inequality 


u(z) < 2471 (q + brs) | 0 dt+r |" ae it. 


Fo 
with |zZ| =r2>ry,. (This inequality holds irrespective of whether q = 0 or 
q=1)) 
We show now that the order of u is at most the order p, of v. Since q is the 
genus of yu, then the exponent of convergence p, of p satisfies gq < p; <q + 1. 


l 
One also has p, = lim sup -—-—-— , 


- logr 
PFO 

Let us consider first the case p, < q + 1. Let p, <A < q+ 1. Hence there 
is c = c, > 0 such that for every t > 0, ct* > v(t). Therefore 


u(z) < 297+ (q + pert} | rt dt+r | eorart =¢'r*, 
I it 
with c’ = c247}} ——— 4+ ——_—_ ~ . This shows that the order of uis at most 
A-q qti-A 
p, in this case. 


v(t) 


Let us now assume p, =q+ 1. By §4.6.7 we have lim ai =Q and 
t-—00 


| ¥(0) dt < oo. The first condition implies that 


0 tat? 
. Lai’ vd 
im || jar at = 0, 


roc Fo 


while the second one implies that 


lim | "O) a 0, 


+ 
ro rat 


On the other hand, the preceding inequality on u can be rewritten as 


follows: 
14° vit v(t 


ro 
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which shows that for ¢ > 0 there is r, sufficiently large such that if|z| = r > r, 
then u(z) < er?*’. That is, u is of order at most q + 1, and of minimal type. 

It remains to show that the order of v is exactly that of u. The first part of 
the proof of part (2) accomplishes this. To prove part (2) we proceed as follows: 
By Gauss’ Theorem 4.4.28 one has for r > rp 


; _ 1 1” v(t) 
A(u, 0,r) = u(O) + x 7 — at, 
where, as earlier, v(t) = u(B(0,t)) = (Au)(B(O,1)). If we let N(t) = | ae dt, 


Fo 


(r > ro), then the hypothesis on u says that the order of N is at most p. Hence 
this also holds for the order of v and the exponent of convergence of pu. 
Therefore the genus q of y satisfies g < p < q + 1, furthermore, g = [p] if p 
is not an integer. Consider the auxiliary function 


o(z) = | K,(z, C)Au(¢). 
ISl>Kro 


It is subharmonic, of order at most p by part (1), and 
uU=Ug + 0, v harmonic in C. 


We have to show that v is a harmonic polynomial of degree < [ p]. This 
function is of order at most p by §4.5.6. Hence for every ¢ > 0 there is c, > 0 
such that 


v(z) <¢,(L + |z|)?™*. 


Let f be the entire function such that Re f = v, Im f(0) = 0. By the Borel- 
Caratheodory inequality 


[f(z)| < cg + [2|e** 


for some c; > 0. Therefore f is a polynomial of degree < p. 
Let us remark that if u is of minimal type then the degree of v is going to 
be strictly less than p. CO] 


We are now going to apply these considerations to a measure of the form 
w= > 6,, where {a,}, is a sequence ordered so that |a,| < |a,,,|, |a,| > 00 
>= 


n>1 

as n— oo (the following arguments will, of course, also apply if the sequence 
{a,',, 18 finite, ie., 1 <n < N < 00). Mittag-Leffler’s theorem assures that there 
are entire functions vanishing exactly at the points a,. (Ifthe point a, appears 
with multiplicity m, in the sequence we mean here vanishing with multiplicity 
m,,.) We will see now how to give a representation to these functions in the 
form of an infinite product, and relate this infinite product representation to 
the one obtained for the canonical potential of yu. 

Let us start by recalling some well-known properties of infinite products. 

Let {u,},>, be a sequence of complex numbers and set 


pP,=U+u,)1 4+ u,)...01 + u,) 
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Dr = (1 + [uy [)(L + [ua|)...CL + [u,)). 
The following inequalities hold: 
(a) pr Sexp(juy|+-7° + |u|) <1 + (uy +--+ Iu, |exp(]uy| +--+ + [u,l). 


(b) Pa — 11 < pe — 1 < (uy) +luy + + ad exp( 3 sal) 
In fact, 
(a) One starts from the known inequality for x €e R, 1 + x < e*, to obtain 
Da = (1 + [uy ])...1 + fu, |) < exp(lu,| + °-* + [u,)). 
(b) Wehavep,=1+ ) > u;,...u;,, hence 


1<k<n 
IPp-1=| Yo ou,..u,|<s Y fuj,|...tuj,| = p* — 1. 
1<k<n 1<k<n 


The last inequality follows from e* — 1 < xe*. 


4.6.12. Proposition. Let {u,(s)},., be a sequence of functions bounded on a set 
S such that )° |u,(s)| converges uniformly on S to a bounded function. Then the 
n> 


functions 


prA(s)= [] CG + u,(s)) 


l<k<n 
converge uniformly to a bounded function f(s). We denote it by 


f(s) = [] (1 + u,(s)). 


n>] 


The order of the factors does not alter the limit function f and f(s) = 0 for an 
sé S if and only if u,(s) = —1 for some n. 


PROOF. We have 
\P»{s)| < 1 + |[p,(s) — 1] < pF(s) — 14+ 1 = pis) < exp(_ . 146 < M, 


for some M > 0 since the function > |u,(s)| is bounded in S. If n > m then 


noi 


| Pals) ~ Pm(S)| = | Pm (S)| 


I (1 + u,(s)) — 1 < u( [I (1 + fu,(s)]) — ? 


< M | exp( y ial) — 1 


< u( s 1463) )ex( 5 141) <éeMe’<2eM 
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if0 < ¢ < log 2,m > m, so that 3 |u,(s)| < efor every s € S, which proves the 
m1 


uniform convergence of the p,,. 
Note we could have kept |p,,,(s)| instead of M in the last inequality through- 
out. Letting n > co we obtain 


| f(S) — Pm(s)| S 2€| Da(S)|. 
Ife < 1/2 then we have, for any m > m,,seé58, 
|f(s)| = IPa(s)|( — 2e). 


Therefore f(s) = 0 only if p,,(s) = 0, that is, only if one of the u, takes the value 
—iwheni<k<m. 


Finally, if o is any permutation of N* and we define q,(s) = Ie 1 + Ug,j)(s)), 


m > m, and nis sufficiently large so that {1,2,...,m} < {o(1),...,o(n)} then 


lFn — Pm = Pm I] (i + Ugyjy) — I < M(e* — 1) < 2eM 


o(jemti 
and it follows that lim q, = lim p,, = f. CO 


We can now introduce the Weierstrass primary factors: 
G(z,0) = 1 — z, 
z* zt 
Glesa)= (1 dexp(2+ 5 + +2) (qe N*). 
One sees immediately that 
log|G(z,0)| = log|1 — z| 


and 


Therefore, for € 4 0 we have 


6(;.0) 
o(:.4) ae) 


G a) (q > 0). We have also 


K(z,¢) = log 
and 


K,(z,¢) = log 


Hence the $4.6.8 yields estimates for log 


the following estimate. 


§6. Integral Representations 383 


4.6.13. Lemma. If |z| < 1, g > 0 then 
|i — G(z,q)| < |zI™. 


Proor. For g = 0 it is obvious. For g > 1 we observe that 


z? z? 
—G'(z,q) = zFexp|) z+—+°°°+— 
2 q 
has a zero of order q at the origin, and its development in a Taylor series about 
z = 0 has all its coefficients > 0. Since 


1 — G(z,q) = | G'(u, q) du, 
[0,2] 
one sees that 1 — G(z,q) has a zero of order q+ 1 at z=0 and if g(z) = 
1 — G(z,q) 


+ 
74 1 


, then g(z)= > a,z" with a, >0. Therefore |o(w)| < g(1) if 
n>O0 
lw] < 1. But g(1) = 1 and we are done. CJ 


If (z,),> 1 18 a sequence of nonzero complex numbers such that |z,,| + 00 as 
n— oo, then there always exist sequences of integers g, > 0 such that 


r GQnti 
» (4) <o foreveryr > 0. 
n>1 IZ, | 


For instance, g, = n — 1 will always work; just observe that forn > no = no(r), 
Pr 


IZ, 
ae Z , ; , 
the infinite product f(z) = [] (2 in) which defines an entire function 


nol Zn 
vanishing only at the points z, and with the correct multiplicity. In fact, for 


lz| <r, we have 
A Gntl py \anth 
Zp IZ, 


which assures that the series 
Zz 
1—G (2. tn) 
Zn 


n>1 
converges uniformly over every compact subset of C. This observation 1s 
essentially the proof of the following theorem. 


one has 


I . oe 
< 5° Under this convergence condition on the q,, we can form 


a 


az 


ni 


4.6.14. Theorem (Weierstrass). Every entire holomorphic function g has a repre- 
sentation of the form 


g(z)=z™e"™ $= [] (2 in) 


3 
1<n<ow < pp 
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where h is entire, the (z,)°., form the family of zeros of g distinct from z = 0, 
each of them repeated as many times as its multiplicity, a € N if that sequence 
is finite, © = 00 if not. The value me N is the multiplicity of the origin as a 
zero of g. 


Proor. Since f(z) =z" || G E. ts is an entire function and g(z)/f(z) is an 


entire function without zeros, then this quotient is an exponential of an entire 
function. Cc 


The representation in Weierstrass’ theorem is not unique. It can be con- 


er , , 1 . , 
siderably simplified if the series in < oo for some A > 0. If q is the genus 
n>1 Zn 


of the measure 56, one can take q, = q for every n and then 
Kf 


Z 
I (2.4) 


converges uniformly over every compact. It is called the canonical product of 
genus q for the sequence (z,),>,- The integer q is also called the genus of the 
canonical product. 

The subharmonic function 


u(z) = log| T] a(=.a) = ¥ log (2.4) 
n>i Zn n>1 Zn 
Zz Zz 1/z\% l/z\ 
= ] 1 — — Re{ — + —{| - - er 
E[tos}t Eh emery ey), 


is precisely the subharmonic function from Theorem 4.6.11, (1) corresponding 


to the measure 2x ) 6, . Hence its order is exactly the exponent of conver- 


n>1 


gence of the sequence (Z,),-> 1. 
It follows from §4.6.11, (2) that if fis an entire function of order at most p, 
and m is the multiplicity of the origin as a zero of /, then 


log| f(z)| = mlog|z| + u(z) + v{z), 


with v a harmonic polynomial of degree <[p], u the canonical potential. 
Proof 4.6.11 showed that v = Reh, h polynomial in z, degree h < [ p]. 
This argument proves the following. 


4.6.15. Hadamard’s Factorization Theorem. Let f be an entire function of finite 
order p, then 


f(z) = zm eht2) [| (i. i), 
n>1 on 
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where h is a polynomial of degree < p,m the multiplicity of the origin as a zero 
of f, and the infinite product is the canonical product of genus q, q < p. 


4.6.16. Remark. If(a,),,., 1s a discrete sequence of nonzero (but not necessarily 
distinct) complex numbers and if u is a subharmonic function in C such that 


Au = 2x )) 6,,, one can find, without passing through the intermediate step 


n>l 
of infinite products, an entire function f such that u = log|f|. That is, fis a 
function that vanishes with correct multiplicity at every a, and nowhere else. 
To see how to do this, let us assume we already have a function f such that 
log| f| = u. Let B(O, R) be a disk not containing any of the a,. Since f is never 
zero in B(O, R) then g = log f holomorphic and Reg = log|f|. So that g = 
u+ iv. Now cg = du — idv = 0, hence 
dg = 0g = Cu + idv = 20u. 


If y, is any path from 0 to z in B(O, R) we have 


g(z) = g(0) + 2 | Ou. 


Yz 


We can profit from this insight to construct f. Let Q = c| |) {a,}. Let y, 
; n>1 
be a path joining 0 to z in Q and define 


gly,) = 2 | Ou. 
Yz 


If y, 25 Y2,, are two paths joining 0 to z in Q we have 


g(y;,2) _ g(2,z) = 2 | Ou = 2 (20 > Ind, 5, (4n) Res(éu, ,), 


Y1,2¥2,z 


since Cu is a closed 1-form of class C~ in Q. Moreover, 


1 
Res(¢éu, a,) = ai | Ou, 
iz~a,,|=r 


if r > 0 is so small that B(a,,r) does not contain any a,, with a, 4 a,. (Recall 
that there could be several indices k with a, = a,.) In this little disk we have 
u(z) = m, log|z — a,| + h(z), 


where m, = multiplicity of a, in the sequence, and h harmonic in B(a,,r). 
(This is simply a consequence of the fact that Au = 2x ¥ 6,,-.) Therefore, in 
n>1 


Bay, 1)\ {an}, 


and 
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Res(0u, a,) = = 


This shows that 


g(y1,2) ~ gly2,2) — 2ni N(y,, 25 Yo.2)s 


for some N(y, 2, 72,2) € Z. 
It follows that the function given by 


f(z) = e8? = exp (2 | eu] 
Ye2 


is well defined for z € Q, since it does not depend on the path y, which joins 0 
to z in Q2. 

If zo € Q, B(zp,r) < Q, then we can take for z € B(Zp,r) the path y, = y,,°s,, 
where s, is the straight-line segment joining z,. to z. Hence we have 


v0.) =2 | u+2| Ou, 
Vz 20 


which is a C® function of z in B(zy,r). Furthermore, d,g(y,) = 2éu. Therefore 
f is C® in Q. Since df = e9 dg = 2e%éu is a (1,0) form, it follows that f is 
actually holomorphic in 2. Moreover, f never vanishes in Q. 

Let us now study the behavior of f near one of the points a,. We have seen 
that 

au(t) =" + ome) 
¢ — a, 

in the punctured disk B(z,,r)\{a,}. For z € B(a,,r)\{a,} the path y, will be 
chosen as follows. Suppose first z ¢ [a, — r,a,]. Let yg be a fixed path in Q 
joining 0 to a, + r, followed by the segment z = [a, + r,z], (see Figure 4.2 in 
the following page) then 


f(z) = exp (2 | eu] exp( | on) exp (m, | ? = ) 


The two first terms define a holomorphic nonvanishing function in B(z,,r). 
The last term is exactly (z — a,)"". Ifzhesin[a, — r,a,[ then weletz, = z + ie, 
0 < eé and small, and join 0 to z with the help of the obvious path passing 
through z,. We obtain that for z € B(a,,r)\{a,} 


f(z) = F(z)(z — a,)"", 


where F is a holomorphic nonvanishing function in B(z,,r). This identity 
shows that f extends to a holomorphic function in B(a,,r), vanishing at a, with 
multiplicity exactly m,,. 

It is clear then that we have constructured an entire function f such that 
in Q, Glog|f| = du, hence after multiplying f by a positive real number we 
will have log|f| = u. 
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Figure 4.2 


If we had known that u was given by a canonical potential, 


(a 
a, 


then, givenr > Olet N = N(r)besuch that n > N implies |a,| > r. The function 


a, 
G (: ; ts) 
a, 


< 1, we can use the series representation of g, and differentiate it 


3 


u(z) = u K, (z,4,) = X log 


+ iv,(z) 


g,(Z) = LogG (z, ts) = log 


is then holomorphic in B(O,r) and 


dg,(z) = 2d log 


Since 


nh 


term by term: 


l qn 1 j 
aie) = Log(1 2) +2 4 1(2) _ y (2). 
a, a, An \An jms ia, 
, 


hence 


a 


ni 


This guarantees the uniform convergence on compact subsets of B(0,r) of the 
0 
series )° In 


non Z 


A) and, therefore, the identity 
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Z Og 

a LogG|—,q,]] = "dz 
(5, (é 4 )) 2, Oz 


Z 
G 9 a] 
ay, 
pact subset of Q. Now 


] an 1 1 — Gn 
saRe( a4 (2 lal (1424..-(2 dw ee 
a, Gn \&n a, a, a, a,(1 ~ 2/A,) 


and 


holds. Thus 20u = 5 2d log 


n>1 


converges uniformly in every com- 


1 1 Gn an 1 
= ( 4 laa) dz = -(2) dz. 
Z—-Q, Q@,-Z a,-2 a,} Gy—2Z 


z z I fz \* 
= logit -—]+(—+--+—(=— + ¥ gal2), 
an e( =| (= Gn (=) | > ’ 


where the first terms differ from g, by 2zik, k € Z. It follows that 


fle) = eS = T] G( say) 


n>i 


In this way one obtains Theorems 4.6.14 and 4.6.15 starting from the repre- 
sentation of subharmonic functions in terms of canonical potentials. 

This procedure will be exploited in the second volume where we will need 
to construct functions satisfying more complicated growth conditions than 
just being of finite order. 


sin n./2 
7 


z 
order p = 1/2 and has simple zeros at z = n*,n=1, 2, 3,.... By Theorem 
4.6.14 


4.6.17. Examples of Factorization. (1) The function f(z) = is entire of 


f= (1-4). 


n>t n 
since f(0) = 1. If z is replaced by z? one finds 


Sin 1Z 


2 
NZ =i] ( -4) 
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Note that the terms of this product are not primary factors, but the product 
of two of them, o(%, 7 and G —=,1 


(2) The function I'(z) can be defined by the formula 


if zZ 
——_ = ze* T] (1+ —])e2”, 
m7" (+5) 


where y is the Euler-Mascheroni constant: 
. I I 
yir=hlm{i+=++-::-+-—logn 
nO 2 nh 


(see Exercise 3.5.2). We will recover some of its properties from this represen- 
tation. Let us remark that the canonical product 


Z —zin Zz 
P(z) -T (: +) in iu (2.1) 


has genus | and P 1s entire of order 1. It is clear that I’ is a meromorphic 
function in C with simple poles at z = 0, —1, —2,.... 
The constant y has been chosen so that (1) = 1 since 


1 N I N 
I] (: an e "= lim [| ( + | eT" = lim (N + Dew 21 4/) = e7?, 
KH N-o 1 n N-> 00 


The function P(z — 1) is also entire of order 1, and has simple zeros at z = 0, 
—1, —2,.... By §4.6.14 one can write 


P(z — 1) = ze4**®P(z), 


for some constants A and B. These constants can be computed taking loga- 
rithmic derivatives of both sides. One has the identity 


1 1 1 1 | 
as ier oe | —_), 
SC4ty ‘) a +O(4, ‘) 


Both series are uniformly and absolutely convergent in compact subsets of 
C\N*. By rearranging the first one we conclude that A = 0. Taking now z = 1, 
we see that 


1 = P(0) = e*® P(1) = e®e~”, 
hence 
P(z — 1) = ze’P(z). 
It follows that 
(z + 1) = zT(z). 
In particular, ['(n) = (n — 1)! for every n integer > 1. 
Finally, from 


P(2)P(—2) = sin 1Z 
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one obtains the important formula 


rr —2)=——. 


EXERCISES 4.6 


I. 


*8. 


Find the exponent of convergence of the sequences (e"),.,, (n),-n (a > 9), 
(log Wane Nv * 


. Prove that the following infinite product expansions are correct: 


oO ze oO 2 
sinz = z |] (1 - a) as) (b) cosz = U (1 - (in ecm) 
oO y) 2 © 2 
(c) coshz = U c + (cea) | (d) e? — 1 = ze?? Ul (: + i) 


ewe z cotan 1— pz(A+nn) 7) Z 
(©) “ i A+ nn A ¢ 22) 


f) coshz —cosz = 2? J] (1+ ——-—; 
(f) cosh z — cosz fi ( + gee) 


2 2 = _— 1 ¢ 
(g) e? 4 e277) _ Ie +2z-1)/2 I] (: + (z “a. 


n=1 n*(2n 


. Let f be an entire function of order p < 0, p€N. 


(a) Show that f has infinitely many zeros. 

(b) More precisely, show that if v,(t) = =~ A(log f — al)(B(O,d), then the order 
of growth of v, equals p for every ae C. 

(c) Conclude that the function f(z) = sn has infinitely many fixed points. 


(d) Give an example showing that (b) may not hold if p e N*. 


. Let f be an entire function of finite order p € N* and p, the order of growth of 


v, defined in Exercise 4.6.3. Show that there could be at most one value ae C 
such that p, < p. (Hint: study the proof of Proposition 4.5.12.) 


. Let f(z) = e? + p(z), p polynomial #0. Show / has infinitely many zeros, using 


Hadamard’s factorization theorem. 


. Let f be a transcendental entire function of order 0. Show that for every ae C, 


the equation f(z) = a has infinitely many solutions. 


. Given a sequence (z,),>, which has a finite exponent of convergence, find explic- 


itly a meromorphic function with simple poles exactly at the points of the 
sequence. 


Let f be an entire function which is real on the axis and has genus g = 0 or 1. 
Show that all the zeros of f’ are real. (Hint: compute the imaginary part of f’/f 
forzeC\R) 


. (i) From Exercise 2.5.20 we know that if f is entire and f(0) 4 0, then for any 
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10. 


11. 


*12. 


*13. 


r > 0 we have 


1 (* o 1 f@ 1¢ ray 
ai log| f(re yao = Ea ELE 2. 


where a,, ..., a, are the zeros of f in B(0,r) counted with multiplicities. Use 
this identity to show that if f is an entire function of exponential type (1e., 
order <1 or order | and finite type) then there is a constant C, 0 <C < o, 
such that 


<C, for all r > 0. 


la, |<r Ay 


Given an example where C can be taken to be zero. 
*(ii) Find a similar identity to prove that if f is an entire function of order n e N* 
and finite type, there is a constant 0 < C < oo such that 


{ 


ma: 
O<ja,/<r Fy 


< C, for allr > 0, 


where the sequence (a,),., is the sequence of zeros of f, counted with multiplicities. 


Let f(z) =z [] (: + -) e~7/k. What is the order and type of f? (Hint: use the 
k=1 
statement of the previous exercise.) 


Let (a,),>, be an infinity sequence of complex numbers 0 < |a,| < |a,| <... with 
exponent of convergence t = 1. Show that if the genus gq = 0, then the canonical 
product defines a function of order 1 and minimal type. 


12.6) 


Let f(z) = |] (: +. :), a, > 0, bea function of order p < 1. Let v be the counting 
k=1 ay 


function v(t) = #{k:|a,| < t}. Show that for x > 0 one has 


© v(t) dt 
lo =x | ———— 
BI) = x | t(x + t) 
ey: Vit) 
Conclude that if lim = A, then 
t->00 
i log f(x) TA 
x00 x? 7” sin TP 


Let (a,),., be a sequence of complex numbers satisfying 0 < |a,| < |a,| <---, of 
genus 1, and v(r) = #{j:|a,| <r} < Ar + B for some positive constants A, B. 
Assume further that the condition of Exercise 4.6.9(i) holds, that is, for some 
constant C < 00 one has 


< C, for all r > 0. 


|a,.|<r Ay 


Show that the canonical product corresponding to this sequence defines a func- 
tion of order 1 and finite type. (Hint: estimate the partial products )’ G(z/a,, 1) 


k<v(r) 


instead of each term separately.) Generalize this method to the case of order 
peN*, 
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*14. 


*15. 


*16. 
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Let f be a transcendental entire function of order p < 1, v the counting function 
of its zeros #0. Show that for r > oo 


v(t) 


ir +t nt + O(log r) 


(a) log M(|f1,r) <r| 


(b) log M(If', rele dt + an at + O(logr) 


(c) There is 6 = 6(r), 0 < @ < 1, such that 


log M(|f|,r) < \, Oat + Or \- at + O(log r). 
0 F 


Let f be a transcendental function, f(0) # 0, such that log M(|f|,n) < Blog’ r for 
r>l. 
(i) Show that for any 4 > 1 one has 


v4 t 
(A — Ivir)logr < | a < BA*log?r 


r 


and there is B’ < 4B such that 
v(r) < B'logr. 


(ii) Use the previous exercise to show that 


(iii) Let v(t,0):= #{w:0<|wl<4f(w=C1NGO = [ Me MEO a Show that 


, log M({fi.7) 
im 
roo ~=—s Nr, f) 


Let f be a transcendental function of order 0, {(0) 4 0. Show that 


© it i fr t 
mint (| at) | Wat) =o 
p00 , t [jot 


_ ~ dt | 
(Hint: let N(r) =| at If the liminf is « > 0, then | Ni) = «cp ltatt) 


r 


=1 (for every € eC). 


x > 0. Conclude that there is a sequence r,-> 0c and £B>0 such that 
Nor,) = Brz"**. Show that in this case f cannot have order 0.) 


armonic Measure 


Green Functions and H 


We return to the Dirichlet problem. A nonempty family ¥ of subharmonic 
functions defined in an open connected set Q ¢ Cis said to be a Perron family 
if it satisfies the following two conditions 
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(1) u,ve F then max {u,v} € F; _ 
(2) if B(z9,r) = OQ, ue ¥ then the Poisson modification of u, Pu, also belongs 
to F¥. 


Here Pu = P 


<0 


p _ ne ifz € O\ B(zo,r) 
M2) = 9 BiulaB(zo.r))(z)_ ifz € Blo, 1). 


_u is defined as follows: 


The main result about Perron families is the following. 


4.7.1. Proposition. Let # be a Perron family in Q. Then, the function 
v:Q—> ]—o, +00] defined by 


v(z) = sup{u(z):ue F} 


is either identically equal to +00 or it is a harmonic function in Q. 


Proor. Assume there is a zg € Q such that v(z,) = +00. We can then find a 
sequence {u,},5; SF, u,(Z.) > * 20. Replacing u, by v, = max{u,,...,u,} we 
get an increasing sequence in ¥, with v,(z9) 7 +00. Fix a disk B(zo.r) EQ 
and consider P,. Uv, = = Py, EF F We have 


Py nlZo) = A{Uq, 20,17) = V_(Zo), 


hence Pv n(Zo) > 00. Furthermore, the sequence Pv, is also i increasing and the 
functions Pv,|B(Zo,r) are harmonic. By the Harnack inequalities it follows 
that Pv,(z) > oo for every z € B(Zo,r). It follows that v = oo in B(zy,r). In other 
words, we have just shown that E = {z € Q: v(z) = +o} is a nonempty open 
set. 

If z, eE OQ, let r, > 0 such that B(z,,r,) © Q. There exists at least 
one point z, € B(z,,r,/2) 0 E. Then z, € B(z2,r,/2) S B(z>,r,/2) SQ. But 
v(2.) = +o andv = +00 in B(z,,r,/2) by the preceding argument. Therefore 
v(z,) = oo. That is, z, € E. Since E is now open, closed, and nonempty we 
must have E = Q. 

Let us assume now that v < oo everywhere in Q and show that it is 
harmonic. 

Let 2) €Q, B(zo,r) | Q. Let {u},., SF be such that u,(z>) > v(zo). We 
can also assume here that u, is an increasing sequence and that u, = = Puy, 
Therefore, by Harnack’s theorem, Pu nt B(Zo,r) 7 u which is harmonic in 
B(Z9,r) and u(Zg) = v(Zo). 

Let z, be a different point in B(z),r). We can similarly find an increas- 
ing sequence {v, Inzi S < ¥ such that v,(z,) 7 v(z,). Let w, = P(max{u,,v,}) 
(P = P,, ,). Then w, is 5 also harmonic in B(zo,7r), w, € F so that w, < v every- 
where, and W, 2 U,, W, 2 v, everywhere also. Moreover, since both {u,},.,; 
and {v,},5, are increasing sequences, {w,},., IS an increasing sequence. By 
Harnack’s theorem w,|B(zo,r) 7 w, which is harmonic in B(zo,r). We also 
have for z € B(Zg,r) 
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w(z) = lim w,(z) > lim u,(z) = u(z). 
nm-? OO nO 
Therefore u—w is a nonpositive harmonic function in B(zg,r). But 
u(Zy) < w(Z9) < v(Zo) = u(zy). By the maximum principle, u = w. On the other 
hand 
v(z,) = w(z,) = lim sup »,(z,) = v(Z;). 

Hence u(z,) = v(z,) also, but u is a fixed harmonic function and z, was 
arbitrary, v =u in B(zo,r). In other words, v is harmonic in B(zo,r). We 
conclude that v is harmonic everywhere in Q. C] 


4.7.2. Definition. Let Q be an open subset of Q and x, € 6Q. We say there is 
a barrier at xX, if for every 6 > 0, sufficiently small, we can find a function b, 
such that 


(1) —b, is subharmonic in 2. 

(2) b; > O1in Q. 

(3) b; > 1 for those z € Q such that |z — x9| = 6, and 
(4) lim b,(z) = 0. 


zeQ 


Z-*Xo 


Let h : 6Q > R be a bounded function. The “Perron family of h” is the family 
Fh) of subharmonic functions u in Q such that of every € € 0Q we have 


lim sup u(z) < h(¢). 
z3C 
zeQ 


We set v,(z) := sup{u(z): ue F(h)}. 


4.7.3. Proposition. The function v, is harmonic in Q. If h is continuous at the 
point X, € 6Q and there is a barrier at Xo, then 


Zz Xo 


4.7.4. Corollary. If there is a barrier at each point of 0Q, then the Dirichlet 
problem is solvable in Q. That is, for every bounded continuous function f on 
6Q, there is a function u harmonic in Q and continuous in Q such that u\oQ = f. 


Proor. To simplify the notation, let v = v,. We can assume h > 0. Other- 
wise we add a constant. Each function in ¥(h) will be bounded above by 
M = sup{h(): 6 € dQ} < +00. 

It is easy to see that ¥(h) is a Perron family and, since v < M, it follows 
from §4.7.1 that v is harmonic. 

Let ¢ > 0 and choose 6 > 0 such that |A(x,) — A(y)| < ¢/2 if 


y €0QNK B(Xo, 6). 


Let b = b, bea barrier function at xq for that 6. Consider the auxiliary function 
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S(z) = h(z,.) — ¢ — 2Mb(z) (ze Q). 


Then s(z) < h(x) — € everywhere in Q. If ye dQ7 B(x, 6) then we have 
h(x9) — € < h(y) — €/2 < h(y), hence 
lim sup s(z) < h(y). 
zy 
If ye €QN (B(x, 5)¥, then for ze Q sufficiently close to y we will have 
|Z — X9| > 6, hence b(z) > 1 and 


lim sup s(z) < h(x9) — ¢ — 2M < h(x.) — ¢ < hy). 
zy 


Therefore s € ¥(h). As a consequence we obtain 
lim inf v(z) > lim inf s(z) > h(x) — e, 
2p 2>Xq 
and since ¢ > 0 is arbitrary, 
lim inf v(z) > h(xo). 
2X9 


It is clear that ifh, = h + k, k constant, then U_, = U, + k. Therefore, this 
last inequality does not depend on h being >0, just on being bounded. We 
can now apply the same reasoning to —h and define w as w = —v_,, that is 


—w(z) = sup{u(z):ue F(—h)}, 
The function w is harmonic in Q and 


lim inf (— w(z)) > —h(xo), 
or 
lim sup w(z) < h(x9). 


Zz Xo 


zeQa 


To conclude the proof we need the same estimate with w replaced by v. If 
u, € Ath), u, €¢ F(—h) then u, + uz is subharmonic in Q and for any y € dQ 
we have 


lim sup (u,(z) + u,(z)) < lim sup u,(z) + lim sup u,(z) 
zy 


zy zy 
< h{y) + (—h(y)) = 0. 
Therefore u, + u, < 0in Q. Hence, 
(v — w)(z) = sup{u,(z) + u,(z):u, € F(h),u, € F(—h)} < 0, 
and we can conclude that 
lim sup v(z) < h(xo). 


Z>Xo 
zeQ 


This proves that lim v(z) = h(x). CJ 


Z27Xo 
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One can extend to open subsets of S? the notion of subharmonic func- 
tions, harmonic functions, Perron families, and barrier functions. For that 
purpose, one only has to observe that these notions are local and invariant 
under biholomorphisms. In the neighborhood of 00 € S? one considers func- 


i. 1 
tions of w = —, with — = 0. 
Zz OO 


4.7.5. Proposition. Let Q be a connected open subset of S* and x, € 6Q. If there 
is a connected compact set K containing more than one point such that x) € K 
and K & Q*, then there is a barrier at Xq. 


Proor. Let x, # X9, x, € K. There is a Moebius transformation that sends x, 
to oo and x, to 0. We can therefore assume K € S?\Q and K contains 0 and 
oo. Since K is connected, every connected component of S7\K is simply 
connected. Let D, be the component of S*\K such that Q < D,. There is 
a determination log, of the logarithm in Dy. Let Ry be the image of Dy by the 
logarithm function. Ry is biholomorphic to Dy), hence open, connected, and 
simply connected. We can assume that R, intersects the imaginary axis. If not, 
we replace log, by log, + c, for some convenient constant c. We have 


Ryn {it:te R} = |) Jia, iff, 
jel 


Figure 4.3 
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where 


» (B; — a) < 2x. 


Let hw) = Imj{ Log “= ei ) = Arg —— where Log is, as usual, 
] w — if; — i 


the principal branch of the logarithm for Re{ > 0. The functions h, are 
harmonic >0 for Rew > 0. If we set 


p(t) = Im(Log(w — i(ta; + (1 — 1)6;))), 
when 0 <1 < 1, Rew > 0, then e(1) — g(0) = h,(w) and 
(Re w)(B; — )) 
(Re w)* + (Im w — (ta, + (1 — da, ye~ 
This implies that h,(w) > 0 and 


h(w) = Bi Rew 
= J Rew)? + Umw — we 


p(t) = 


As a consequence, for any n we have 


» hj(w) < " ee Rew _ 


1 cjen _, (Rew)? + (Imw — we 


Therefore the series pe h,(w) determines a harmonic function in Re w > 0 and 
h(w) = -< 2, h;(w) ‘satisfies —1<h(w) <0. 
It is easy ‘to verify that if t € Ja,,8,[ then 
lim h,(w) = 


wit 
Rew>0O 


where 6, is the Kronecker delta, dj = 1, and 6, = Oifk 4 j. Hence, if it € Ro, 
lim h(w) = 
Re w>0 


Oj, 


Furthermore, 
lim h(w) = 


[w|-a0 
Rew>0O 


Let us now set 
(w) = -~1 ifRew<0,weR, 
~ l[h(w) if Rew >0,we Ro. 


The function g is continuous and subharmonic in R,, —1<g <0, and 
lim g(w) = 0 (when we Ry, Rew > 0). Let now 


{w|—co 
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G(z) = g(logy z) (z € Do.) 


The function G is subharmonic in D), ~1 < G<Oand lim G(z) = 0. It is 
|z| 7 a 
zEeDo 


quite possible that G — 0 at certain points in CD, located in the finite plane. 
To eliminate this possibility, let t, be a strictly increasing sequence of positive 
reals, 0 < t, 7 +00, such that the lines Rew = t, intersect Rg (1.c., the circles 
of center 0 and radius e" intersect D,). Let g, be the function constructed by 
the preceding method so that g, = —1in Rew < t,. Set 


| 
H(z) = X 52 InllOBo z) (z€ Do). 
This series converges uniformly to a function H continuous in Do, subhar- 
monic, —1 < H <OQand lim H(z) = 0. 


|Z|-+00 
zEDo 


If y e 0Q then log, y € OR, and g, (log, y) = —1 for n > no(y), hence 
lim H(z) < 0. 


zy 
zeQ 


For M > 0 sufficiently large, denote by 


p = sup (tim sup H 9) < 0. 


lyisM zy 
Then the function H/p is a barrier at x9 = ©. 0 


4.7.6. Corollary. If no component of CQ is reduced to a single point then the 
Dirichlet problem is solvable in Q. 


Let us recall that in the case of the umit disk B(O,1) the solution of the 
Dirichlet problem was done via the Poisson integral representation of the 
solution: 


1 
PAZ) = 5 | | P(z,C)f(C) ds(C), 
Cl=1 


where P(z,¢) 1s the Poisson kernel for B(O, 1). We will see that such a repre- 
sentation is also valid for every open set for which the Dirichlet problem is 
solvable; this follows from an abstract functional analysis argument. We will 
introduce then the Green function which will allow us, for open sets with C° 
boundary (or just sufficiently regular boundary), to have a representation of 
the solution of the Dirichlet problem almost as explicit as in the case of the 
unit disk. 

The starting point of this abstract construction is the observation that 


1 
5, PS )ds({) is a measure >0 in CB(0, 1) of total mass 1. Let now Q be an 
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open set in S$? for which the Dirichlet problem is solvable and denote 0,,Q its 
boundary in S*. The space ¢(0,,Q, C) of complex valued continuous functions 
in 6,,Q is a Banach space with the uniform norm 


If || = sup [f(¢)i. 
Ce 0,Q 


It is also easy to verify that the space h(Q) of continuous functions in Q 
which are harmonic in 9 1s also a Banach space with the uniform norm. If we 
denote by P(/) the solution of the Dirichlet problem in Q with f as boundary 
data, then 


P: 6(0,,Q, C) > H(Q) 


is an isometry. For a function f > 0 we also have Pf > 0. Let z € Q, the linear 
functional 


é,: ft» Pf(z) 


is continuous and positive in @(0,,Q, C) and, therefore, by the Riesz’ repre- 
sentation theorem there is a unique nonnegative measure in 0, Q, denoted w,, 
such that 


Pf(z) = | I) da,(6). 
642 


Taking f = 1 we have Pf = 1, which shows that w,(0,,Q) = 1. It is also clear 
that if ze dQ then wm, = 6, = Dirac measure at z. 


4.7.7. Definition. The measure w, just introduced is called the Aarmonic mea- 
sure of 6,,Q at the point z. 
Let us now introduce the Green function of a connected open subset Q of S*. 


4.7.8. Definition. Let Q be an open connected subset of S* and z) € Q. The 
Green function of Q with pole at z, is a harmonic function g(z; Z9,Q) in Q\ {Zo}; 
which is continuous in Q\{z,)}, zero on ¢,,Q, and such that 


(i) if 29 # 00, g(Z3 Zp, Q) + log|z — zo| is harmonic in 2. 
(ii) if 29 = 00, g(z; 00, Q) — log|z| is harmonic in Q. 


4.7.9. Remarks. (1) If Q = C and z, eC then g(z;z,),C) = log 
1 
(2) If Q = BO, 1) and z, = 0 then g(z; B(0, 1)) = log 
z 
(3) There is at most one Green function g(z;Z),Q) for a given Q, z) €Q. 
This function is >0 by the maximum principle. 
(4) If @:Q, > Q, is a homeomorphism which is holomorphic in Q, (and 
hence a biholomorphic mapping from Q, and Q,), then Q, admits a Green 
function with pole at z) € Q, if and only if Q, admits a Green function with 


lz — Zo] 
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pole at (zg), and 
g(p(z); P{Zo), Q2) = g(z; Z,.Q). 


For instance, a biholomorphic mapping of B(0, 1) onto itself such that z, 
corresponds to 0 is given by the Moebius transformation 


Z-~-2Z 
9(2) = -——— = w 
— Zz 
Therefore, 
1 1 — Zz 
g(Z; Zo, B(O, 1)) = g(w; 0, B(O, 1)) = log — = log 
| w| Z— Zo 


4.7.10. Proposition. Let Q be an open connected subset of S* for which the 
Dirichlet problem is solvable. Let z) be any point in Q, then the Green function 
of Q with pole at 29 exists. 


1 
Proor. By means of the transformation z++——-— one can assume Zp = © 
~~ #0 
and 6Q is a bounded subset of C. Let h be the harmonic function in Q taking 
the value —log|z| on cQ. We let 


g(z; 00, Q) = h(z) + log|z| (2 €Q). 


It is easy to see this is the Green function. a 


4.7.11. Definition. Let Q be a connected open set in S*. A regular exhaustion 
of Q is a sequence {Q,},., of open connected sets Q, such that Q, cc O,,4,, 
(} Q, = Q and 6Q, is piecewise regular of class C®. 


nol 


4.7.12. Proposition. Every connected open set in S* has a regular exhaustion. 


PRoor. One can assume CQ 1s a compact in C and o0 € Q. We cover €Q bya 
. . ot 
finite number of open disks of radius —, which we can arrange so that none 
n 


of them is tangent to another one of this finite collection. Take as Q, the 
unbounded component of the complement of the union of the corresponding 
closed disks. CI 


4.7.13. Remarks. (1) In the preceding construction, if Q is simply connected, 
then the Q, are also simply connected. 

(2) Since the number of corners of 0Q, is finite one can modify the con- 
struction so that dQ, is of class C®. 

(3) If {Q,$,., is a regular exhaustion and z,) €,, then each Q, admits a 
Green function with pole at zo, g,(z) = g(z3Z9,Q,). Ifn > m then g, — g,, 18 
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harmonic in Q,, and >0Oin 0Q,,, hence g, — g,, > 0 throughout Q,,. Therefore 
the sequence {g,} converges uniformly throughout every compact of Q\{z)} 
either to the function identically +00 or to a harmonic function. If Q has a 
Green function with pole at Z9, g(z) = g(z3Z>,Q), then g, <g in Q, and 
therefore g, converges to a harmonic function at most equal to g in Q\{zo}. 


But the same inequality forces lim (tim al) = Q if €€ eQ. It follows that 
zt \an-a 
zéeQ 


9n(Z3 Z9, Q) > g(Z3 Zo, Q) uniformly over compact subsets of Q\{z}. 
4.7.14. Proposition (Symmetry of the Green Function). Let g(z;z,9,Q) and 


g(z;z,, Q) be the Green functions of Q with poles at zy # z,. Then 

9(Z 15 29,92) = g(Zo; 21, 92). 
(We assume the Dirichlet problem is solvable in Q.) 
Proor. Let us assume first that 0Q is piecewise regular of class C' and a 
compact subset of C. The function 

g(Z; 29,92) + log|z — Z| 
is harmonic in Q and continuous in Q, with boundary values 

I(Z, 29) = log|z — Zo. 


Consider the harmonic extension of I(-, 29) 
P(U(-, Z9))(Z) = | I(t,Zo)dw,(t) (2 EQ). 
an 


It is clear that for z fixed, this is a harmonic function of z,) €Q. In fact, if 
B(Zy,r) S O then, applying Fubini’s theorem and that wr> log|w — t| is har- 
monic in Q for t € 6Q fixed, we have 


| 
= i P(I(-, w))(z) ds(w) = {_ AU (t, +), 29,7) dw,(t) 


_ | _Mt,20)dex(t) = PUUC-,20))() 


which proves the mean-value property holds for zy variable. 
On the other hand, we already know one harmonic function in z whose 
boundary values are precisely J(-,2z,). Therefore we must have the identity 


P(U(-, Zo))(Z) = g(Z329,Q) + log|z — Zol, 
which implies that for z € Q fixed, 
Zot g(Z; Zo, Q) + log|z — Zo| 


is harmonic. Therefore zy + g(z,; Zo, Q) is harmonic in Q\{z, }. 
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Let D denote the diagonal of O x QO. Consider the function 
6(21,29) = 921329, Q) — g(Zo321,Q) 


defined in Q x Q\D. This function is harmonic in each variable separately. 
Now, as a function of Zo, g(z,; Z9, Q) has a logarithmic singularity at z,, and 
as a function of Z9, g(Z93Z,,Q) also has a logarithmic singularity at z,, both 
have opposite signs so that z)+~ 0(z,,Z,)) 18 actually harmonic in a neighbor- 
hood of z,. That is, we have shown 6 is actually well defined in Q x QO and 
harmonic in each variable separately. 
If x € OQ we have 
lim inf 0(z,,Z 9) = lim inf g(z,32Z),Q) — lim g(z932z,,Q) 


2Q7°X ZQ7?x ZQ77X 


= lim inf g(z,3Z),Q) => 0, 


hence 6 > OinQ x Q. Similarly 
lim sup 0(2,, 29) = lim sup (— g(z,; 29,2) < 9, 


hence 6 = 0. Therefore g(z,;Z 9, Q) = g(Z93Z,, Q) 1f 2, 4 Zo. 

If Q is an arbitrary open set for which the Dirichlet problem is solvable, let 
{O.,.},>, be a regular exhaustion of QO. We can suppose Zp, z,; € Q,. We have 
9(Z 432, 22,) = G(Z93Z,, Q,) for every n, therefore this identity holds for their 
limits, hence by §4.7.13, (3) for the Green function of 9. 7 


Our aim is to show how to find the harmonic measure w, in terms of the 
Green function (as in Proposition 4.7.18). We have shown the symmetry of 
the Green function; we must therefore have some relation between w,, and w, . 


4.7.15. Proposition. Let Q be an open set for which the Dirichlet problem is 
solvable, 2), z, be two distinct points in Q. Then wm,, and w,, are mutually 
absolutely continuous measures and, for every compact set K <Q there is a 
positive constant M such that 


for every 29, 2, € K and every Borelian set E < 0Q. 


ProoF. Let us show first the absolute continuity of w,, with respect to w,.. 
Since these are regular measures, it 1s enough to show that if E is a closed 
subset of CQ and w, (E) = 0 then w, (E) = 0 also. Let u € @(0Q) be such that 
0O<u< 1indQ\E,andu = i on E. Set v, = P(u"). Then {v,},,., is a decreas- 
ing sequence of harmonic functions >0, and 


v, (Zo) = | u"dw,, > w,,(E) = 0. 
an 


Hence v, — 0 in Q and therefore, 
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0 = lim v,(z,) = lim | u"dw,, — w, (E), 
a-?0O nm->20 a @) 
which is what we wanted to prove. 

The last part of the proposition is just a little refinement of the preceding 
argument. From the Harnack Inequality 4.3.9 one can conclude that if v is 
harmonic positive function in Q, K a compact subset of Q, there are constants 
Cc, > 0,c, > O such that for any pair zo, z, € K we have 


€,0(29) S v(2,) < C2v(Zo). 


Let now E be a closed subset of 6Q such that w, (E) = o > 0. Using the 
preceding argument, we have a sequence v, = P(u"), which converges to a 
harmonic function v > 0. One has 


i ae 8) 


-| We, 
E 


= «,,(E) 


v(Z9) = im | u"da,, 
an 


=o > 0. 
Therefore v > 0 and we can apply the previous inequality, hence 
C16 < u(z,) < c,Q¢, for every z, € K. 
But 


v(z,) = lim | u"dw, = w,,(E), 
an 


whence 

c,@, (E) Ss w, (E) Ss C,@, (E). 
By the regularity of the measures, these inequalities hold for every Borelian 
Ec oQ. a 


4.7.16. Proposition. Let Q,,Q, be two open connected sets and 9:Q, > Q, a 
homeomorphism which is a biholomorphism from Q, onto Q,. If the Dirichlet 
problem is solvable in Q, (and hence in Q,) then for z, € Q, we have 


Woz.) = Pyl@z, ). 


(p,(@,,) is the direct image of the measure, i.e., | fdg,(@,,) = 
AN, 

| (fo g)do,,.) 

aa, 


ProoF. The proof is left to the reader. CJ 
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4.7.17. Proposition. The harmonic measure w,, of a point Zz) € Q has no atoms. 


PRooF. We can assume o € Q, Oe CQ, and 0cQ © B(O, 1). We are going to 
show w,,({0}) = 0 by showing that log|z| € L*(dQ, a, ). 
Let g(z; 00, Q) be the Green function of D with pole at o, 


u(z) := g(z, 0, Q) — log|z|. 


Then u is harmonic Q, continuous in 6Q\{0}, and it has the value —log|z| on 
0Q\{0}. Let {f,},., be an increasing sequence of continuous positive func- 
tions in 6Q such that lim f,(z) = —log|z|, z #0, and lim f,(0) = +00. The 


Ao Fi 0 


corresponding harmonic functions u, = P(/,) form an increasing sequence in 
QO and u,(z) < u(z), since u, < u on 0Q\{0}. Therefore 


u(Z,) > him u,(Zo) = lim f,I0,, 


OO 0Q 


= lim (f,(0)@,,({0})) + | — log|z|dw,,(z), 
n->00 en 
which proves that w, ({0}) = 0 and log|z| € L'(éQ, @,,). C 


When the domain Q has a real analytic boundary then one can give a 
formula for w,, in terms of the Green function. 


4.7.18. Proposition. [f QO is an open connected set, with regular real analytic 
boundary, Z, € Q then 


lo 
da,(-) = — Bp 9 3 20 82) 4s, 


CG, . 
where g(Z3 Z9, Q) is the Green function with pole at 29, — is the derivative in the 


on 


direction of the exterior normal and ds is the arc length measure on the boundary. 
Proor. We will use Green’s formula. Let he C°(éQ) and, for 6 > 0, let 
= {zEQ:|z — Z| > 6} O< 46 < d(z9,)). Let u = P(h) and 
v(2) = g(z3 29,9). 


Applying Green’s formula to Q,; we obtain 


0 G 
| (uAv — vAu)dx dy = | (ue — 0) ds, 
Q; AN, on on 


but to justify this formula we need to know that v is a smooth function also ina 
neighborhood of 6Q, This will depend on the following reflection principle. 


4.7.19. Lemma (Schwarz’s Reflection Principle for Harmonic Functions). Let 
v be harmonic in |a,b[ + i]0,6[, continuous in ja, b[ + if0,6[, and zero when 
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Imz = 0. Forze Ja,b[ +i] — 6, 6[ we define 


V2) = v(z) ifImz>0 
7) —v(Z) ifImz <0, 


then V is a harmonic function. 


ProorF. Clearly V is continuous in G = ja,b[+ i] — 6,6[.Ifz.¢éG,Imz, 40 
then it is clear V(z,)) = A(V, Zo, r) for all r > O sufficiently small. For zy € Ja, b[ 
we have by the very definition of V, A(V, z,),r) = 0, but V(z,.) = 0 also. Hence 
V satisfies the mean-value property and it is harmonic. CO 


Let us return to the proof of §4.7.18. If y: ]—e,e[ > C 1s a real analytic 
function parametrizing locally a component of 0Q, »’(t) #0 for all t and 


y(t) = >» c,t/ is the series development of y about t = 0, which we can assume 
jz2o 
converges in the disk of radius e. Let ['(z) = 2d, c,z/, ze B(O,), then I is a 


holomorphic injective map in B(0,r) for some r,0<r<e. Therefore W = 
I'(B(0,r)) is an open neighborhood of y(0) which is biholomorphic to B(0, 7). 
The curve y(]—r,r[) is the image of B(0O,r) 7 {Imz = 0}. Let us consider 
therefore the harmonic function h(z) := g(T(z);Z9,Q) in B(O,r) 7 {Imz > 0}, 
which is continuous on B(0,r) > {Imz = 0} and zero on B(0,r) 7 {Imz = 0}. 
Hence there is a harmonic function H in B(0,r) whose restriction to the upper 
half of the disk coincides with h. The function ~ is well defined in W, H o 7! 
is now a harmonic function in W which extends g{-;Z),Q) across a segment 
of 0Q. This shows that g(-;Z,),Q) is in fact smooth in a neighborhood of dQ, 
and justifies the use of Green’s formula. 

Returning to Green’s identity, let us recall that since v = g(-, z,, Q) vanishes 
on 6Q, and u, v are both harmonic in Q,, we obtain 


o= | horas — | (we — oS) 
on én dB(O, 8) On on 


Introducing polar coordinates about z) we have g(z;2Z),Q) = —logr + G(z), 
6 66 
G harmoni <=, h 
armonic near Z, a, = 3p hence 
dv 1 OG 
én or On’ 


0G. ; 
where an is continuous near z,. Therefore 
n 


| u— ds = -| u(z,. + de) dé + O(6) = —2nu(z,) + O(6) 
CB(O,9d) 


0 " oO . 
| pds = —dlogd —Uu(Zy + de”) dé + O(5) = o()). 
CB(O 5) On or 
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Letting 0 — 0 we have 


d 
| h «° ds = — 2nu(Zo). 
ea «On 


In other words, 


| Og 
u(Zo) = —3~ | Ale) == (2520,.2)ds(2), 
20 Jao on 
which is the statement of Proposition 4.7.18. Cc 


4.7.20. Remark. Lemma 4.7.19 provides a proof of a stronger Schwarz’s 
reflection principle for holomorphic functions. That is, if f = u + iv is holo- 
morphic in Ja, b[ + 1]0,6[, v is continuous in Ja,b[ + i[0,d[ and v = 0 on 
a, b[, then there is a holomorphic function F in G such that 
f(z) ifzeGnimz>0 
F(z) = { } 


f{@ ifzeGo {Imz < 0}. 
(G = ja,b[ + i]—94,0[ as in the proof of Lemma 4.7.19.) 

In fact, let g(z) = u(z) — iv(Z), ze Go {Imz < 0}. One verifies without 
difficulty that = = Q. The difficulty lies in proving the continuity of F across 
Im z = 0. We will bypass this problem as follows. 

The function V from Lemma 4.7.19 1s harmonic in G and, since G is simply 
connected, there is a harmonic function U in G such that U + iV is holomor- 
phic in G. Furthermore, if W is another harmonic function in an open con- 
nected subset Q of G such that W + iV is holomorphic then W — U must be 
constant in Q. The choice W = uin Gr {Imz > 0} leads to U(z) = u(z) + k, 
when Imz > 0. The choice of W(z) = u(Z) in Gm {Imz < 0} leads to U(z) = 
u(z) + k, when Imz < 0. Since U is continuous we have that for x, € Ja, b{, 


U(x9) — kK, = lim U(xp + ie) — k, = lim u(x + ie), 
e>0* e7Ot 


which shows the last limit exists. Furthermore 


e7Ot e-gt e>Ot 
hence k, = k,, that is, U + iV — k, is holomorphic in G and coincides with 
f when Imz > 0 and with g when Imz < 0. Therefore, F is a holomorphic 
extension of f. CJ 


Assume, as earlier, that QO is a connected open set with a real ana- 
lytic boundary. Let h(z) = h(z;z,),Q) be a “harmonic conjugate” of g(z):= 
g(Z; Zp, Q), defined in a neighborhood of O\{z,} by choosing a path y, from a 
fixed point z,(z, ¥ Z,) to z and letting 


h(y,) = 2Re | 29 wy dw, 
Ow 


Yz 
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0 
The form 2 a dw is Closed (cf §4.3.4) but h is not well defined. At every z, there 


are several determinations depending on the periods, with respect to the holes 
of Q\ {zo}, of the integral. Nevertheless, locally a determination of h can be 
chosen, and Q = g + ih is locally holomorphic (though multivalued). More- 
over, Q’ is well defined, independent of the determination of h. In fact, one has 
the following. 


4.7.21. Proposition. [f Q is an open connected set with a real analytic boundary 
and Z, € Q, then 


dow, ,(z) = > O'(z) dz (z € OQ). 


Proor. Let n be the exterior normal to dQ at ¢ and t the unit tangent vector 
at the same point (with the same orientation as 0Q). The Cauchy-Riemann 
equations and the fact that g vanishes identically on 6Q give 


Og Oh 
0=-0=-- 0 
We have df = tds, n = —it, and we can conclude that 


io’ (ae = i( tim eer 2= 00) «= Ea: mas 


0 
= Ft) ds = 2ndw, , 
on ° 


which proves the proposition. OO 


The relation 


shows that the function 
f Oo 
P == —_ __ gf {: 
(¢, z) an an g(; z, Q), 


where ¢ = length of 0, reproduces the harmonic functions in Q that are 
continuous up to éQ. That is, 


u(z) = | P(C, z)u(l) da(¢), 
on 


ds . ; ; ; 
where do(¢) = 3 is the arc-length measure normalized. Therefore this function 


P has the right to be called the Poisson kernel of Q. Note that P > 0 and 
| P(¢,z)do(C) = 1 for every z EQ. 
an 
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In the next section we will remove the need to have a real analytic boundary 
for Q in order to construct a Poisson kernel. The idea is to use §4.7.9 (4), and 
show that biholomorphic maps have nice boundary regularity properties. 

We state now a more or less immediate consequence of Remark 4.7.20 and 
the proof of Proposition 4.7.18. 


4.7.22. Proposition. If Q is a Jordan domain with real analytic boundary and f 
is a conformal map of B(0, 1) onto Q, then f has an extension to a conformal map 
defined in a neighborhood of B(0, 1). 


ProoF. The proof is left to the reader. a 


We can put together the Riesz decomposition theorem and the preceding 
considerations to obtain a representation formula for subharmonic functions 
involving the Green function. 


4.7.23. Lemma. Let Q be a bounded domain with areal analytic boundary. Then 
for every C€Q, 


log|¢ — Zo| Wz€Q 
log|z — d = . 
I, 8 ol ole) hee — Zo| + 9(0529,Q) ifz) € Q. 


Proor. Let us observe first that the formula on the right-hand side is actually 

a continuous function of zy. In fact, g(¢; 29, Q) = g(zZ9; ¢, Q) — 0 when z, tends 

to a point in 0Q. For z) € Q we already know that log/¢ — z9| + g(€;Z9,Q) 

coincides with a harmonic function of z). Secondly, by Proposition 4.7.18 
1 a ; 

we have that dw,(z) = an 3, 925 Q)|dz|, and for z) € 0Q, the function 
m On 

z++log|z — Z| is integrable on the boundary with respect to arc-length measure 


4 ; 
|dz|. Since .. is bounded, a simple appeal to Lebesgue’s dominated conver- 
n 


gence theorem shows the integral in the preceding expression is also a con- 
tinuous function of Zo. 

Therefore, it is enough to prove the lemma when zy ¢ 6Q. If z. ¢Q, then 
log|z — zp|is a harmonic function of z ina neighborhood of Q, and the formula 
is correct by definition of the harmonic measure. If zy € Q, let h,,(z) be the 
harmonic function in Q whose boundary values are log|z — zo|. We have 


| log|z — Zo|dw,(z) = | h,,(z)da,(z) = h,(C) = g(C, Zo, 2) + logic — Zol 
6a an 

by definition of the Green function. C 
4.7.24. Remark. This lemma is valid under very general conditions, certainly 


7) - | | , , 
we only use that °F (2: (, 02) is bounded and dw, = —~— g (z;f,Q). Piecewise 
on 2n On 
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smoothness of the boundary suffices for this requirement. (See, e.g., [HK, 
section 3.7] where this is proved assuming only m(éQ) = 0.) The same remark 
applies to the following proposition. 


4.7.25. Proposition. Let Q be as in the previous lemma, ua subharmonic function 
in an open neighborhood of Q. Then for every C € Q we have 


1 
u(C) = | u(z)dw,(z) — xn \. g(z; ¢, Q)Au(z). 


Proor. By Riesz’ Decomposition Theorem 4.4.2 (3) and the hypotheses on u 
we have a relatively compact open set D, Q < D, and a function u, harmonic 
in D such that for z € D we have 


u(z) = u,(z) + I | log|z — w| Au(w). 
2m Jp 


Let us integrate both sides against the harmonic measure dw, of QO at the point 
¢. Then 


I 1 


The total mass of D with respect to the positive measure Au is finite. The same 
is true for 6Q with respect to the positive measure dw,. The function log|z — w| 
is bounded above when (z, w) € 6Q x D, hence we can apply Fubini’s theorem 
and interchange the order of integration. We obtain 


| u(z) dw,(z) = ug(Z) + x | auiw)( | log|z — w| dux(e)) 
an Jp 62 


For w e D\Q the inner integral becomes log|¢ — w| by §4.7.23. For we Q we 
can use the other part of §4.7.23 and get 


1 | 
| u(z) der,(z) = uo(C) + = | log|¢ — w| Au(w) + = | g(w; , Q)Au(w) 
On 1 BD 20 oO 


1 
= ul) +5 | g(w;£, Q)Au(w), 
R Jo 
This is exactly the statement of the proposition. C] 


We conclude this section by showing that the Riemann mapping theorem 
can be obtained from the existence of the Green function. We think the 
argument is instructive. 


4.7.26. Proposition. Let Q be a proper open subset of C which is simply con- 
nected. Given Zy € Q, there is a conformal map @ of Q onto B(O,1) such that 
P(Zo) = 0. 
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PROooF. By the same argument as in §2.6.3, we can reduce ourselves to the case 
where © is bounded. Let g(z;z,,) be the Green function of Q with pole at 
Zg. It exists, since S*\Q is connected and has more than one point, and 
therefore the Dirichlet problem is solvable in Q. Let 


u(z) = —g(Z;29,Q) —logiz— zo] (z € Q), 


This function is harmonic in Q. Let v be the harmonic conjugate function that 
vanishes at Zz). The holomorphic function 


p(z) = (z — Zo) exp(u(z) + iv{z)) 


is the conformal mapping we are looking for. 
It is clear that o(z,)=0 and that log|g(z)| = log|z — z,)| + u(z) = 
— g(Z3 Zo, 2) < 0. Therefore p(Q) ¢ B(O,1) and lim |¢(z)| = 1. 
z70Q 


Let us now show that @ is surjective. Since ~ is an open map, it is enough 
to prove that ¢ 1s also a closed map. If we show that ¢ is proper, then we will 
be done with the surjectivity question. For 0 < r < | we claim that the inverse 
image K, of B(O,r) is a compact subset of Q. If not, let (z,),>, be a sequence 
in K, which converges to a point ¢ € cQ. It would follow that lim |g(z,)| = 1, 
which is a contradiction. men 

To show that is injective, we can find a piecewise linear Jordan curve y 
in Q such that K, = o'(B(0,r)) & Int(y) (61.10.2). The curve I = g 0 y lies in 
the annulus r < |z| < 1. For a given wo, |Wo| <r, we have that 


| dw 1 @' (z) dz 
r 


W— Wo 2ni y (2) — Wo 


1 
Indy-(wo) = ami 


is the number of times the value w, is taken. Since Ind,(w,) = Ind,(0), this is 
also the number of times the value 0 is taken by og. From the definition 
of @ one sees that this happens only once. This concludes the proof of the 
proposition. Cc 


EXERCISES 4.7 
B = B(Q, 1). 


1. Prove Proposition 4.7.22 in detail. 


2. Let Q be a simply connected open set in C. Show that the level curves S, := 
{z € Q: g(z;29,Q) = A > 0} of g(z; 2, Q) are real analytic Jordan curves. 


3. Find the Green function of the following domains in C: 
(a) Q=H = {zeC:Imz > 0} 
(b) Q= {zeC:0<Argz <a < 2x} 
(c) OQ = BO, R) 
(dd) Q= BO,R)OH 


(e) Q= freCilal<10<Argz <3h. 
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4. Solve the Dirichlet problem in H = {ze C: Imz > 0}, where the Dirichlet data 
ul, = f(x) is given by 
(a) (0) = Xa,o1 


(b) (x) = 
(c) fo) = 1. 
5. Solve the Dirichlet problem in the quadrant Q = ‘ E€C:0<Argz< +t for the 


data 
(a) uj{0} x [0, of = 0, uj[0, of x {0} = 1 
(b) uj{O} x [0, oof = a, ul[0, o[ x {0} = B (a, 8B € R). 


6. The Green function z+> g(z; Z), Q)is locally integrable, hence an element of 9’ (Q). 
Compute Ag(-;Z9, 22). 


7. (i) Show that the domain Q = B\{0} does not admit a Green function. (Hint: 
if 9(Z;Z,, Q) is the Green function show that the harmonic function h(z) = 
1 
G(Z; Zg,Q) + 5, oBle — Z| has a removable singularity at z = 0. Conclude 
Hs 
that the function G(z) := —g(z;z 9, Q) for z € B\ {0}, G(O) := 0, is subharmonic. 
This violates the maximum principle.) 
(ii) Show, using (i), that there could be no conformal map between © and any 
annulus 0 <r, <|z| <r, < o. 


8. Write down explicitly the identity of Proposition 4.7.24, when u = log|/|, f 
holomorphic in a neighborhood of 0 and has no zeros on 0Q. (What happens if 
there are zeros on 0Q?) 


*9. (a) Apply Exercise 4.7.7 when Q = {z EC: |z| < R, Imz > 0}. Conclude that if 
a, denote the zeros of f in Q then 


_ R 
logif(@)l = tog|-—=] + = | P,(0)logl f(s) at 
-R 


la,,|<R 


yA a, 
2Ry |” . 
+ | P,(8) log| f(Re™)| dé, 
0 


, I R? 

where Z= xX + ly Ee (), P, (t) — a, ~~ tx 4 ra) — R* — 2tR?x + |z[72?’ P,(8) = 
R? — |z|*)sin0 

| _ = oe ra Ee (Hint: Compute the Green function of Q using 


conformal maps.) 
(b) Assume further f(0) = 1; then by letting z - 0 conclude that 


1 1 {” ; 
du (- ~ Ay sin 6, = ZR | log| f(Re”)| sin 6 d@ 


ry; fy 


R/t 1 I 
al € 7 z) logl flo f(—x)ldx + 5 Im(f’(0). 


Here a, = r,e** € Q. 
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12. 


13. 


14. 


15. 


16. 
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Use §4.7.20 to prove that if Q = Ja,b[ + 1]0,6] and fe #(Q) is such that as 
Z, > Xo € Ja, b[, one has either Im f(z,,) > 0 or | f(z,)| > «, then f extends to a 
meromorphic function in D = Qu Ja, b[ UQ, whose only possible poles lie on 


the real axis. HereQ = ja, bf — i]0, 6]. (Hint: consider the function g(z) = f(z) 1 


in a small half-disk centered about a point x, € Ja, b[. Show one can assume 
g({z) # 0 throughout that half-disk. Apply §4.7.20 to h(z) = i log g(z).) 


. Let f be a conformal map between 0, = {z:0 <r, <|z|< R,} and Q, = 


R, R 
{w:0<r, <|w| < R,}. Show that — = —*. 

ry ry 
Let f € .@(B) be such that | f(z)| > 1 as |z| > 1, show f has an extension to a 
function F in .@(S*). For |z| > 1 show that F(z) = 1/f(1/Z). (Hint: consider 


log] f(z)|.) 


Let f be an entire function which is real-valued exactly on the real axis. Show 
that f(z) = az + b for some a, be R, a ¥ 0. (Hint: f is nonconstant and one can 
assume that Im f(z) > 0 whenever Imz > 0. Use the argument principle to show 


fe) 


that f has exactly one zero. Let a € R be that zero, and show the function ——— 
must be constant.) 


Let u be a harmonic function in H = {ze C:Imz > 0} and continuous in H. 
Assume u > 0 in A and u = 0 on GH. Show that u(z) = ay for some a > 0. 


Let Q,,Q, be two domains in C for which the Dirichlet problem is solvable and 


f:Q,—7Q, a holomorphic map. Let 


u(Z) = g(Z3 29,1) — g( f(z); f(Zo), Q2). 


(a) Show that uis harmonic in 0,, except possibly at z = z, and at the points of 
the discrete set f~'({ f(zo)}). 

(b) Show that for every singular point €€Q, of u, there is ke N such that 
u(z) + klog|z — ¢| 1s harmonic in a neighborhood of C. 

(c) Conclude from (a) and (b) that u is subharmonic in Q, and u < 0. This is 
precisely the Lindel6f subordination principle: 


G(25 29,21) S g(f(2) f(Zo), 22). 
(d) Let m(zo, f) be the multiplicity of {(z,) as a value of f at z = z). Show that 
M(Zo, f)g(25 2,4) < gf(z); f(Zo), 22). 
(e) Let wy € Q, and f~' (wo) = {24,...,z,}. Show that 
Dd m(z4, A) G(s 24,21) S GFZ); Wo, Q2). 


1<k<n 
Use Exercise 4.7.15 to show that if Q, = B(0,1), Q, = {weC: Rew > 0}, 
f:Q,-Q, holomorphic, and f(0) = wo = ug + ivo, then 
. + |2| 
|f(Z) — ive] < Mo, pay Iz| <1. 
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17. Let f: B > B holomorphic. Show that for every ¢ € B one has 
Y mz, fl —|z1) < 0. 


ze f~ *(C) 
*18. Let (z,),., S B, (m js, S N* be such that 


» m,(1 — [z,|) < 00. 


21 


Construct a holomorphic function f: B > B that vanishes exactly at the z, with 
multiplicity m,. (Hint: consider f € #(B) such that log|f(z)| = ° m,g(z;z,, B),) 
kE1 


This result can be obtained directly using Blaschke products. 


19. Let ue SH(B), H harmonic in B such that for some p, 0 < p < 1, u(z) < H(z) for 
every z € OB(0, p). Let f € #(B), f(0) = 0, If ||, < 1. Show that 


u( f(z)) < H(f(z)) for every z € B(0, p) 
and 
A(u co f,0, p) < A(u,90, p). 
*20. Let f: B + C\[1, oo[ be holomorphic, f(z) = 2 a,z" for ze B. Using a con- 


formal map from B onto C\[1, oof and the inequality 
2n 1 1 
2n Jo n n 


|a,| < en. 


Ce 


a a f(pe®)p-"e in? do 
20| Io 


show that there is c > 0 such that 


21. Recall that f is a proper map if f~'(K) cc B whenever K cc B. Show that if 
jf: B > Bisa proper holomorphic map then f is holomorphic in a neighborhood 
of B. (Hint: Compare with Exercise 4.7.12.) 


§38. Smoothness up to the Boundary of 
Biholomorphic Mappings 


In this section we will consider the possibility of extending up to the boun- 
daries in a C® smooth fashion, a biholomorphic mapping f between two open 
bounded sets Q,, Q, which have C” boundaries. We already showed in 
Theorem 2.8.8 that when Q, and Q, are homeomorphic to the closed unit disk 
B(O, 1), ie., when they are Jordan domains, then without any assumption on 
the regularity of the boundaries, f has necessarily a continuous extension as 
a homeomorphism between Q, and Q,. The first proof of this theorem is due 
to Caratheodory in 1913, but, already in 1885, Paul Painlevé had shown that 
when 6Q,, 6Q, are C” regular boundaries then f has a C® extension from Q, 

and Q,. Until very recently the proofs of this C® extension were extremely 


414 4. Harmonic and Subharmonic Functions 


intricate. The proof we give here, following [BK ], originated in the context of 
several complex variables. This proof has the additional advantage that (as in 
Proposition 4.7.22) it provides the C“ extension without appealing to Cara- 
theodory’s theorem. 

Let us start by remarking that if one expects a C® behavior up to the 
boundary of a biholomorphic map f : B(0, 1) > Q, we must assume that 0Q 
be a regular boundary of class C”. For instance, for Q= {ze C:|z| <1. 


Imz > 0} the map 
(lz), 
L+2z 


10 = Tap 


bez 


+1 


is biholomorphic from B(0, 1) onto Q, and extends to a homeomorphism of 
the closures, which is not differentiable at z = +1. 

Recall that if K is an arbitrary set in C, a function f: K — C is said to be 
of class C® on K if there is an open neighborhood U of K and a function 
f € &(U) such that f = f|K. Incase Qis an open set with C® regular boundary, 
K =Q, then f is C® in K if and only if f|Q and all its partial derivatives can 
be continuously extended to K. This fact is not altogether obvious and we will 
therefore provide a detailed proof. 

First, let us observe that one can find two sequences {a,}, 50, {& fx>0 of real 
numbers satisfying 


(i) b, <0 


(ii) > |a,||b{| < oo for every integer n > 0 
k>0 

(iii) §’ a,bf = 1 for every integer n > 0 
k>0 


(iv) lim b, = —oo. 

ko 
Namely, let b, = —2*, and consider for each N e€ Z* the solutions a, y of the 
N x N system 


Using Cramer’s rule we see that they are given by a, y = A,° B,.y where 
1+ 2! 1+ 2! 

A, = ~—;, Ry = |] ~=-—~s;- (Recall that an empty product 
o<j<k-1 27 — 2 kticj<n 2’ — 2 


equals 1.) It follows that 
|A, | < I] Qit+2-k _ 97 (ke 3h)/2 


O<j<k-1 . . 
1+2 1+2 

log B, y = log| —_; ] < ae ee <4. 
BON vate 2) — x) k+Vejen 2? — 2k 
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When N increase toward +00, B, y also increases to a limit B, < e*. If we set 
a, = A,B, we have |a,| < e+2~*’~ 3, Therefore, we have $° |a,||by'| < 00 for 
k>0 


every n > 0. Let us extend the definition of a, y by setting a, y = Oifk>N. 
We have 


» a, wbx — 1 if N = Mi. 
k>0 
Since |a, y||bg| < |a,||b2| and > |a,||b,|" < oo we have, for every n > 0 
k>0 


lim y ay nby — s ay nby = L. 
No k>O0 k2>0 
Hence the sequences {a,},50, {5,},>0 Satisfy the four properties (i)—(iv). 

Let now g «€ &(R) be any function such that g(t) = 1 if O<t <1 and 
o(t)=0 if t > 2. If f is a C® function in the set D = {ze C:a< Rez < b, 
Im z > 0} such that it has a continuous extension, together with all its deri- 
vatives to the set D, = {ze C:a < Rez < b, Imz > 0} then we can set for 
y < 0: 

Ef(x,y):= ), &O(by) F(x, by). 


k>0 


For each y < 0 the sum is actually finite since b, > —oo. Since } |a,||b,|" < 00, 
k>0 


ali the derivatives of Ef converge uniformly when y ~ 07 on compact subsets 
of a < x < b. By (iii) these limits coincide with those obtained for the corre- 
sponding derivatives of f when y + 0*. Therefore the function F defined in 
D, = {ze C:a< Rez < b} by 


I(x, y) for y>0 
F(x, y) = im f(x,t) for y =0 
t-o+ 


Ef (x, y) fory <0 


is a C™ function in D, that extends f. To simplify the notation, let us call Ef 
the function F when a = —1,b = 1. 

If Q is a bounded open set with regular boundary of class C”, we can cover 
0Q by a finite collection of open sets U,,..., U, and find corresponding C° 
diffeomorphisms g,:Q;-— ]—1,1[ x ]—1, 1[ such that @(0Q nm U;,) lies on the 
real axis. LetQ = Up, U,4, = C\Q, and a,..., 4,4, bea C® partition of unity 
in C subordinate to (U,),-9,.. navi With suppa, cc U; fl<j<nIffisa 
C”@ function in Q such that all its partial derivatives have a continuous 
extension to Q, then we let 

G(f) = af + » a; (EC fo gp; ') ° (;), 
1<j<n 
which is C” everywhere and coincides with f in Q. 

If Qis a bounded simply connected open set with a C® boundary, then 0Q 

is a Jordan curve having a parametric representation of the form y: [0, 1] > C, 
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d di 
y of class C”, such that Fr = |p(t)| = 1 for every t € [0, 1] and, 4 (0) = 
diy 
dt! 
such that Q = {ze C: p(z) < 0} and the gradient Vp(z) 4 0 for every z € 0Q 
(cf. §1.3.2 (3)). We will also need the following property. 


(1) for every j > 0. We recall that there is also a C® function p:C >C 


4.8.1. Proposition. Let Q be a bounded open set with C® boundary. For every 
C” function p defining Q as earlier there are two constants ¢ > 0, C > 0, such 
that if d(z, dQ) < «, then 


|p(z)| < Cd(z, éQ). 


Proor. We have already pointed out in §1.4.2 that if p, and p, are two 
functions defining there is a function h € &(C) such that p, = hp, andh > 0. 
Hence, the proposition will follow if we find a simple defining function for Q 
which satisfies the desired estimate. This is assured by the following lemma. 


4.8.2. Lemma. Let Q be a bounded open set with regular boundary of class C”. 
There is an ¢ > 0 such that if U, = {z € C: d(z, dQ) < ¢}, then the function dp 
defined in U, by 


ie(z) = d(z,6Q)  — ifze Un (C\Q) 
ow” | —d(z,dQ) ifzeU,nQ 


is of class C® and such that Vd,(z) # 0 for every z € 6Q. 


Proor. We can assume without loss of generality that Q is connected. We will 
prove the lemma finding ¢ > 0 corresponding to a neighborhood of I, the 
component of 6Q which is the boundary of the unbounded component of C\Q. 
The reader will convince himself that an analogous argument can be used for 
the other components of 0Q. Since the total number of components of éQ is 
finite this will suffice. 

Let y: [0,1] + C be a C® parameterization of I, y periodic of period 1 and 
|3(0)| = 1 as earlier. We can assume Ind,(a) = | for a € Q. For (t,s) € [0,1] x 
]—1,1[ define H by 


H(t, s) = y(t) — isp(2). 


Due to the assumption that Ind,(a) = 1 if a € Q, iy(d) is the interior normal 
to I at the point y(t). If y = y, + iy, then 


H(t, s) = (y(t) + spo(t)) + i920) — shi), 


and, considered as a map into R?, its Jacobian matrix is 


I(t,s) = (20 + silt no) 
Pl) — six -n) 
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For s = 0 we have 
det J(t,0) = —(), (0)? + 7.(0°) = —bO? = —L. 


The inverse function theorem implies that for some ¢ > 0, the function H is 
invertible in [0,1] x ]—e,e[. Let U) = {ze C:d(z,T) <«}, G=H™ is de- 
fined in U! and it is C®. Furthermore, if G = (G,, G,) one has 


(1) y(G,(z)) is the normal projection of z onto 0Q 
(2) G,(z) = do(z). 


Moreover, the Jacobian matrix of G at z = »(t) € Tis the inverse to the matrix 


J (t, 0), 1.e., 
(0 an 
f(t) —3,()/ 


0G 
In particular, the components of Vd,(z) are given by 3) = y(t) and 


o (z) = —y,(t), which shows that Vd,(z) 4 0. This concludes the proof of 
y 


the lemma and of Proposition 4.8.1. Cc 


4.8.3. Definition. If Q is a bounded open set in C with regular boundary of 
class C™ and if f:Q-— C is a C™ function, then we say that f vanishes to the 
order k on 0Q if f and all the derivatives of f up to the order k — 1 vanish on 
0g. 


4.8.4. Proposition. [f Q is a bounded open set in C with regular boundary of 
class C®, p is a defining function for Q, and f:Q-—-C is a C” function such 
that for some C > 0 and some positive integer k satisfies 


If(2)|< Clp(l* (ze Q) 
then f vanishes to the order k on 0Q. 


PROOF. We leave the proof to the reader who, locally can reduce it to the case 
ofa half-plane and use the Taylor formula with integral remainder to conclude 
the proof. UI 


We will introduce now two powerful tools in the study of holomorphic 
maps. They are the Bergman kernel and the Bergman projection. They appear 
in the context of Hilbert spaces of holomorphic functions. Before proceeding 
we need to give the reader a brief introduction to the concept of reproducing 
kernels. 

Let H be a Hilbert space whose elements are complex-valued functions in 
a set S and assume that the point evaluations f+» f(x) (x € S) are continuous 
linear functionals on H, ie., there are constants M, > 0 such that 


FOOLS MIF Whe H,Vx S$). 
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The Riesz representation theorem ensures the existence of an element 
K,.€ H such that 


fo) =(f|K,) = (Wf eH). 
(We have used || - || (resp. (-|-)) to denote the norm (resp. scalar product) in H.) 
The function K:S x SC defined by 
K(x, y) = (K,IK,) 


is called the reproducing kernel of H. Note that K(x, y) = K,(x) and therefore 
for each y, x +> K(x, y), belongs to the Hilbert space H. Furthermore, K(x, y) = 
(K,|K,.) = (K,|K,) = K(y,x) = K,(y), hence y+» K(x, y) belongs to H for 
every x. Finally, the defining property of the reproducing kernel can be written 
as 


f(x) =(fOIKC.x) Whe A). 


This identity implies that the reproducing kernel is unique. 

A typical example of a Hilbert space of functions with a reproducing kernel 
is the space H?(B(0, 1)) of all holomorphic functions f in the unit disk B(0, 1) 
whose Taylor developments at the origin, f(z) = }\ a,2", satisfy }) |a,|? < oo. 
The scalar product is given by nz0 nz0 


(f\g) = dX Ay Dns 


if f(z) = 2, a2” and g(z) = 2 bn2” 


An orthonormal basis of H2(B(O. 1)) is given by e,(z) =z" (n => 0). This 
establishes an isomorphism with ¢? and with the subspace of L7(dB(0, 1), d@) 
of the “holomorphic Fourier series” (namely, those whose Fourier coefficients 
with negative indices are zero). 

For ¢ € B(O, 1) consider the function 


gr(z) = » "2", 
g: € H*(B(O, 1)), and for any f ¢ H*(B(O, 1)) we have 


(flac) = fC). 


Therefore, H?7(B(0, 1)) has a reproducing kernel and it is given by K(z,¢) = 
g(z). That is, 
1 


1 — zt 


K(z,¢) = d "2" = 


It is called the Szegé kernel. 

The following proposition shows that for a separable Hilbert space with a 
reproducing kernel, the kernel can always be found as we have done for 
H?(B(O, 1)) in terms of an orthonormal basis. 


4.8.5. Proposition. Let {e,},>9 be an orthonormal basis for a Hilbert space of 
functions on S which has a reproducing kernel. This kernel can be computed by 
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the formula 


K(xy) =D en(sen() 


n> 


Proor. For x € S fixed, the function K, can be developed in a Fourier series 
in terms of the basis {e,},>0: 


= ¥ (Kalender = Y Cal Ken =D ealen 


n> 


By Parseval’s identity 


K(x, y) = (K, Ko=(5 e(VCn 


Z,ealen)= Fate 2 


n> 


Another example of a Hilbert space with a reproducing kernel is the 
following. Let Q be a bounded open set in C. Recall that dm denotes the 
Lebesgue measure on Q. Then A*(Q) is the space of holomorphic functions in 
© such that 


If? = [. | f(z)|? dm(z) < oo. 


In other words, A?(Q) = #(Q) 0 L?(Q, dm). In order to prove that A7(Q) is a 
Hilbert space we need the following lemma. 


4.8.6. Lemma. For every compact set K © Q there is a positive constant Cx 
such that for every f € A*(Q) 


sup F(Z) < Cell FIL 


7) 
Proor. Let @ € AQ), og = 1 in a neighborhood w of K, K, = supp (2). For 
z € K the representation 


_ f@) 
f{(Z= ani =| 3 OE a A dt 


holds for every f € #(Q) (apply rompen’s formula to of). Let us denote 


1 
Cy = $u 
c= aus, (J [5 


which is finite since K, 0 K = @. From the Cauchy-Schwarz inequality it 
follows that for ze K and f € A7(Q) 


1/2 1/2 
ses Cal | fC)? dmc) <c(| Pam) . 


1/2 
Pol iz. — ep 3 jadi) , 


Therefore 


sup [F(Z] < Cell fl 0 
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4.8.7. Proposition. The space A7(Q), with the scalar product 


(fg) -| fg dm, 
Q 
is a separable Hilbert space of functions with a reproducing kernel. 


Proor. The preceding lemma implies that the point evaluations are con- 
tinuous. What we have not yet shown is that A*(Q) is complete. It is clear that 
we can consider A?(Q) as a subspace of L*(Q, dm), hence if we show that it is 
closed, it will follow that A*(Q) is both complete and separable. If { fi jr0 
is a Cauchy sequence in A*(Q) converging to a function f € L7(Q, dm), then 
Lemma 4.8.6 shows that { f;};.) converges uniformly over any compact subset 
of 2 to a holomorphic function. Therefore f can be taken to be in #(Q). 

[_] 


The reproducing kernel of A?(Q) will be denoted K, and called the Bergman 
Kernel. Recall that Kg(z, w) = K,(w); hence the reproducing property can be 
written as 


h(z) = | Ko(z, w)h(w) dm(w), 


for any he A*(Q), z EQ. 
In the case of the unit disk one can verify that the system 


+1 
e(z)= [p——2".  n>0 
7 


forms an orthonormal basis in A?(B(0, 1)). In fact, 


to o—— _ 
(C,5€m) = —/n +1./m+1 | z"z™ dm(z) 
t 


Izi<1 
1 ee n 1 
— ln + 1./m + 1 | ctwmnag | pntmt dr 
1 — 0 
n+1./m+1 
=2V 7 VO § = 6). 
n+m+2 


Moreover, if f(z) = >. a,z" belongs to A?(B(0, 1)), we have for 0 <r <1, 
n>O 


pntkt2 pont2 


f(z)z dm(z) — 2T » Ay On, k n+k+2 = "On T! 


|zi<r 


Since f(z)Z" € L'(B(0, 1),dm) we can let r > 1 and obtain 


This shows that {e,},,.9 is complete. The Parseval identity becomes 
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|a,,| 
n+’ 


fF =x y 


and the Bergman kernel K,(B = B(O, 1)) is: 


1 a 
K,(z,¢) = x op (n + 1)z"0" = m1 — 20) 


Therefore, for f ¢ A7(B(0, 1)) we have 
i 
fey= hf OE amc 


t Jij<r (1 — 20)? 


This explicit construction of the Bergman kernel was dependent on the 
density of the polynomials in the space A?(B(0, 1)). If Q is a Jordan domain, 
the polynomials are dense in A?7(Q). We refer to [Mar] and [Ga] for a proof 
of this fact. For other domains, this question is related to the capacity of the 
boundary C(0dQ) (to be defined later on), see [Carl] and [Hed]. 


4.8.8. Proposition. The map 
Pat | Ko(z, 0) f(C) dm() 
22 


is the orthogonal projection L*(Q,dm)— A?(Q). It is called the Bergman 
projection. 


PRooF. It is easy to see that A?(Q) is the set of fixed points of P,, and P3 = Po. 
CI 


4.8.9. Remark. The preceding theory of the space A7(Q) was made under the 
assumption that Q is bounded. This is only imposed to guarantee A?(Q) # {0}. 
For example, A?(C) = {0}. Whenever we know A*(Q) # {0} everything else 
holds. For instance, when Q = {ze C:Imz > 0}. 


4.8.10. Proposition (Change of Variables). Let f:Q, + Q, be a biholomor phic 
map between two open subsets of C. For any o € L*(Q,,dm),  € L7(Q,,dm) 
we have 


\. f' (eS (2)) Wz) dm(z) = | o(w)(f*Y wy (f*(w)) dm(w). 
1 Qo 


In other words, the operators 
A, :L?(Q,,dm) > L?(QQ,,dm) sand —A,: L?(Q,, dm) > L?(Q,, dm) 
which are defined by 
(A, @)(2) = fe) 
(A,w)(w) = (FY Wb fw) 
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are such that 


(a) lAi @llree@,) = Pir, (isometry) 
(b) Ar ilr2@,) = IP lle20,) (isometry) 
(c) (A, PIWr2e,) = (pA, W120.) (adjointness). 


ProoF. Let us show first that A, pg € L7(Q,,dm). Since ||? € L'(Q,,dm) we 
have that |g o f|?|J(f)| ¢ L'(Q,, dm), where J(/) is the determinant Jacobian 
of the diffemorphism f as a map R* > R?. We know that by the Cauchy- 
Riemann equations J(f) =|f’|’. Therefore, A,g = f’(g o f) € L?(Q,, dm) 
and ||A, || = ||@|| by the usual rule of change of variables in the Lebesgue 
integral. In the same way one sees that A, € L?(Q,,dm) and ||A,w| = |v]. 

Finally, since f’(z) = 1/.f*)(f(z)) and (f “'Y(w) = 1/f'(f' (w)), we have 


” I. o(w)(f 4) wb (fw) dm(w) = (G1 AzW). Oo 


4.8.11. Corollary. Let f:Q, - Q, be a biholomorphic map and Kg, Kg, the 
corresponding Bergman kernels. The transformation formula 


I'(2)Ko (F(2),MOVI(O) = Ko, (2,6) 


holds. 


Proor. Let h € A?(Q,), ae Q,, then 


P(MHAS@) = | Ko, (a, w)f (w)h(f(w)) dm(w) 


=| SJ (wWh({W)) Ka, (w, a) dm(w) 


222 


_ | OT YOK a, (a, f-'(O) dm). 


Replacing a by f~'(z) and multiplying both sides by (f~')(z) = 1/f’(a), the 
last identity becomes 
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The uniqueness of the reproducing kernel allows us to conclude that 


Ko,(z,0) = (fF "Y(2) Ka, SOF “OVS YO), 


which is the formula we were looking for with f replaced by f7!. O 


4.8.12. Proposition. Let f:Q, — Q, be a biholomorphic map. Then 
Po fe of) = f'LPa, 9) of] = (ee L*(Q,,dm)). 


PROOF. 


Po (P(e 2 PM) = [. Ko, (2, w) f"(w)e(f()) dm(w) 


= | Kg f OF “Ye dmg) 
Qo 
= f'(z)LWPa,@) ° £1 (2). C 
After these generalities about the Bergman kernel and projection we return 


to the main point of this section, the regularity of biholomorphic mappings 
up to the boundary. 


Let Q be a regular open bounded set of class C® defined by p:C > R of 
2 2 


class C™, let A = denote, as always, the Laplace operator. 


ax? dy? 


4.8.13. Lemma. For every 0 € &(Q) we have 
Po(A(8p")) = 0. 


PRroor. We need to show that for every h € A*(Q) we have 
| hA(Op7)dm = 0. 
] 


In fact, if h(w) = KQ(z, w) then we would have 
0= {. Ka(z, w)A(6p”)(w) dm(w) = Po(A(8p7))(2). 


Let ¢ > 0 sufficiently small, p,(z) = p(z) + « if p(z) < —e and p,(z) = 0 if 
p(z) > —«. If we let Q, = {z €Q: p,(z) < 0} then Q, is a relatively compact 
subset of Q, 6Q, is regular of class C™. 

We claim that 


| hA(6p7) dm = lim | hA(Op2) dm. 
Q eo JQ, 


Namely, 
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| havep?yam— | hA(@p2)dm= | hA(0(p? — p2))dm+ | 
Q 2, 2, 


Q\Q 


hA(6p*) dm. 
For any 6 > 0 there is an ¢, > 0 such that if 0 < € < &) one has 


< 6/2. 


| hA(6p2) dm 
Q\'Q, 


This follows from the fact that, since h € L7(Q, dm), hA(@p7) € L'(Q, dm). For 
any given ¢ > 0 we have in Q, 


A(A(p; — p)) = ((p + 8)? — p?)AO + 2e8Ap + 4e(VO|Vp), 
whence the inequality 


|A(@(p; — p))| 
< 2emax (sup (lp| + 1)[A@(z)|, sup |O(z)Ap(z)I, sup 2(¥2)1V p42) 


= 26M, 
holds in Q,. Therefore, 


< 2M | | dm. 
2 


| hA(0(p? — pz))dm 
0, 


Since Q is bounded, this last quantity can also be made smaller than 6/2 if e 
is sufficiently small. The claim is therefore valid. 


The integral | hA(@p2)dm can be computed using Green’s formula 
Q, 


_ _ hd(6p2 ch 
| hA(0p2) dm = | Op2A(h) dm + | ( (Ope) _ 002 ds 
2, 0. on. on on 


The function p? vanishes to order two on 0Q,, therefore we also have 
C = , 

a (Op2) = 0. Since h is holomorphic, we have Ah = 0. We conclude the inte- 
n 


gral on the left-hand side vanishes and, by the claim, 
| hA(6p7)dm = 0. 
Q 
This concludes the proof of the lemma. a 


From now on in this section, for the sake of simplicity we will write 
do{z) — d(z, 0Q) 
for any z € Q. (Note the sign difference with §4.8.2.) 
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4.8.14. Lemma. For every positive integer s there is a function o, € &(Q) such 
that Pa@, = 1 and a constant C, such that 


lez) < C(dolz)P (z € Q). 


Proor. One proceeds by induction on s. For s = 1 we take g, = 1 — A(6,p7) 
for a convenient choice of 6, € &(Q). By the previous lemma we have 
Po@, = Pol — PoA(@,p7) = Pol = 1. 

We need to construct 6, so that 


1p, (Z)| < Clptz)|, 


this is sufficient by §4.8.1. One has 
@, = 1 — A(O,p7) = 1 — p7A@, — 4p(VO,|Vp) — 26,|Vp|* — 298, Ap. 


One would like to take 6, = 1/(2|Vp|*), then we would have 
lo,| = p|pAG@, + 4(V8,|Vp) + 28, Ap| < const. p. 


The problem is that Vp could vanish, therefore we are compelled to introduce 
an auxiliary function y € D(C) with the property that y = 1 ina neighborhood 
of 6Q and y = 0in a neighborhood of {z e C : Vp(z) = 0}. Hence we take 


and we have 
Q,=1- A(O, p7) = p®,, 


for some function ®, € &(Q). 
The inductive hypothesis is then the following: Assume we have constructed 
Q,,.--, O,_, Satisfying 
(1) Po(@;) = 1 and 7 
(2) 9; = p'®,, ® € &(Q). 


We will then choose 6, € &(Q) such that g, = g,_, — A(p**'@,) verifies (2). 
Now, 


5-1 — A(p*""8,) = @.-1 — p***A8, — 2(s + 1)p°(Vp|VO,) 
— s(s + Ips '6,|Vp|* — (s + 1)p°0,Ap. 
Let us choose 
x®,_, 


with the same 7 as earlier. Then —, = p°®,, for some ®, € &(Q). This concludes 
the proof of the lemma. C] 
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We show now that the Bergman kernel K, for the unit disk satisfies some 


1 
simple estimates. Recall K,(z,¢) = ~ 
T 


4.8.15. Lemma. Let s be a positive integer. The Bergman kernel K, for the unit 
disk verifies the inequality 


o° 1 
sr [dz" Kyle < < OF dg) 
PRrRooF. We have 
(s + a fs 
a; Kal, 6) = (1 — zt)? 


The maximum principle allows us to conclude that 


a 1)! _ \s-4 
sup | ~~. Kg(z,¢)| < ea inf {1 — 7) . 
iz|<1 oz* ns jz|=1 
But pow = lif |z| = 1 and || < 1, hence 
inf |1 — z¢| = inf |z — C| = d,(0). 
Izi=1 izl=1 
Whence the statement of the lemma follows. a 


4.8.16. Lemma. Let f : B(O, 1) ~ Q be a biholomorphic map of the unit disk onto 
an open simply connected bounded set Q with a C® regular boundary. There is 
then a constant c > 0 such that 


do(f(z)) < cdg(2). 


Proor. Let y : [0, 1] > 0Q be a parameterization of 6Q with |j(t)| = 1 inducing 
the usual orientation. Let Ry > 0 be a number smaller than the lower bound 
of the radius of curvature of every point in 0Q. The closed disks of center 
y(t) + Roij(t) and radius Ry, are contained in QO and touch the boundary at 
a single point. 

Let p€ 0Q, p = y(t), g = y(t) + Roip(t), and B, the disk of center q and 
radius Ry (See Figure 4.4). The Poisson kernel for B, is given by 

| Ro —|z—4l’ _ (Ro — lz —4@I)(Ro + 12-4) 1 
P(z,0) = ea)? 2 QR)? = aR, 10) 

The function f~' is bounded by 1 on 0B, and continuous except possibly at 
the point p. Therefore, by Poisson’s formula, 


f"@) = I P(z, 0) f ~* (0) do(¢), 
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Figure 4.4 


for any z € B,. Since | P(z,¢)do(C) = 1, we have 


OB, 


d(f'(@)=1-\|f “@l= { P(z,C)(L — [fF *@)/) do(C) 
By 


= 


dy (z ) —i 
scr |, "ih 
The function 


M0) = gee | ODI 
OB, 


nmR2 


is continuous on the compact set dQ, as one can see by applying Lebesgue’s 
dominated convergence theorem. Since pu(p) > 0 for every p € OQ, there is a 


1 
c > 0 such that y(p) > a Therefore 


| 
d,(f~*(z)) = dal?) 


whenever z€Q, do(z) < Ry. Since the continuous function d,( f~'(z)) is 
strictly positive on the compact set {z € Q: dg(z) > Ro}, increasing c, if neces- 
sary, we obtain 


d,( f~*(z)) = ~ de?) for all z EQ. 


Replacing z by f(w) we have 
do(f(w)) < cdg(w) — (we BOO, 1). CJ 
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We are finally ready to use all the previous material to obtain the theorem 
on C®” extensions of biholomorphisms. 


4.8.17. Theorem. Let Q be a bounded, simply connected, open set in C, with 
a regular boundary of class C”. If f is a biholomorphism of B(O,1) onto Q, 
then f and all its derivatives admit a continuous extension to B(O,1) (ie., 
f € &(B(O, 1))). Moreover, f~' and all its derivatives admit a continuous exten- 
sion to Q (i.e., f 7! € &(Q)). 


Proor. Let s be a positive integer. We will show first that f® is a bounded 
function. We know that 


Pa f'(9 ° f)) = F' (Pag of) 


for any 9 € L?(Q,dm). We can choose 9 = 9,,, given by Lemma 4.8.14. 
Therefore, P,~ = 1 and |(w)| < c(dg(w))**7, and f’ = P,(f’(@ ° f)). Let us 
show now that for some c, > 0 we have 


If eF))| < eral" (z € BOO, 1). 
By the choice of @ we have 
lP(f(2))| < cdg f(2))"* S< c'(dg(z)"*, 
where the last inequality is a consequence of §4.8.16. If we can show that 


If sc" (dgl2))™, 


we will have the desired inequality. 
Fix z € B(O, 1) and 0 <r < d,(z) arbitrary, then we can write 


mur 


] 
ra= J] f'dm 
B(z,r) 


By the Cauchy-Schwarz inequality 
Pes or / tivo = fe 
mr : 


since || f'l|f290, 1) = m(Q). Given that r was arbitrary we obtain 


m(Q) : 
OS fda)" 
as we wanted. 

As we pointed out earlier, f’ = P,(/’(@ o f)), hence 
| _ ds? | 
f(z) = (Pa f'(@ 2 AYP) = dest | Kg(z,0)F (C)p(f(C)) d(C). 
B 
The estimates on the derivatives of K, from Lemma 4.10.15, allow us to take 
the derivatives under the integral sign 
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f%2) = | 7 Kile 0f (eFC) dm(C), 


and they also show, by the previous estimates of the integrand, that 
| f(z)| < cz independent of z. For a holomorphic function in B(O, 1) we have 
that 


|g(z) — g(w)| < ( Sup i) Iz — wi, 


hence, if g’ is bounded, the function g has a continuous extension to B(0, 1). 
Therefore, f and all its derivatives extend continuously to B(0, 1). 

Now that we know that f ¢ &(B(0, 1)), let us show that f~! € &(Q). This 
would follow from the inverse function theorem if we knew that Vf(z) ¥ 0 for 
all z e OB(O, 1). Let zp € €B(O, 1) and wo = f(z). We can assume, to simplify 
the notation, that z) = 1. Choose py on the exterior normal to 6Q at wo such 
that the closed disk of center py and radius |wy — po| touches Q only at wy. 
Let ae C, |a| = 1 be such that 
4. | Ly 


Wo - Po |Wo — Pol 


The function h(w) := Re (—* is harmonic in Q, C” in Q and takes its 
W— Po 
maximum M at w = wo. Therefore g(z) = h(f(z)) — M is a harmonic function 


in B(O,1), C® in BOO, 1), g(z) < 0 in B(O, 1)\{1}, gQ) = 0. Let us show that 
a 
—(1) > 0. By the chain rule this will imply that Vf(1) #0. For0 <r <1 we 


can apply Poisson’s formula 


1 (77 1-r 6 
= 5 *) dé. 
Hence, 
gly—gr)_ 1 (7 t+r 0 1 0 
a ee i > — t 
, 1+ I 1 O 
since roe = Ter > 5° Therefore = (1) > 0. As pointed out earlier, this 
concludes the proof of the theorem. CO 


4.8.18. Corollary. [f Q, and Q, are two bounded open sets, simply connected, 
whose boundaries are regular of class C”, and if f:Q, > Q, is a biholomor- 
phism, then f and all its derivatives have a continuous extension to Q,. The same 
holds for f~' and all its derivatives in Q,. 


Proor. We know there are two biholomorphic mappings yp; : BO, 1) > Q,, 
which by the preceding theorem have C” extensions up to the boundary of 
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the unit disk, and their inverses ~; have a C” extension up to the boundary 
of Q;. The same holds for h = gy' o f o g, : B(O, 1) > B(O, 1) which, by the way, 
is a Moebius transformation. Therefore, f = g, 0 ho g;' has the announced 
C” extension properties to the boundary. a 


As an application of Theorem 4.8.17 we have the following. 


4.8.19. Theorem. Let Q be a bounded, simply connected, open set with boundary 
regular of class C®. Let f:0Q—>C be a C™ function. The solution u of the 
Dirichlet problem 


me =0 imQ 
Ulan = f 

is C? ind. 

Proor. Assume the theorem has been proved for the case Q = B(O,1). Let 
® : B(O, 1) ~> QO be a biholomorphic map. By §4.8.17 it admits a C” extension 


to B(O,1). The function f = f o(®|@B(O,1)) belongs to &(dB(0, 1)). By the 
assumption, the solution @ of the Dirichlet problem 


{a =0 in B(O, 1) 


~~ 


Ul ago, 1) = f 


is C* on B(O, 1). Since ©! € &(Q) one obtains that u = fo ®! € &(Q) and 
solves the original Dirichlet problem. Therefore, to conclude the proof we 
need to prove the following theorem. 


4.8.20. Theorem. If f € &(CB(O, 1)), its Poisson integral Pf is a C® function in 
B(O, 1). 


Proor. If f(e’*) = >) a,e'”’ is the Fourier series expansion of f, the expression 
ne Z 
for Pf(re'®) is 


Pf(re®)= ¥ a,r'te™, O<rd<t. 
ned 


Lemma 4.8.21 implies that for every integer N > 0 there is a constant 
Cy > 0 such that 


la,| << Cy t+ inip™ (ne Z). 


These estimates show that all the partial derivatives of Pf are bounded, 
which guarantees that Pf has a C™ extension to B(O, 1). In fact, forO <r <1 
we have 

gpta . 
sppaga tlre”) = Y, ayitn%(|n|(n| — 1)...(In] — p+ Dre, 


jn|>p 


which are clearly bounded in B(0, 1). 0 
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4.8.21. Lemma. A continuous function o : 0B(O, 1) > C is C™ if and only if the 
sequence {b,',,< 7 of its Fourier series is rapidly decreasing, i.e., for every integer 
N > O there is a constant C, > 0 such that 


[byl < Cy(L + [n|)™ (ne Z). 


PRooF. If g is C®, then by integration by parts we have 


i\Vei (7 . 
b=(-] — u (the dt, 
n/ 2 J_, 


ifn € Z*, u(t) = o(e"). The required estimate is then immediate. Conversely, 
if |b,| < C,(1 + |n|)~?, then the Fourier series }' b,e'" converges uniformly to 
u(t) = g(e"). The series differentiated term by term are also convergent by the 
rapid decrease of the sequence. Therefore @ is a C® function. Note that if we 
had assumed originally only that @ ¢ L? we would have obtained that @ 
coincides with a C® function almost everywhere. OO 


We are going to study now the case of biholomorphic maps between 
bounded open sets with regular C® boundary but not necessarily simply 
connected. The first stage consists of proving that such an open set Q is 
biholomorphic to an open set 2’, bounded with a regular boundary, the 
components of the boundary being analytic curves. (For us, this will mean 
these curves are images of 0B(0, 1) by maps which are holomorphic on 0B(0, 1) 
and injective.) We will also prove that the biholomorphism between Q and 0’ 
has a C™ extension up to the boundaries. 


4.8.22. Proposition. Every bounded open set Q in C, with regular boundary 
of class C®, is biholomorphic to a bounded open set Q', with regular boundary 
whose components are analytic Jordan curves. 


PRooF. Let Cy, C,,..., C, denote the connected components of 6Q. (There are 
only finitely many of them by §1.4.3.) By §1.4.4 they are Jordan curves of class 
C”. We can assume C, is the boundary of the unbounded component F, of 
C\Q. The open set Up = C\F, is bounded, simply connected, and with a C® 
regular boundary. Therefore we can find a biholomorphism h, which is C® 
up to the boundary, from U, onto B(0,1). Denote C}, ..., C} the images by 
hy of the curves C,,..., C,. The open set U, = S*\Int(C}) is simply connected 
and with regular C® boundary. Therefore, there exists a biholomorphism h,, 
C” up to the boundary, from U, onto S?\ B(0, 1). (To see this one needs to 
apply two inversions to reduce oneself to the case of bounded sets in C.) Under 
h,, the image of 0B(0, 1) is an analytic curve Cg. Hence, by h, o hy the images 
of C, and C, are analytic Jordan curves CZ and C? = dB(0, 1). Let C?,..., C? 
be the images of C,, ..., C, under the map h, oh). We can now find a 
biholomorphic map h, of U, = S?\Int(C?), C” up to the boundary, onto 
S?\ BO, 1). By h, oh, © hy the images of Cy, C,, C, are analytic Jordan curves 
Cg, C?, C? = dB(O, 1). Continuing in this fashion, we construct the bounded 
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open set Q’, with analytic regular boundary, and the biholomorphism h 
between 9 and {’. CI 


4.8.23. Proposition. Let Q,,Q, be two open bounded sets with regular bound- 
aries of class C®, h:Q, >Q, a biholomorphism. Then h and h7' have C” 
extensions up to the boundaries. 


Proor. Let 22, 5 and @,, @, be the open sets with analytic boundaries and 
the corresponding biholomorphic mappings of Q, > Q; given by §4.8.22. The 
biholomorphism k = ~, oho gj; ' between Q;, and Q; is in fact the restriction 
to Q', of a function holomorphic in a neighborhood U, of Q(, as follows from 
§4.7.20 (cf. §4.7.22). The same reasoning holds for k™!. Since h = gy! oko g,, 
the proposition is correct. 2 


4.8.24. Corollary. If Q is a bounded open set with C® regular boundary, then 
its Green function with pole at 2) € Q is a C® function up to the boundary of OQ 
and the harmonic measure a, of the point Zo is given by 


Proor. If the open set has an analytic boundary these statements hold by 
§4.7.18. We can now use §4.8.22 and §4.7.16 to finish the proof of the corollary. 
[I] 


4.8.25. Remark. There is an analogous theorem for domains with regular 
boundary of class C*, 1 < k < oo. The biholomorphisms have only a C*~! 
extension (in fact, a bit better). The proofs are considerably harder. The 
interested reader should consult the work of Warschawski in the book [Pom]. 

One can also use Corollary 4.8.18 to prove an extension of the Schwarz’ 
reflection principle to C” boundaries. The reader will find in [BeL] a proof 
and further references. The statement is the following: 

Let y,, y, be two C® curves in C, Zz) € y, and D a disk centered at z) such 
that D\y, has exactly two connected components D, and D_. Suppose there 
is f holomorphic in D,, continuous in D, and such that f(z) ey, whenever 
zéy,. Then f has a C” extension to a neighborhood of z). Moreover, if f is 
not constant, there is n e N* such that f(z.) 4 0. 

Note that a priori f could vanish with infinite order at a boundary point 
of a domain (give an example!) 


EXERCISES 4.8. 
1. Compute the Bergman kernel function K,, for the upper half-plane H. 


2. Let Q be a bounded domain in C with a C® regular boundary. Let fe C?(Q). Show 
that the problem 


nn =f inQ (*) 


u=0 ondQ, ue CQ) 
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can be reduced to the Dirichlet problem. (Hint: Extend f to a function F € ZC). 
Solve the equation Av = F, v € &(C).) Conclude that the problem («) is solvable 
in 2. 


4) _ 
3. Method to solve the equation = = f in Q when f € C*(Q): Solve the problem (*) 
Zz 
, Ou 
of Exercise 4.8.2 and let v = 4 Show that 
Z 


i) Z= sing: 
Oz 
(ii) v € L?(Q, dm); 
(iii) v is orthogonal to A?(Q) in L?(Q, dm); 
(iv) Pav = 0; 
(v) v is the unique solution of (i) which is in L?(Q, dm) and Pav = 0. 


4. Let Q be a Jordan domain with a C® boundary. The object of this exercise is to 
show that the polynomials are dense in A*(Q) with the help of Theorem 4.8.17 and 
Mergelyan’s theorem. We let f: B(0,1)-+Q be a conformal map given by the 
Riemann mapping theorem. 

(a) Show that the map f induces a linear map A?(Q)-— A?(B(0,1)) given by 
pt» o f. This map is continuous and its inverse is continuous. 

(b) Conclude from (a) that the linear combinations of the powers of f~'! are dense 
in A*(Q). 

(c) Show that the polynomials are dense in A?(Q). 

5. Let Q be a bounded domain which is not simply connected and at least one of the 
components K of ° has more than one point. We want to show that the poly- 
nomials cannot be dense in A*(Q). 

(a) Let z,, z, be distinct points of 0K. Show that the function 


fle) = (2 ~ 21) Pe — 2)? 
belongs to A7(Q). 
(b) Let [ be a Jordan curve in Q such that K ¢ Int(T). Show that if there is 


a sequence of polynomials (p,),., such that ||p, —fllpaq 70 then p, > f 
uniformly on I. Prove that this is impossible. 
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We have seen that the Riesz decomposition theorem associates to each 
subharmonic function the logarithmic potential of a positive measure, the 
Laplacian of this subharmonic function. The study of potentials leads to a 
notion more delicate than that of zero measure, zero capacity, which allows 
us to decide which singularities are removable for subharmonic functions. We 
will see that there are several ways of computing the capacity of a set. In 
particular, the geometric concept of transfinite diameter of a set will be useful 
in the second volume to study the arithmetic properties of certain entire 
functions taking integral values on Z. 

For a bounded Borel set E in C, denote by 7 = A(E) the family of all Borel 
measures pt > 0 in C, of total mass equal to 1 and such that u(E) = 1 (i.e, 


434 4. Harmonic and Subharmonic Functions 


probability measures on E). For a positive measure yp of finite mass we can 
define its energy I() by 
1 
I(y) = | log ——— du(z) du(t). 
EXxE |z ~ t| 


Note that I(w)e]—co,co] is well defined as the negative of 


log|z — t|du(z)du(t), which has to be interpreted in the sense of §4.2. 
EXE 


4.9.1. Definition. A bounded Borel set E is said to be of zero logarithmic 
capacity if I(u) = +00 for every u € A(E). If not, the capacity C(E) is defined 
by 


C(E) = eV). 
where 


V(E) = infU(w): we A(E)}. 
(The capacity of the empty set is 0 by definition.) 
We remark that log > log(i/diam(£)) > —oo when z,, z,€E, 
where diam(E) = sup |u — v|is the diameter of the bounded set E. Hence one 


uveEk 


has I() > log(1/diam(E)) for every u € A(E) and 
C(E) < diam(E). 


4.9.2. Proposition. The function E+ C(E), which to a bounded Borel set assigns 
its capacity, has the following properties: 


(1) C({a}) = 0 (ae C) 

(2) CAE + a) = |A\C(E) (A,a eC); 

(3) E, S E, implies C(E,) < C(E,); 

(4) If the Lebesgue measure m(E) > 0, then C(E) > 0; 
(5) C(E) = sup{C(K): K compact, K © E}. 


ProorF. (1) u = 6, is the only measure in A({a}) and I(5,) = +00. 
(2) For A = 0 it is (1). Otherwise consider p(z) = Az + a, 9: E> AE + a. The 
map 9, : AE) > AVE + a) is a bijection and for uw € A(E) one has 


1 
I(Q, pu) = | log —— —~ d(p,u)(C,) d(p, 4) (C2) 
(AE +a) x (AE+a) |Z; — 2] 
= log —_—_—— ee; | d 
|. °F (21) — ol2a)| M1) aula) 
= —logl/A| + I(). 


Therefore VE + a) = —log|A| + V(E) and CVE + a) = |A|C(E). 
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(3) Clearly A(E,) © A(E,), hence 
V(E,) = inf{I(u): we AE,)} = inf (uw): we A(E2)} = V(E2). 


Therefore C(E,) < C(E,). 
(4) If m(E) > 0, let m|E be the Lebesgue measure restricted to E, then 


1 
p= — aie e€ P(E) and I(y) < oo. This holds because 
m 
20 


(w= (m(E))? | U™ dm 


and the logarithmic potential U™ e Lj,.(C). Hence V(E) < co and C(E) > 0. 
The last item is a consequence of the regularity of the Borel measures and 
is left to the reader. Cl 


To clarify the proof of item (4) in Proposition 4.9.2 let us recall that one 
calls logarithmic potential of a complex measure uw with compact support in 
C the function: 


1 
U*(z) = an [tos — t| dyu(t). 


1 
U* can be written, for |z| sufficiently large, as x log|z| + h(z), h harmonic near 
1 


oo and zero at oo. One knows also that AU" = up (cf. §4.4.24). 
For u € A(E) the Fubini-Tonelli theorem yields 


I() = —2n ie | tos —t| auto} du(z) = —2nx | ure dute 


If I() < 00 then [ure dyui(z) > —oo, hence U* is finite uw — a.e. One knows, 


besides, that U“ € Li,.(C), and hence, it is finite almost everywhere for the 
Lebesgue measure. 

The same argument used in the proof of §4.9.2, (4), can be used to obtain 
the following more general result. 


4.9.3. Proposition. Let E,, E, be two compact subsets of C such that E, ¢ E,, 
C(E,) =O and C(E,) > 0. If ue A(E,) satisfies [(u) < 00 then p(E,) = 0. 


Proor. Applying a homothety (which is allowed by §4.9.2 (2)) we can assume 


1 
that diam(E,) < 1. Therefore log, i >O0Oin E, x E, and 


24 2 


l | 
) log iz, wal du(z,)dulz2) 
E,xE, é 


17 24 


i 
<| log ———_ du (z,) du(zz) = I(u) < 0. 
E,xE [24 — Z2| 
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If u(E,) > Othen u/u(E,) would belong to A(E,) and have finite energy which 
would contradict C(E,) = 0. a 


4.9.4. Corollary. [f E,, E, are compact sets with C(E,) = C(E,) = 0 then 
C(E, W E.) = 0 


ProoF. If u is a nonnegative measure on E, U E, such that I(p) < oo then 
WE, UE) < w(E,) + (E2) = 0. a 


4.9.5. Corollary. If (E,),., is a sequence of compact sets in C such that 
C(E,,) = 0 and E = |} E, is compact, then C(E) = 


n> 


Proor. If u is a nonnegative measure on E such that I(u) < o0 then 


u(E) < oy w(E,) = 0. 0 


We need to consider other potentials (introduced by M. Riesz), besides the 
logarithmic potentials. 


4.9.6. Definition. For « € C and u a complex measure with compact support 


in C, we set 
d 
UF(z )= ~ [| a 


which is called the Riesz potential of order x for the measure wu. 


4.9.7. Remark. For z fixed in C\K, supp(u) = K, the function U#(z) is an 
entire function of a. For ae R and yp > 0, U? is subharmonic in C\K since 
A 2 = o 7UE, >. 


4.9.8. Proposition. If for some a € —2N there is R > 0 such that U#(z) = 0 for 
|z| > R, then up = 0. 


PRoor. We can assume that K = supp(y) © B(O, R). One has, for te K, 
1 1 


Re — tPF, ; te i\ 4/2 tei8\ 4/2 
R R 


1 —a/2\f—a/2\— a - 
— —] mtn pry i{n mo (mtn) 
R* oe ( ) ( m )( n ° 


For k an integer we have 


2n 
0 = | U#(Re'®)ei* ao 


0 
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— (—1)'2nR~* y (2) (a) rane | e™e™** du(t) 


m>O0 m m-+k 


—a/2 


“< caries | . —a/2 
Since this series is a power series in 1/R and ( a )( 
m m+k 


# 0 as long as 
m-+k > 0, we obtain that 
t™t™** du(t) = 0 
K 
for every m > 0,m+k > 0. By the Stone-Weierstrass theorem we can con- 


clude that | f(t) du(t) = 0 for every f: K - C continuous. Therefore p = 0. 
x CI 


4.9.9. Proposition. Let p be a real-valued measure with compact support K. 
Suppose that u(K) = 0 and I(|p|) < 00. Then U? exists m—a.e. and 


1 
I(u) = 5 | (Ut(2))? dm(2), 
RIC 
Hence, I() > 0. Moreover, I(u) = 0 if and only if u = 0. 
Proor. We need first to prove two auxiliary lemmas. 


4.9.10. Lemma. If E is a Lebesgue measurable subset of C, then 
d 
m(z) <2./nm(E) (te C). 


B|Z— i> 


PROOF OF LEMMA 4.9.10. This inequality is trivial unless 0 < m(E) < oo. Let 
us consider the disk D = B(t, R) such that nR* = m(E). Then 


| dm(z) _ | dm(z) ) dm(z) 1 | im + | dm(z) 
g|zZ—-1¢ E\D |Z —¢| erp |Z— tl R Jevp Enp |Z — ¢| 


i dm(z) 
= pmte\P) + | 


EnD |z ~ t| 


We have that m(E\D) = m(E) — m(Ec D) = m(D) — m(En D) = m(D\E). 
Therefore, since when z € D we have |z — t| < R, we obtain 


dm(z) _ i dm(z) dm(z) dm(z) 
glzZ—¢| 7 Rm \E) r \. lz—t < \. lz—t r \. Iz —¢| 
ane [- \. raed mR =2JmmB. 0 


4.9.11. Lemma. | | Ut(z)| dm(z) < 2|u|(C)./am(E), and Ut € Li (C). 
E 
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PROOF OF LEMMA 4.9.11. The theorem of Fubini ensures the inequality. The 
fact that Uf € Li,,(C) now follows by letting E be an arbitrary compact 
set. LJ 


Let us return now the proof of Proposition 4.9.9. We are going to show 
first that there is a constant Cy such that if z,; # z,, max{|z,|,|/z,|} < R, then 


! dm(t 1 
| am log —_——- = log R + Cy + O(R™), 
2n i<r [6 — 2, || — Z| [21 — Z| 
where O(R™') is a function of R such that in absolute value does not exceed 
MR“ for some M > 0, when R > oo but z,, z, remain fixed (or in a compact 
set). 

For that purpose, let us introduce the auxiliary functions 


Hew2.R)= | a 
| 


tl<R |t - — Z,||t — 2,| 


and 


J(Z4,22,R) = | dm(t) 


ler+iz,) 6 — 2/0 — 221 
We have (compare with Figure 4.5 in the next page) 

m((R + |2,|)* — R*) 
(R — |[z,|)(R — |[z21) 
1 2|z,|R + |z,(? 


— 


=p ( ; (1 - ty 


[1(Z,,22,R) ~ J(Z1,22,R)| S 


Using successively the changes of variables w = t — z, and s = — —— in J 
we obtain Zz 24 
R+{z 
J(21,2,,R) =1 (0 1, A+ lat) | 
|Z. —~ 24] 


In order to obtain the asymptotic behavior of this last integral when R > oo, 
we let A > 2, and write 


w1.a= || dp d0 =| [" dp dé aa — dp do 
= Td, pe So Jo [tpl] 7 [1 — pe’ 


Since, for p > 2, 
i _!| 1 1 
|1 — pe’ 
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Figure 4.5 
One has 
d a0 1 
1(0,1, A) = [. \- jt — pe) ee g + 2n(log A — iog2) + 0( 4) 
dp dé 
Let Cy = an \- r iP oe] — log 2, then 
o Jo |1— pe” 


1 R + |z,| 1 
tevraR = Hence 0(p)=1(048 et) +0(9) 
R I 
= 2n («. + log * Ht) + (3) 
|Z. — 24| R 


I I 
2 1 


when R — o and |z,| remains bounded. This proves the desired asymptotic 
development. Note that C, is independent of z,, z,. We use now the hypothesis 
that w(K) = 0. Then 


1 
I(w) = | log ———— dy(z,) du(z2) 
KxK |Z. — 2, 


_ i dm(t) 1 
~ On | xk tc et @H(21) dule2) + O (x) 


The hypothesis that I(|u|) < oo ensures that 


1 
| log ———— d|p|(z,)d|u\(z2) < oo. 
KxK |Z. — 24| 


Therefore, one also has 


\. 


i 
log - FF d|u|(Z,)d|ul(zz) < 00, 


|Z. — 2; 
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and hence, that 


| | dm(t) d| u\(z,)d|u(z2)| 
—__ -< © 
KxK J\|t|<R jt — z,]|t — z,| 


As a consequence, we can apply Fubini’s theorem to the preceding expression 
of I() and obtain 


1 du(z)\* | i 
= 3 Vaca leit a) om *°(R) 


(U#(t))? dm(t) + O (3): 


2n Kh<R 


Let R — oo, then 


i(u) = 5- =|. (Ur)? dm(i), 
which concludes the proof of Proposition 4.9.9. C 


4.9.12. Proposition. [f V(E) < 00 (i.e., C(E) > 0) there is a unique measure 
v € AE) such that I(v) = V(E). 


Proor. By the definition of V(E), one can find a sequence (,),, of measures 
in A(E) such that (/(u,)),., 1s a decreasing sequence with limit V(E). Since 
PAE) is a metrizable compact space when considered with the topology 
induced by the weak convergence of measures, we can find a subsequence, 
also denoted (,),,.;, Which converges weakly to a measure v € P(E). 

In order to prove that I(v) = V(E), let us introduce the continuous functions 
g,{t) = inf(—log|t|, k), k e N. We have 


I(v) = lim | Gx(Z, — Z2)dv(z,)dv(z2) 


k-00 


= lim lim | Gy(Z, — 22) du,(Z1) du,(2). 
EXE 


k-00 F-oD 


For k fixed and n arbitrary we have 


1 | 
| 9x(Z4 ~~ Z,) du,(Z,) du,(Z2) < | log i. 7 du,(z,)du,(Z2) = I(u,). 
ExE a a 


EXxE | 1 | 
Therefore 
I(v) < liminf I(yu,) = V(E). 


Since V(E) < I(v) by the definition of V(E), we have I(v) = V(E). 
Let us show there is only one measure in A(E) with this property. Note 
that for any pair of measures in A(E) one has 
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My + By Hy —H2\_ 1 
—.— =.—(I I , 
i( 5 )ar( 5 ) 5 U(H1) + 1(H2)) 
Assume [,, #, are two measures in A(E) such that /(u;) = V(E). Then 
56 tl, — p,) is a real-valued measure supported in E such that 
1 
5 (Hy — H2)(E) = 0. 


1 
From Proposition 4.9.9 we conclude that J (5 [ly M2) > 0. Therefore, the 


Hy Hy + Be 
2 


measure Hl” in Y(E) satisfies I < V(E). By the minimality of 


Hy + pe 
2 


V(E) we conclude that J ( = V(E) and I (5H) = 0. Appealing 


again to Proposition 4.9.9, we conclude that vw, = yp. OC 


4.9.13. Definition. The measure v obtained in §4.9.12 satisfying I(v) = V(E) is 
called the equilibrium measure of E and the corresponding logarithmic poten- 
tial U" is called the equilibrium potential of E. 


We are now going to try to find an effective method to compute the capacity 
of a compact set. As a corollary of the procedure that follows, we shall be able 
to conclude that the equilibrium measure of a set is always concentrated in 
the exterior boundary of that set. (Recall the exterior boundary is the boun- 
dary of the unbounded component of C\ E.) 

Let E be a compact set. The number 6, = 6,(E) is determined by 


(6,(E))"""P? = sup lz, -z,|:z,€E, 1 <j<np>. 
Jj J 


1<j<k<n 


The product [] (z, —z,) that appears in the definition of 6, is precisely 


1<j<k<n 


the Vandermonde determinant D(z,,...,2Z,) 
floz zi ze} 
| 1 oz, 23 zit 
: 2 22 2 
D(z,,...,2,) = det |. = (z, — 2;) 
fo: 1<j<k<n 
2 -1 
1 z, 2; Zn 


It is clear that 
0,(E) = diam(£) 
and that, for every n 


0 < 5,(E) < diam(E). 
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4.9.14. Proposition. The sequence (6,(E)),>, is decreasing and its limit t(E) is 
called the transfinite diameter of the compact set E. 


Proor. Since E is compact there exist points z,,..., 2,4, € E such that 


(41: (E)yor?? = I] |Z~— Z;| 


1<j<k<nt+i 
The right-hand side equals 
Zn+1 ~ 241 Zn44 — 24/7" |Zn44 — 2,| |Z, ~~ 2; 
1<j<k<n 
which is majored by 
Znd1 — 24 | IZn41 ~~ Z| —_ Zn+1 _ z,((6,(E))"". 


The same way we obtain, for each index k fixed, 


(Gn41 (BE)? < (1 |Z; al JOE? 
J 


By multiplying all these inequalities together we obtain 


(5,4, (Ere? yt < (1 |Z; __ a] [(6, (Eyre Pay 


< (0,44 (E) Yt )(5 (Eerie ve | 
which implies 
On+i(E) < 0,(E), 


and proves the proposition. a 


4.9.15. Remark. It is clear that if E is a finite set then t(£) = 0. By Corollary 
4.9.4 we also have C(E) = 0 in this case. Therefore, for finite sets transfinite 
diameter and logarithmic capacity coincide. The following proposition shows 
that this is always the case. 


4.9.16. Proposition. For every compact set E one has t(E) = C(E). Moreover, 
if C(E) > 0, the equilibrium measure v has its support contained in the exterior 
boundary of E. 


Proor. By the previous remark we can assume that E is an infinite set. Let 
6, = 6,(E) and z™,..., 2 € E be such that 
pra i2 _ (zi) _ Z|, 
. 1 i <n : ; 
We remark that we can assume that all these points are in the exterior 
boundary of E. In fact, let E,, be the unbounded component of C\E and 
E=C\E,,. Then cE ¢ E. Moreover, the function 
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n-1 

zee J] [2 — 2) [] Iz — z\”| is subharmonic and achieves its maximum 
wt Si<k<n . Jal 

in £ at a point of dE. Therefore this maximum must coincide with 6%"71) 

and we can assume that z™ € dE. The same reasoning holds for the other z”. 

2] 

YH” 

=] 


cy 


j 


dé 1 
Let u\” be the measure 5 On the circle dB (+p.2) and py, = 
mn 
u,(C) = 1. Let us recall that for every w, p e C one has 
1 (2 . 
a { log|w — pe| dé > log|w! 


and, more precisely, 


1 [2 | loglw| if |w| > |p| 
— log|w — e*d9 = | 
on | eee logip| if |w| < |p|. 


Hence 
U'*(z) log| t| du,,(t) y -_ (n) ° dé 
n WA —_ Z — == > _——— Zz — Z: — _ 
2n 6 Mn 2n j=1 2nn J, 8 J 
1 i 
< l — 7X) 
tn og|z — z;”| 
and 


I(u,) = —2n [ume du,(z) < -- y [toe — 2" du,(z) 


1 Kn ni 1 2% i@ 
=-—-)y | log| ze? + — — 2 | d6 
MN j=1 k=1 TN Jog 
< 1 y logize) — 2 y l 2x lo eid 10 
— vA we FN — —___. 
~ nr fe BIZ ) fi 2nn? J, a 
i<j,k<n 
l logn 
<< ] (nm) (nr) ee 
= n2 Fos og] 2Z, £j | + n 
That is, 
n—1 logn 
I(t.) < ——log(1/3,) + 2”. 


We can now extract a weakly convergent subsequence (u,, >; from (1,)y>1- 
Its limit measure yy € A(E) and supp py & OE, since 


~ | 
supp yu, S . € E:d(z,dE)< i} 


By exactly the same reasoning used to show the existence of the equilibrium 
measure in Proposition 4.9.12, we have 


444 4. Harmonic and Subharmonic Functions 


n, — 1 | 1 
I(to) = lim inf I(u,.) < lim inf “—— log — = log —., 
(Ho) mi (Hn,.) mint 108 5, BE) 
since 0, > T(E). 
Conversely, given any set of distinct points z,,..., z,¢ E we have the 


inequality 


i 
log > n(n — l)log— 
X85 a =” 5, 


Integrating this inequality against the nfold product of a measure up € A(E) 
with itself, we obtain 


i 

n(n — l)log— < <| >, log ——— du(z,)...du(z,) = n(n — 1I(u) 
On XE J#k [Z; Z,,| 

If v is the equilibrium measure of E we conclude that 


V(E) = 100) > log, x 


and, passing to the limit 


I(v) > 1 >I 
(v) > log—_~ “ E) (io). 
Note that if t(E) = 0 the previous inequality forces V(E) = co and C(E) = 
If t(E) > 0 the last inequality implies I(t9) < 00, and by the minimality 
I(v) < I(t) < co. Therefore, we can use Proposition 4.9.12 to conclude that 
Uy = vand t(F) = C(E). Ol 


4.9.17. Proposition. Let I be the exterior boundary of the compact set E, then 
C(T) = C(E). 
Proor. One has C(t) < C(E) by Proposition 4.9.2 (3). The proof of Proposi- 


tion 4.9.15 shows that V(E) = I(u,) with uy € A(E), supp up S I. Therefore 
Uy € AT) and V(E) > V(T). Hence C(T) = C(E). 0 


4.9.18. Corollary. If E, and E, are two compact sets having the same exterior 
boundary then C(E,) = C(E,). 


We are going to give now a third way of finding C(£) for a nonempty 
compact set Ein C. Let , denote the space of polynomials of degree < n and 
complex coefficients. By A ,, we denote the closed subset of A, formed by the 
monic polynomials in Y, (.e., the coefficient of z” is exactly equal to 1.) Let 


M,(E) = M, = inf sup |P(z)|: Pe Prop 
zeEek 
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If Pe A, , has a zero « that does not belong to the convex hull cv(E£) of 
E, then one can find another polynomial P, € A, such that sup|P,(z)| < 


zek 


sup | P(z)|. In fact, one can separate « from E by a straight line and choose the 


zeE 

system of coordinates in C in such a way that this line is the imaginary axis, 
FE is contained in the left-hand plane and « > 0. Therefore, for z € E we have 
zZP(z) 

zZ— «4 

find M, we can restrict ourselves to consider those P € A , all whose roots 
lie in cv(E). Since sup | P(z)| is a continuous function of the zeros z,,..., z, of 

zeP 
P, and each of them can be taken independently of the others in the compact 


set cv(E), we are guaranteed the existence of points z‘”, ..., 2 € cv(E) such 
that 


|z| < |z — «|, hence if P,(z) = one has | P,(z)| < |P(z)| on E. Hence, to 


bs 


M,=sup [| [z— 2%. 


zeE 1l<j<n 
As a first corollary of this observation we can show that M,,,,, < M,M,,- 
Namely, let z, ..., 2 and z, ..., 2“ be families of points in cv(E) giving 
M,, and M,,,, respectively, then 


Min S Sup ( I] iz- 2 |Z — a 
et 


zeE \i<jen 1 


< (sup I] |z- a 


zeE i<j<n 
= M,M.,,. 


Let us recall the following simple lemma. 


4.9.19. Lemma. If (x,),., is a sequence of real numbers satisfying 


_ x . . 
Xnt+m <X_ + Xp for every n,m > 1, the lim —* exists in [ — oo, oof. 


R--FOD n 


. x . . x 
ProorF. Let « > inf at There is an integer s such that — < a. Form > s let 
S 


n> 
us write m = us + v,0 < v < s,u,veN. Then we have 
Xm — Nusty < Xus + Xy < UX. + Xo 
hence 


Xm us X, xX, 


m us+vs m- 


When m — 00 we have u > oo and, for large m we obtain 


Xm x 
—"<F+ecate. 
ms 
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Therefore 
x x 
inf —* < limsup — < «. 
m>1 Mm M00 m 


It follows that 


lim —" = inf —. CJ 


4.9.20. Corollary. Let (y,),., be a sequence of positive real numbers such that 


Vin = ¥a¥m for every m,n > 1. Then lim /y, exists in [0, oof and it is smaller 


than yi!" for anym > 1. 


| | x , we 
Proor. Let x, = log y,, then — = log(y/") and x, satisfies the condition of 
n 


§4.9.19. Therefore lim y!" = exp (tim *) = exp inf ‘| e [0, oof. 0 


n> cO ft-> 0O m>i1 


This last corollary allows us to define the Chebyschev constant p(E) of a 
nonempty compact set E by 


p(E) := lim (M,(E))". 


The function E+ p(&) has the following three properties: 

(a) If E, c E, then p(E,) < p(E,). 

(b) If E is a finite set then p(E) = 0. 

(c) If(E,),,>1 is a decreasing sequence of compact sets and ifE = ()\ E,, then 


n>] 
p(E) = lim p(E,) 
Property (a) is evidently true. We leave the proof of (b) to the reader. Let 
us prove (c). Given ¢ > 0 there is an integer s > 1 such that 
p(E) < (M,(E))"* < p(E) + . 
For this s fixed we have 
(M,(E))"" < (M,(E,))"" < (M,(E))"* + 8; 


the last inequality holds for n sufficiently large since then the points of E,, are 
ali very close to E. Therefore, for n sufficiently large we have 


p(E) < p(E,) < (M,(E,))'* < (M,(E))"" + € < p(E) + 2e. 


The third inequality is a consequence of the last statement in Corollary 4.9.20. 
It is clear that chain of inequalities proves property (c). C 
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4.9.21. Proposition. For any nonempty compact set E in C we have 


p(E) = C(E) = t(E). 


Proor. We can assume E is infinite. Let z,,..., z, be the distinct points in E 
such that 


gr TT 2, ah 
1<j<k<n 
with 6, = 6,(E). The polynomial P(z) = [| (z — z,) is in A_,, hence there is a 
j=i 
point z,,, € E such that 


M, s sup |P(z)| = |P(Z,41)]. 
Therefore 


ont M, <p" YPM, < ( I} l34- al IP(Zn+1)| 
1<j<k<n 
< |] l4—-4%) < dmyry. 


1<j<k<ont+1 


In other words 
M, S On+1, 
and we can conclude immediately that 
P(E) < T(E) = C(E). 
Conversely, let Q be a polynomial in A ,, such that 


M, = sup |Q(2)I.- 


Ifz,,..., Z,4, are any family of distinct points in E we have that the Vander- 
monde determinant D(z,,...,Z,4,) can also be expressed as 


L 2 zp ag Q(z;) 
D(z,,.-.52n41) = det ; 
1 on+i Zee — Znet O(Z,41) 
Developing this determinant along the last column we obtain 
D(z,,..-,2Zn41) = »y (—1)/O(z,)D(z,,..-, 2j5-- 05 2net)s 
l<j<nti 
where D(z,,...,2),...5Z,4,) is the Vandermonde n x n determinant obtained 
by eliminating the last column and the jth row in the determinant. Of course, 
D(21,..+52j.+++5Zn41) IS exactly D(24,.6+52j-152j415+++s2Zn41), that is, the point 
z; was removed from the set. We know that by the definition of 6, 


|D(Z 45.6652 )5-.65Zpar)| S ORO Y?, 
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for 1 <j <n+ 1 and all possible choices of z,,..., z,4,. If we choose these 
points so that 


|D(Z1 5-65 2n4a)1 = ON? 
then we have 
Oey DP < (n+ 1)M,dp0-P?, 
or, taking the nth root, 
52 < (n+ 1AM ng? 


We take the logarithm of these inequalities and add them for the values n = 1, 
2,...,m. After some simplification we obtain 


m+ i eee + 1) 


1 it ;: Pt yet 
ae log Ona: + 5) y logo, < > ae + y log(M;}*). 
k=2 k=1 k=1 


. Xpto +x 
Recall now that if a sequence x, — a then the averages ———"* + a also. 
n 


(This is the Césaro summation procedure.) It is clear that if we divide by m on 
both sides we have essentially this situation: 


lim+1 — | m 
in anes logé 
| m 10g On+1 +o (m __ (m — 1) p> Og | 
1 ™ log(k +1 
<—¥ logtk + 1) + > log(M2'*). 


Mm k=1 k 
Taking limits we obtain 
log t(E) < log p(£). 


This gives the other inequality needed to end the proof of the proposition. 


CI 


4.9.22. Proposition. Let E be a nonempty compact set in C of zero capacity. 
There exists a measure o € P(E) such that 


lim U°(z) = —c forallfek 
zt 


and 


= {zeC:U%\(z) = —o}. 


Proor. The proof of the first part of the previous proposition shows that if 
we pick points z, ..., z in E such that 


(5,(E er? = Bye? = TT |i — 2h) 


1<j<k<n 


then 
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n i/n 
sup (1 |z — < bn44: 


zeE \jHi 
Let us choose a sequence of integers (n,),., such that 


Sor Sexp(—exp(k)),  k > 1. 


Set 
it 
Op — > Only 
Neisj<m, 7 
and 
O;, 
C= y 5k 
k>1 


It is clear that o € A(E). For z € E one has 


i I 1/il 
U%\z) = an [toe ~— (|do(¢) = an y x( y log|z — #) 


k>1 Nye i<j<m, 


Since U? is harmonic off the support of o we conclude that 
E = {zeC:U%(z) = —oo}. 
The upper semicontinuity of U° also proves that 


lim U°(€) = —o 


27 


for every Ce E. a 


There is a converse to this proposition. The proof requires the following 
proposition. 


4.9.23. Proposition. Let E be a compact set with C(E) > 0. If vis the equilibrium 
measure for E then one has 


V(E 
U'(z)=> — 5 for every zEC, 
7 


V(E) 
7 
is the countable union of compact sets of zero capacity, all of them contained 


| V(E 
in the exterior boundary T of E. Moreover, U* = MM — on every bounded 
27 
component of C\T. 


and U*(z) = — 


for z & E, with the possible exception of a set A S E which 
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Proor. The support F of vis a compact set contained in the exterior boundary 
l of E. U" is harmonic in F* and subharmonic in C, AU’ = v and 


V(E 
| U’dy = _ VE) (*) 
27 
Let us consider the set 
V(E 
A:= f EE: U*(z)> ads 

2n 
We want to show that C(A) = 0. By the regularity of the Borel measures we 
have that C(A) = sup{C(K): K compact, K ¢ A}. It follows from this that, if 
C(A) > 0, then there exists an integer np > 1 such that C(A,) > 0 for n > no, 
where 

V(E) 1 


A, (= ze BUG) 8 
2n On 


In fact, if K compact, K ¢ A, C(K) > 0 then K = |) (KO A,) and by §4.9.5 


n>i 
one has C(A,,) > C(K OA,,) > 0 for some ng > 1. 

We must also have v(E\ A) > 0. Otherwise the condition (*) could not 
hold. In fact, v(A) = 1 also implies that v(A,) > 0 for some n, contradicting 
(*). Therefore there is a compact set B, B & E\A, such that v(B) > 0. By 
Proposition 4.9.3 we also have C(B) > 0. 

To show that C(A) > 0 leads to a contradiction we must use the extremality 
of the equilibrium measure v, that is, we are going to construct a convenient 
perturbation of v. 

Let p €¢ A(A,,) be a measure with finite energy I(u). Such a measure exists 
since C(A,,) > 0. 

Every Borel subset of E can be written as a disjoint of union of three Borel 
sets contained respectively in B, A, and E\(BU A,,). We can define a real- 
valued measure o on E by 


—vS) ifSSB 
a(S) = + v(B)u(S) ifS SA, 
0 if S © E\(BUA,,). 


For 0<t< 1 let A= v + to. One can verify that 4 > 0. (It is obvious that 
A is positive in E\B and, in B one uses that t < 1.) Moreover, A(E) = 
v(E) + t(— v(B) + v(B)u(A,,)) = v(E) = 1. It is also easy to show that 


I(A) < @© and I(ja|) < oo. 
Therefore, we must have 
I(v) < IA). 
But 
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I(A) = I(v) + t71 (0) — 4nt iG do, 


and we should then have 
| U*’do <0. 


On the other hand 


| uvdo = -| U* dv + vo) | U" du 
B 
VE) 


> (B)5 + viBy( — > +) 


B 
_ VB) 4 
Ho 


which is a contradiction. It follows that C(A) = 
Since C(A) = 0 then C(A,) = 0 for all n > 1, hence v(A,,) = 0 by Proposi- 
tion 4.9.3. We still have to show that A CT, as well as the other properties 


stated in the proposition. We start by showing that 
V(E 
—- (E) for allzeC. 
21 


This will imply that U” =i in E\ A. 
T 
We show this inequality in two stages, first on F, the support of v. Let z, € F 


such that U"(z)) < ae . Since U” is u.s.c., there is an ¢ > 0 and a compact 
2n 

neighborhood N of zy such that U"(z) < Ve —éforzeN. We also must 

have v(N) > 0. Otherwise z) would not be in F. Hence 


V(E 
_ ( _ ) -| uray + | U’ dv 
N (F\N) 


<(- VE) )oon + wy 


—— — € 


V(E 

since we have already shown that v(A) = 0 and U” <—\ ); in E\ A. There- 
fore we have ” 
V(E) V(E) 

a 
2m ev(N) — On 

te . . V(E) 
which is impossible. That is, we have U’ > ae everywhere on F. The 

rt 


second stage is accomplished by the following lemma 
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4.9.24. Lemma. Let E be a compact subset of C, we AE), ce R. If U* > con 
E then U* > c everywhere. 


PROOF OF LEMMa 4.9.24. Let D be a connected component of C\ E. Since — U# 
is harmonic in D (and tends to —oo at oo if Dis the unbounded component 
of E*), then it is enough to show that for any ae Do E we have 

limsup — U*#(z) < —c. 


Za 


zeD 
Let D, = Dor Bia, p), E, = Eo Ba, p). It is not possible that u({a}) > 0, 
otherwise by Lemma 4.4.24 we would have U"(a) = — oo. Hence given ¢ > 0 


there exists p > O sufficiently small such that p(E,) < e. Let us choose z € D, 
and z, € E, (depending on z)such that|z, — z| < |z — t|foreveryt e E,. Then 


Iz, ~t])<|z,-—2|+]z—t)<2|z-t| forte E, 
and 


1 1 
iz a | < 1082 + los Fi in E,. 


This inequality implies 


log 


1 | l 
| log i du(t) < w(E,)log2 + I, “ial 7) HO 
E, — 


1 
du(t) — | log ———— du(t) 
—t| E\E, IZ — 


< clog? + | log i 


| 
< selog2 — 2nc — ( log dH, 


E\E, | i | 


1 
since | log oe 7 aH) = = —2nU*(z,) < —2nc. 


On the other hand, the integral over E\E, is a continuous function of 
z, € B(a, p). Since |z, — z| < |z — a| by definition of the point z,, we have that 
there is a Po, 0 < po < p, such that if z € B(a, p,) then 

1 1 
| log ——-—- du(t) < | log —-—— —dy(t) + €. 
E\E, iz—t| E\E, Iz, —¢| 


Therefore, for z € B(a, p)) we have 


1 1 
—2nU*(z) = | log ——— du(t) + | log --—— du(t) 
E, |z ~~ t| E\E, |z ~~ t| 


| 1 
< log dp(t) + log ———— dy(t) + € 


E\E, | 1 | 
< e(1 + log 2) — 2zc. 


This proves the lemma. ea 
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The only thing missing to end the proof of Proposition 4.9.23 is to show 
that A < T. As in Proposition 4.9.16, let E,, be an unbounded component of 
C\Eand E =C\E, . Then E is a compact set such that dE = I, therefore the 
equilibrium measure of E and of E coincide. Let 
aad 


A= \z< E:U’(z)> -—— 
27 


Then A < Aand C(A) = 0, by the same reasoning as earlier. If A\T # @ then 
there is a point z) ¢ E where U'(z,) > ae By the continuity of U" in I‘ 
there is a neighborhood W of zp, W & A. This is impossible since m(A) = 

This concludes the proof of Proposition 4.9.23. Note that the last a itera. 


V(E) 


tions show that U’ = a on every component of C\T except for the 
Tt 


unbounded one. 0 
The following is the converse to Proposition 4.9.22. 


4.9.25. Proposition. Let p be a positive measure with compact support E. If E, 
is a compact set contained in the polar set of U* then C(E,) = 0 


Proor. Clearly E, & E, since outside U* is finite. If C(E,) > 0, let v be the 
~ ) 


equilibrium measure of E,. We know that U” > —oo everywhere. 
By Fubini’s theorem 


-| Of ann 
E M JE, 


: | U(O)du(g) = — DRO) 


which contradicts the fact that U* = —oo on E,. a 


The Riesz decomposition theorem and Propositions 4.9.22 and 4.9.25 allow 
us to conclude that the compact polar sets are exactly the compacts with zero 
capacity. 

Another remark to be made at this point is that, under very mild restrictions 
on a compact set E of positive capacity, one can show the exceptional set A 
of §4.9.23 is empty. This will allow us to relate the capacity of E to the 
asymptotic behavior at infinite of the Green function of the unbounded 
component of S*\ E. To get there we need first to prove some majoration 
properties of subharmonic functions. This will be done later. 

We study first some elementary conditions on the removal of singularities 
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of harmonic and subharmonic functions. On this account, let us recall that a 
harmonic function, since it is locally the real part of a holomorphic function, 
is real analytic. Therefore, if a harmonic function in a connected open set Q 
vanishes on a nonempty open set U, U € Q,, it is identically zero on Q. 


4.9.26. Proposition. Let Q be an open set in S*. A harmonic function h in Q\{z9} 
(z9 € Q) is the restriction of a harmonic function h in Q if and only if 


h(z) 
-= 0 Zo F 
229 log|Z — Z| Zo # 0) 
ZH ZH 
h(z) , 
him log|z| = 0 if 20 = ©, (2) 
zeQ\{a} 


Proor. That the condition is necessary is evident. 

Let zp # 00 and B(zy,r) SQ. Let h, be the harmonic function in B(z,r) 
whose boundary values coincide with h. Let us show that h=h, in B(zg,r)\ {zo}. 
Let ¢ > 0. Set 


|Z — Zo] 


h,(z) := h(z) — h,(z) + elog-———, 


for zeé B(zg,r)\{z)}. The function h, is zero on @B(zo,r), harmonic in 
B(Zo,r)\{Zo} and, by hypothesis (1), tends to —oo as z—2Z,. Therefore A, 
is subharmonic in B(z,,r) and, by the maximum principle, h, < 0 in this 
disk. Letting e tend to zero one finds h <h, in B(zp,r). With the help of 


k,=h,-h+elo glZ — ol 201 one proves that h and h, coincide. This proves the 


extension of h to Zo 1s sossible. 

Ifz) = «© onesetsG,(z) = th(z)+h,(z) + elogirz|if B(zo, 1/r)’ S OQ, where 
h, is the solution of the Dirichlet problem in B(z,, 1/r)’ with h as boundary 
value. The preceding reasoning can be applied to finish the proof. C 


4.9.27. Corollary. (Riemann). If h is harmonic in Q\{z)} and bounded then h 


admits an extension to a harmonic function in Q. 


4.9.28. Proposition. Let Q be an open set in S*, zp € Q, u subharmonic in 
Q\ {zo}. The function u admits an extension ti subharmonic in Q if and only if 


rene log(/lz—Zol) =! 70% 0 


lim Sup Ty ulz) <0 if Zo = ©. (2) 


zx log|z| 
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PROOF. We will restrict ourselves to the case zy # 00. The other case can be 
reduced to this one (we use the same reasoning). 
First we show the condition is necessary. If ui exists then 
lim sup u(z) = lim sup a(z) < ui(z,) < 00. 


ZZ 27429 
Z#Zg ZF#2y 


Clearly, lim log = +00. Therefore 
yin 7 — 70 
. u(z) 
lim sup ———————__ < 0. 
220 log(1/|z — Zo) 


To prove the sufficiency let us note that if @ exists, then one must have 
i(Z,) = lim A(u, Z),r). This proves that the possible extension is unique. We 
r>0 


need an auxiliary result to proceed further. 


4.9.29, Lemma. Let u, Q and Zz be as in the statement of Proposition 4.9.28. If 
B(Z9,r) S QO and h is a continuous function in B(z9,r), which is harmonic in 
B(Zy,r) and h > u on OB(Z9,r), then hh > u in B(zo,r)\{Z}. 


PRooF. Let ¢ > 0 and w,(z) = u(z) — h(z) + clog —*0! for z € B(zo,r)\{z}- 
The function w, is subharmonic in B(zo,r)\{z)}. We claim that 
lim = w,(z) < 0 for € € 0(B(Z,r)\{Zo}). 


zt 
0<|z—Zg|<r 


(i) if € = Zz) we have 


_ 1 u(z) 7 h(z) oe _elogr 
wte)= (lot) eae log(i/lz—zol) watt f 


By assumption (1) the expression between brackets is < —¢/2 if 0 < |z — zo| 
is sufficiently small. Therefore 
lim sup w,(z) = —0o. 


Z 729 
ZF2g 


(ii) If € € OB(zo,1r) we have 


z- zs 
O<|z—-Zg/<r O0<|z—-Zzol<r 


lim w,(z)< ( lim sup u()) —h(G)< u(f) —h(0) < 0. 


Hence the claim is true and we can apply the maximum principle to conclude 
w, <0 in B(zo,r)\{z,}. Letting e - 0 we obtain u(z) < h(z) in the punctured 
disk. LJ 


Returning to the proof of Proposition 4.9.28, we let P.u be the Poisson 
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modification of u with respect to the disk B(zo,1r) (cf. §4.7.1). Pu is a subhar- 
monic function in Q. If we let (r,),., be a sequence of positive numbers 
decreasing to zero, then (P. U)n>1 18 a decreasing sequence of subharmonic 
functions such that P. .u>u everywhere by Lemma 4.9.29. Therefore the 
function @ = inf P. u is “subharmonic and, clearly #|(Q\{z)}) =u. This con- 


cludes the proof, a 
4.9.30. Corollary. Let Q be an open set in S*, A = {z,},>; 4 discrete subset of 
©. Then 


(1) If wis a subharmonic function in Q\ A then it admits a subharmonic extension 
u to Qif and only if for every n 


u(z) . 
(a) lim SUP Si] <0 ifa, # 0 
Za, [/jz—2z 
tn, og(1/|z — zl) 
u(z) ; 
b) limsup ———— <0 f A. 
8) Dm SYP iog(izl) = S 


(2) If his harmonic in Q\A and satisfies for every n 


h(z) 
(a) lim sup ——- 0 if'a, % © 
pean 1og(l/|z — yl) 
zeEeQ\A 
h(z 
(b) lim ee <0 ifweAd. 
272, 


then h admits a harmonic extension to Q. 

(3) The preceding two properties hold if u (resp. h) is bounded above (resp. 
bounded). 

(4) If u is subharmonic and bounded above in S*\A, A discrete, then u is a 
constant. 


4.9,31. Definition. A connected open set Q in S? is said to be parabolic if every 
subharmonic function in Q which is bounded above is constant. If Q is not 
parabolic one says it is Ayperbolic. 


4.9.32. Proposition. Let Q be a parabolic open set and Q, & Q be an open set 
whose relative boundary 0,(Q,) is not empty. Let u be a subharmonic function 
in Q, bounded above by a constant M < oo. If limsupu(z)<m for every 


2730 

C € 6, (Q,), thenu <minQ,. ze 9 
Conversely, let Q. be a connected open subset of S* such that for every open 
Q, S Qwithé(Q,) ¥ OS and every function u subharmonic in Q, bounded above 
in Q for which lim sup u(z) < m for every € € 0p(Q,) one has u < min Q,. Then, 


zt 
zeQ, 


Q is parabolic. 
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Proor. Let us assume first that Q is parabolic and let 


_ sup(u— M,m—M) inQ, 
~~ {m—M in Q\Q,. 


It is clear that v is subharmonic, and hence u.s.c. both in Q, and in Q\Q,. 
Since in 6,(Q,) we have that v = m — M, it follows that v is uws.c. in Q. If 
C € 6,(Q,) and B(f,r) ¢ Q, then from the definition of v we have v > m— M 
on B(¢,r), hence A(v,¢,r) > m — M = v(€). Therefore v is subharmonic in Q. 

Since v < sup(0,m — M)in Q we conclude that v is constant. This constant 
must be necessarily m — M since 69(Q,) # @. Therefore, u —_M <m— Min 
Q,, or what is the same, u < minQ,. 

Conversely, suppose u < M < 00 isa subharmonic function in Q. We want 
to show u is a constant function. Let zp) €Q,Q, = O\{z,}. Q, is a connected 
open set with 0,(Q,) = {z,}. The function v = u|Q, satisfies 

lim sup v(z) < u(zo). 


2726 
zEeQ 


The hypothesis implies that u(z) = v(z) < u(zy) for every z € Q\{z)}. Since zp 
was arbitrary, it follows that u must be a constant. ‘a 


4.9.33. Proposition. Let Q be a connected open set in S*, E & 0,,Q. a countable 
(or finite) set, and u a subharmonic function in Q bounded above by M < oo 
such that 

lim sup u(z) < m < oc 


z-¢ 
zéEQ 


for every €€0,Q\E. Then u < min Q. 


PRroor. We argue by contradiction. Suppose there is a point z, € 2 such that 
u(Zo) > m. Let p > u(z,). There is a disk B(zp,r) < Q such that u(z) < pin it. 

For any we S*\B(zo,r) there is a conformal map (in fact, a Moebius 
transformation) g : S?\B(zy,r) > B(O, 1) such that @(w) = 0. Choose in this 
way ¢~, conformal mappings such that g,(¢,,) = 0 for E = {C,},.,. Hence the 
functions log(1/|@,(z)|) are harmonic and positive in Q\ B(zo,r). 

For a fixed z, €Q\B(zy,r) one can find a sequence «, > 0 such that 
\ a, log(1/|@,(z)|) < 00. Therefore the function 


n>1 


h(z):= | %,log(1/¢,(z)|) # « 


n>t1 
is harmonic and positive in Q\ Blzo, 7). 
For ¢ > Oand z € 2\ B(zp,r), let 
v,(z) := u(z) — eh(z) — py. 


This function is subharmonic. Let us study its behavior on the boundary of 
QO\ B(Zo,r). 
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(i) If Ce E then a term of h tends to +00 asz—¢. Since u < M ande > 0 
we have v,(z) > —00 asz—. 
(ii) £6 € 6,Q\E, limsup u(z) < m < u(z) < p, and O < eh{z), therefore 


ae 


lim sup v,(z) < 0. 
Ze 


(iii) If C € @B(zo,r), one has |@,(z)| > 1 as z > ¢, hence h(z) - 0. Nevertheless 
h > Oand lim sup u(z) < u(C) < y, implies also that lim sup v, < 0. 
z-3C z7¢ 
By the maximum principle, v, < 0 in Q\B(zo,r). That is 
u(z) < eh(z) + pB, z€EQ\B(zZ,r). 


Taking the limit ¢ 0, one obtains u(z) < yu. Since y is arbitrary, we have 
u(z) < u(Zo), first in Q\ B(zo, r), but using that r is arbitrary, one concludes that 
u(z) < u(z,) for every point z¢Q. From the maximum principle and the 
connectivity of Q, it follows that u(z) = u(z 9) > m. This contradicts the fact 
that 6,Q\E # @, and for € € 6,,.Q\E one has limsupu < m. O 


ze 


4.9.34. Corollary. Let Q be a connected open set in S* with countable boundary. 
Every subharmonic function in Q which is bounded above is constant. 


Proor. Let zy) € Q, Q, = Q\{z9}. We have lim sup u(z) < u(z,). Therefore, we 
zea, 


can apply the previous proposition to the sets 
Q,,£ = 6,2 ¢ 6,Q; = 6,QU {Zo}. 


We conclude that u(z) < u(zg) in Q, (hence in Q). Therefore u is a constant 
function. CJ 


4.9.35. Theorem (Phragmen-Lindel6f Principle—I). Let Q be a connected open 
set in S?, E a proper and countable subset of 6,,.Q, ua subharmonic function in 
Q such that 


(1) lim sup u(z) < m < 00 for every C€ 6, Q\E. 
246 


CéeQ 
(2) There exists a subharmonic function v in Q such that 


lim sup v(z) < 0 for every CE 6,Q\E. 
zen 
(3) For everye > 0,sup limsup(u(z) + ev(z)) = A, < ©. 
CekE ze 
zeQ 


Then, u(z) < m holds for every z € Q. 
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Proor. Let ¢ > 0. The function w,(z) = u(z) + év(z) is subharmonic in Q and 
satisfies im SUP W, (z)<m for C€0,Q\E, and lmsupw,(z) < A, for Ce E. 


zZ-> 


Hence, lim sup w,(z) < sup(m, A,) for every ¢ € ¢,,Q. It follows from the maxi- 
at 


mum principle that w, is bounded above in Q. The previous proposition 
implies that w,(z) < mfor every z € Q. Let B = {z € Q: v(z) = —o}, it has zero 
measure. For z € Q\ B we have u(z) < m — ev(z), hence u(z) < m. If z € B, let 
r > 0 such that B(z,r) < Q. We have u(z) < A(u,z,r) < m, the last inequality 
follows from the fact that B has zero measure. Cc] 


1 
4.9.36. Corollary. Let y > > Q = {zeC:|Argz| < ay and let u be a sub- 
harmonic function in Q such that 


(1) lim sup u(z) < m for every € € dQ 
zg 


zeQ 


Then u < m throughout Q. 


Proor. Let 6, 7 be such that 


+ 
lim sup wen 


<d<H<y, 
zt — log|z| 
ze? 


and let v(z) = Re(—z") = —Re(e"'°87) for zeQ. (Recall Logz= 


log|z| + iArg z, _* 


< Argz < 2) One has 
2y 2y 


v(re’”’) = —r"cos 70 (i < =| 
2y 
and vis harmonic. Since 


lim v(z) = =[elreosn 5. (C € AQ) 


zg 


zeQ 


and 0 < Lid <_ we have 
2y 2 


lim v(z) < 0 (€ € AQ). 
z-7F 
ze 


Furthermore, there is R > 0 such that if r > R then 
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u(re!®) < r? (ia < *), 
ay 
hence 
id 0) < 76 n ga rnl — me I 
u(re'’) + ev(re’’) < r° — er"cosn@ =r ECO 2 ao 


and 


lim sup (u(z) + ev(z)) = —oo 
zeQ 


for any 6 > 0. We can therefore apply the previous proposition to obtain the 
inequality u < min the angular sector 2. Cc 


| 
4.9.37. Corollary. Let y > 5 Q = {zeC:|Argz|< zt If f is a holomorphic 
function in Q such that 


(1) lim sup | f(z)| < M < © for every C € 0Q, 
270 


zeQ 

log(log* 
240 log|z| 
zeQ 


then | f(z)| < M for every zéQ. 


4.9.38. Corollary. Let p >4 and f an entire function of order < p. If f is 
bounded over a family of half-lines argz = 6,,1 < jsn+ 1, 6, = 6,4,, such 
that the angle between consecutive half-lines is < m/p, then f is constant. 


4.9.39. Examples. (1) The function f(z) = exp(az’), «>0, y> 4% is not 
bounded in Q = f eC: |Argz| < * while log M(|f|,r) = ar’ and 
, loglog* | f(z)| _ 
im su = 
200 log|z| 
zeQ 


(2) If p = 4 then Corollary 4.9.38 might fail. The entire function _ 


shows there are entire functions of order $ bounded over a half-line which are 
not constant. In Corollary 4.9.38, the condition p > 4 forces the function f to 
be bounded on at least two half-lines. 


4.9.40. Corollary. An entire function f of order p < 5 cannot be bounded on 
any half-line without being constant. If p = 4 and type t < © then there is at 
most one half-line where f can be bounded unless f is constant. 
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4.9.41. Proposition. Let u be a subharmonic function in 
= {zeC:a< Rez < dh, u<M < oing. 
Let 
M(x) := sup u(x + iy) (a<x <b), 
ye 


then x» M(x) is a convex function in Ja, b[. 


Proor. Let 


g(z) = 


where M(a) = lim sup M(x), M(b) = lim sup M(x). Then g is a harmonic func- 
x~at x-b-—O 

tion in C, g(a + iy) = M(a), g(b + iy) = M(b). Hence v(z) = u(z) — g(z) is sub- 

harmonic in Q, bounded above and v < 0 on 6Q. This ensures that v < 0 in 

© by §4.9.33. Therefore 


ul) <> —“ Mb) +5 —* Ma (z= x + iy) 


and 


b — 


Note that this reasoning also allows us to conclude that the function M(x) 
is a convex function of x. It is enough to replace a and b by any two values 
X15 X2, @< xX; <x, <b to conclude M((1 — 1)x, + tx,) < (1 — OM(x,)+ 
tM(x,) when 0 <t < 1. O 


4.9.42, Corollary. Let f be a holomorphic function in the strip Q = {ze C: 
z < Rez < b}, which is bounded in Q. The function M(x) := sup [f(x + iy)|, 
yeR 
a< x <b, is then a logarithmically convex function in a, b[ and 
M(x)’™4 < M(a))*M(by? 


where M(a) = lim sup M(x), M(b) = lim sup M(x). 


x~7b-O 


in Q. If there are two constants « < 1 and A < co such that 
u(z) < Aexp(«|Rez)), (zéQ) 
lim sup u(z) < 0 (¢ € 6Q), 
2+ 


then u(z) < 0 for every z € Q. 
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Let us remark that f(z) = exp(expz) and u(z) = Re(expz) show that one 
cannot take a = 1 in §4.9.43. 


Proor. Choose B, 0<a<f< 1, and let ¢>0 be fixed. Let h,(z):= 
—eRe(e’* + e7??) = —2 Re(cosh fz). 
For z € Q we have 


Re(e®? + e787) = (e®* + e **) cos By > d(e8* + e 8) 


B 


with 6 = cos = > 0 (since 0 < f < 1). Hence 
lim sup (u(z) + h,(z)) < 0 for € € dQ, 
zt 


and, for z € Q, 
u(z) + h,(z) < Ae**! — ed(e8* + e7 8), 
which shows that 


lim sup (u(z) + h,(z)) < 0. 


zen 


Therefore, u + h, < 0in Q, and u < 0inQ by letting ¢e > 0. Cc] 


Since there exist uncountable compact sets with zero capacity, the following 
two propositions are more subtle than §4.9.33 and §4.9.35. 


4.9.44, Proposition. Let Q be a connected open set in C and (E,),,., a locally 
finite sequence of compact subsets of 6Q, all of them of zero capacity, E = |} E,,. 
n>1 


Let u be a subharmonic function in Q which is bounded above. If 


lim sup u(z) << m for €€ dQ\E, 
ze 
zeQ 


thenu<minQ. 


Proor. Given p > m, without loss of generality we can assume that 0€Q, 
u(O) < pw, and Q is unbounded. For the construction that follows of a sub- 
harmonic function h in C such that E ¢ {ze C:h = —oo} we can assume 
(Z,)n>1 1S an infinite sequence, otherwise we can apply §4.9.22 directly. 

For every n > 1 we can find o, e¢ A(E,) such that E, = {ze C:U%" = —a} 
(always by §4.9.22)). Since the sequence (E,),., is locally finite we have 
d(0, E,,) > 1 for all n sufficiently large, hence U°"(0) > 0 for those n. Choose a 
sequence of positive numbers (q,),>, such that the two series })) «, and 

n>1 
>, a, U%(0) are convergent. The function A(z):= ¥° «,U%»(z) is locally given 
n>1 n>i 


as the sum of a finite number of subharmonic functions plus a uniformly 
convergent series of harmonic functions. Therefore h is subharmonic in C, 
harmonic in C\E, and —oo on E. Namely, if r>0 and n>no we have 
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E, 0 B(O,r + 1) = @; hence for |z| < r and n > ny we have U"(z) > 0. Now, 


if t 4 0, log|z — t| < log|t| + a then 


» %,U%(z) < + »y 2 | log|t| do,(t) +e le (a 
2m E, 


A>Ng ROR non 


<> a,U%(0) + Ss) Oy < ®. 


ASR 1s A>Ho 


(We have used that for n > no, t€ suppa,, implies that |t| > 1.) Using now 
that log|z — t| < log* |z| + log* |t| + log2, the same reasoning shows that 
there is a positive constant cy such that 


h(z) < co(1 + log™ |z]). 


Hence, given r > 0 there is a constant c, > 0 such that 


h(z)<c, (: + log (= )) when |z| > r. 


Let r > 0 be such that B(0,r) © Q, u(z) < 4 < for z € B(0,r). (This is possible 
because u(0) < yp.) In the domain Q, = 2\ B(0,r), consider for e > 0 the aux- 
iliary subharmonic function, 


v,(z) := u(z) + eh(z) — ec, log (21) — EC). 


We claim that 


lim sup v,(z) < p, for ali € € éQ,. 
z-7F 
zéeQ, 


We note that v, < u everywhere in Q,. Therefore v, is bounded in Q, and if 
C € 6B(O,r) or € € DQ\(E vu B(O,r)) we have 


lim sup v,(z) < lim sup u(z) < sup (A,m) < p. 
+e 


zeQ, ze Gy 


Let M = supu. If ¢ € 0Q, NE, then we have 
Q2 


lim sup v,(z) < M + limsup A(z) — ec, ( + 1) = —O. 
oS, od, 

It follows that v, < win Q,,a posteriori u < win Q, since his finite everywhere 

in Q,. Since u < uw in B(O,r) we have u < uw everywhere in Q. As u was an 

arbitrary quantity > m, we can conclude that the inequality u < min Q holds. 


CI 


4.9.45. Proposition (Phragmen-Lindelof Principle II). Let 9 be an open con- 
nected setinC, E = |} E, © 0Q be the union of locally finite family of compact 


n>1 
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sets E, of capacity zero. Let E = E if Q bounded, E = Eu {oo} if not. Let u 
be a subharmonic function in Q satisfying: 
(1) lim sup u(z) < m < o, for every € € OQ\E. 


z-9F 
zeQ 


(2) There exists a subharmonic function v in Q such that 


lim sup v(z) < 0 for every Fé OQ\E. 
27 


zeQ 


(3) For every ¢ > 0, sup im sup (u(z) + ae) = A, < ©. 
tek zt 


zeQ 


Then u(z) < m for every zéQ. 


Proor. Let w,(z) = u(z) + ev(z). By the maximum principle w, is bounded 
above by sup(m, A,). Proposition 4.9.44 allows us now to conclude that that 
w, < min Q. Hence u < min Q when we let ¢ > 0. Cc 


We return to the question of relating the notion of capacity to that of Green 
functions. 


4.9.46. Proposition. Let E be a compact set in C, with C(E) > 0, and such that 
every connected component of the exterior boundary T has at least two points. 
Let Q be the unbounded component of C\ E and g(z; 00, Q) be the Green function 
of Q with pole at oo. Then, if v denotes the equilibrium measure of E, we have 


g(z; 00,Q) = 2nU"(z) + *V(E). 


It is standard to call in this context the constant V(E) (= —log C(E)), the 
Robin constant of E. 


ProoFr. The boundary dQ is T. The hypothesis made on it guarantees the 
existence of the Green function g(z) := g(z; 00, Q). The function on the right- 
hand side of the equation in the statement of the proposition is subharmonic 
in C and harmonic in Q. At infinity we have the asymptotic behavior 


2nU"(z) = log|z| + o(1). 
Moreover, by Proposition 4.9.23, there is an exceptional set A, A = |) A,, 


n>1 
each A, is the compact set of zero capacity given by 
V(E) 1 
Ay= {ze U0) > _*) Ht 
2n n 
V(E V(E 
such that U"*(z) > — everywhere and, on E\ A we have U"(z) = ae 


Let us consider the function 


v(z) := 22U"(z) + V(E) — g(2). 
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It is harmonic in Q and bounded at © since g(z) = log|z| + O(1) near z = oo. 
Therefore v is bounded in Q. For € € '\ A, we have 


lim sup (2nU"(z) + V(E)) < 22U"(02) + V(E) < ™ 
zl 


zeQ 


By the continuity of the Green function at the points of [ we have 


2 
lim sup v(z) < = (¢ e P\A,). 


zeQ 


From Proposition 4.9.44 we obtain 
2 
v(z) < os for every zEQ. 
Therefore, v < 0 in Q. Since, as pointed out earlier, we also know that 
2nU” + V(E) > 0, we have 
0O< 2nU" + V(E)<g in Q. 


This ensures that the limit of 2xU"(z) + V(E) when z approaches any point in 
from inside Q is zero. In §4.9.23 we also saw that 2xU" + V(E) = 0in C\Q, 


therefore the function 2xU” + V(E) is continuous in Q and has the value zero 


on the boundary. This proves that 2xU” + V(E) = g(z) in Q. Ol 

| a V(E) 

4.9.47. Remarks. (1) It now follows from Proposition 4.9.46 that U* = ——-s 
1 


on I when E is a compact set satisfying the hypothesis of §4.9.46. Therefore, 
the exceptional set A from Proposition 4.9.23 is empty and U’” is continuous 
everywhere. 

(2) V(E) can be computed as 

V(E) = lim g(z; 00,Q) — log|z|, 

which is the usual definition of the Robin constant. 

(3) These two previous properties hold for any compact set E with positive 
capacity and such that the Dirichlet problem is solvable in Q, the unbounded 
component of C\ E. 


4.9.48. Examples. (1) As a first example let us consider E = B(O, R). We have 


[Z| 


g(z; 00,Q) = log R: Therefore, 


V(E) = lim g(z; 00,Q) — log|z| = —log R. 


z27>00 


Hence C(E) = R. 
(2) As another example let us take EF = [—1,1]. The function g(z) = 


L\. ; = = 
~| z+ -— ]1s a continuous map from Q, onto Q,, whereQ, = {ze C:|z| > 1} 
z 
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and 0, = C\[—1, 1]. Moreover, 9 is a biholomorphism of Q, onto Q, such 
that @(co) = oo. This observation allows us to compute the Green function 
of Q, with pole at oo. Namely, if w = ¢(z), 


g(w; 00,Q,) = g(z; 00,.0,) = log|z| = logiw + ./w* — 1], 


where ./w? — Lis > 0 for we ]1, oo[. Therefore, 


. | ee 
V(E) = lim (g(w; 00,Q,) — log|w|) = lim log/1 + ji — —5| = log 2. 
w 


w->00 |w|-?oo 


b—a 


Hence C(E) = 5. We conclude that C([a,b]) = ifa,be Ra <b. 


4.9.49. Proposition. Let Q be an open connected set in S*, co € Q, such that the 
Dirichlet problem is solvable in Q. Let w,, be the harmonic measure for oo and 
let y of the Robin constant of Q: 

y = lim g(z; 00,9) — log{z]. 
Then the logarithmic potential generated by w,, is a continuous function and 
verifies: 


1 ; 

5, (g(Z5 0,2.) 7) If ze Q\ {00} 

U®=(z) = — | tos — tld, (t) = 
2T y 

On 

In particular, C(6Q) > 0. Moreover, if E verifies the conditions of §4.9.46 and 

Q is the unbounded component of E in S*, then y = V(E) and w,, is the equilib- 

rium measure of E. 


if z2¢Q. 


Proor. Note that the proposed formula for U® represents a continuous 
function in C. For zy € Q, zp # 0, and ze Q\ {zo}, let 


w(z) = | log|Z9 — ¢|daw,(C) — log|zo — z| + g(z; 00, Q). 
an 
This function is harmonic in Q\{z,}, including the point z = oo; it also has 
a logarithmic pole at z, and vanishes on 0Q. It follows that w(z) = g(z3 Zo, Q). 
Since g(Z3;Z9,Q) = g(Zo; z, 2) we have 


{ log|Zo — Cl dw,(C) = g(Zo; z,Q) — (g(z; 00, Q) — log|z — Zo). 


Since for u continuous on 0Q, Pu(z) > Pu(oco) when z > o0, we can let z - «© 
in this identity and obtain 


\ log|Z> — ¢|dw,,(C) = g(Zo; 00, Q) — ». 
Q 


This is the first part of the result we wanted to prove. 


$9. Introduction to Potential Theory 467 


Assume now that zy ¢ Q. Let us define w(z) by the same formula as earlier. 
This time, w is not only harmonic in Q but also = 0 on CQ. Therefore w = 0. 
Let z — oo, then 

0 = w(co) = | log|Zo — ¢|dw,,(¢) + y. 


éQ 


On the other hand, the proof of §4.7.17 shows that for z) € GQ we have 
U°(z,) = lim U®=(z). 


Z72Zo 


This implies that the formula holds everywhere. 
From the formula just obtained we conclude that 


I(@,,) = —2nx | Uee)do.te = | yda,,(z) = y < 0. 
an 


Hence V(dQ) < oo and C(dQ) > 0. The rest of the proposition follows from 
§4.9.46. C] 


Let Q be a connected open subset of S* such that the Dirichlet problem is 
solvable in Q. Let E be a closed subset of 0Q. By Urysohn’s theorem there is 
a continuous function u: 6Q > [0,1] such that u“'({1}) = E. Then, for ze Q 
we have 

w,(E) = | do,(¢) = lim | u"(C)da,(¢). 
E n-* CO on 
Since u, := P(u")is a decreasing sequence of harmonic functions taking values 
in [0,1], its limit 1s a harmonic function. Therefore z+> w,(E) is a harmonic 
function in 2. Moreover, if € € 0Q one has 
lim sup w,(£) < limsup u,(z) = u"(0) (n > 1). 


zt z> 
zeQ zeQ 


Hence 
0< lim sup o(E) < x2(9) (¢ € dQ). 
zEeQ 
In particular, lim@,(E) = 0if € € OQ\E. 
One can also show that for every ¢ € E (the relative interior), lim w,(E) = 1. 


In fact, let v € @(0Q), v = 1 in a neighborhood of € and v = 0 on BO\ E. Then 
v(z) < u"(z) for every z € 0Q, and therefore w,(£) > Pv(z) for every z € Q. This 
shows that w,(£) > 1 asz—- € (ze Q). 

One can easily verify, always using the theorem of monotone limits of 
harmonic functions, that the class & of Borel sets E < 6Q for which z+ w,(E) 
is a harmonic function, is a monotone class. This class contains the closed 
sets, as we have shown earlier, hence & = @(0Q), the family of all Borel sets 
in éQ. 

Recall that for every compact set K ¢ Q there are constants c,,c, > Osuch 
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that 
c,o,(E) Ss w,(E) Ss c,W,(E) 


for every z, z°€K (cf. §4.7.15). From this it follows that if f is a Borel 
measurable function in 6Q which is integrable with respect to the measute w,, 
for some Z, € Q, then f is integrable with respect to every w,, z € Q. Itis enough 
to prove it for f > 0. In this case we know that f is the increasing limit of the 
step functions (u,),>1, 


k 
Un= —D 57 hele RAY FL yn, c0b- 
O<k<n2"-1 <n aL 


The sequence (Pu,),,., 18S an increasing sequence of harmonic functions in 2 


that converges at Zz) towards f(C)dw, (¢). Hence Pu,(z) converges every- 
an 


where to a finite limit, that is, f ¢ L'(0Q, dw,), | f(O)daw(C) = lim Pu,(z). 
on n->00 


Moreover z -| f dw, is harmonic in Q. 
an _ 
Let now u be a subharmonic function in a neighborhood U of QD and Pu 


be the Poisson extension of u| dQ, 


Pu(z) = | . u(C)dw,(C). 


We want to show that Pu is well defined. Since wu is u.s.c., u]dQ 1s a decreasing 
limit of continuous functions (g,),.,. Hence Pg, is a decreasing sequence of 
harmonic functions, Pu = lim Pg, in Q. Moreover, (P@,)\6Q > uon dQ, hence 


we have Pg, > uin Q. Therefore Pu > u in Q, which shows that u is actually 
integrable with respect to dw, and Pu is well defined. 
Suppose now that 0 is bounded and u is a subharmonic function in Q. 
Define a u.s.c. function g on Q by e(C) = u(C), if € € Q, and @(C) = lim sup u(z), 
2 


if € € OQ. Assume that sup g(f) = M < o. The preceding reasoning actually 
fe dQ 


shows that u < P(@|dQ) in Q. Therefore u < M in Q (which we would have 
known anyway using the maximum principle), but if we only know that @ 1s 
bounded and o(f) < M for € e GQ\E, Ea set of zero harmonic measure, then 
we will still obtain 


u < P(y|6Q) <M 


| pda, = | p do, 
on OQ\E 
for every zEéQ. 


A more precise result is the following. 


since 
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4.9.50 Theorem (of the Two Constants). Let Q be a bounded open set of C such 

that the Dirichlet problem is solvable in Q. Let E be a Borel subset of 0Q. Let 

u be a subharmonic function in Q extended to an upper semicontinuous function 

gp on Q by o(0) = limsup u(z) for € € 6Q. Assume that op <minEando<M 
zg 


on 0OQ\ E. Then 
u(z) < mm,(E) + Mw,(0Q\ E) (z EQ). 


More generally, if @ is bounded and if 0Q = ( \) E, UN, where E,,..., 
1<j<n 
E,, are Borel subsets of 0Q, N is a Borel subset of zero harmonic measure, and 
p<sm,;< co onkE,. Then 
u(z)< >} mow,(E,) (z EQ). 
1 


rcn 


A 


PRoor. u(z) <(P@)(z)< }) mo,(E,)sinceg|0Q< }) myxp,,@, — ae. for 
1<j<n i<j<n 


every zE QQ. Cc 


a 


Let us denote w(z, E,Q) the value w,(E) for z € QO and E a Borel subset of 
0Q. It is called the harmonic measure (at z) of E. This harmonic measure is 
invariant under conformal mappings. 

Let g@:Q—- be a biholomorphic mapping which has an extension to a 
homeomorphism of Q onto Q’. Assume the Dirichlet problem is solvable for 
© (hence also for 0’) then 


oz, E,Q) = w(e(z), o(E), Q'). 


Namely, if h is a continuous function on 6Q one has 


(Poh)(z) = | hdw, 


OQ 


and 


(Po(h o *))(p(z)) = | (ho p') dag). 
an’ 
But 
Poh = (Po (ho p')) oP, 
therefore, if E is a Borel subset of 6Q we will have 


co(z, E,Q) = (Poxe)(2) = (Po Xun) (G(Z)) = O( (2), P(E), Q’). 


We exploit this remark in the following examples. 


4.9.51. Examples of Harmonic Measures. (1) If Q = {zeC:|z| < R}. The 
usual Poisson formula gives 
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; 1 R*—|2/? 
dw,(Re) = ; 2 


a |Re® — 724 
For z = 0, E © dQ one has 
1 
o(0, E,Q) = — | dé. 
an Sr 


If E is the arc of circle €,¢, described in the counterclockwise sense then 


o(z, E,Q) = ‘(are(Z - 1) 7 p), 
“ 2 


=) is the determination of the 
Z— $2 


Figure 4.6 
(2) WQ={zeC:|z|< R and Imz>0}, E= {zeC:|z| = R, Imz>0} 
5 | 
then w(z, E,Q) = — Arg (R) = 2 
tt R—z 1 


—R 0 dQ\E R 


Figure 4.7 


(3) Q, ={zeC:|zi< B\{f0<x <1}, FE, ={0<x < 1}. Then Q, is ob- 
tained from the open set Q of Example 4.9.51(2) (with R = 1) by the map 
ze> p(z) = 2”. 
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Figure 4.8 


Therefore 
co(z, E,,Q4) = o(./z, 6Q\ E,Q) = 1 — w(,/2, E,Q) 
=]— “Arg ( + Vv"). 
—/2 


(4) Q={zeC:0<r, <|zZ|<r,< of, E={zeC:|z|=r,}. Then 


logr, — logiz| 


E,Q) = 
oz, E,Q) logr, — logr, 
log|z| — logr, 

0Q\ E, Q) = ———___—__.. 
oz, OO\E, OQ) logr, — logr, 


We conclude this chapter with a few results about removable singularities. 


4.9.52. Theorem (Rado-Cartan). Let Q be an open connected subset of C, 
f:Q-—C a continuous function such that it is holomorphic in the open subset 
Q\Z(f), ZY) = {z €Q: f(z) = 0}. Then f is a holomorphic function in Q. 


ProorF. Let z) € Q. To simplify the notation we assume zy) = 0 and B(z,, R) S 
© for some R > 1. We are going to show that f|B(0, 1) is holomorphic. It is 
clear that we can assume f # Oin a 1). 


Let M = sup | f(z)|, p(z) = log aad . This function is subharmonic in Q. In 


fact, p is clearly u.s.c. in Q. Moreover it is clear that p 1s harmonic in Q\ Z(f). 

Ifz e Z(f), one has —oo = p(z) < A(p,z,r)for any r > O such that B(z,r) <Q. 
Let f = u + iv. Fore > 0, the function u + ep is subharmonic. It is enough 

to use the same reasoning that showed that p is subharmonic. Hence, for 

|z| < 1 we have 

2n 1 — |z |? 


u(z) + ep(z) < > | oem mle”) + ep(e'®)) dé 


1 (7" 1—{|2|? 
<= | ara we) db 


9 (2 
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since p(e’®) < 0. If ze B(O, 1)\Z(f) and ¢ > 0 we find that 


The set Z(f) is a polar set since Z(f) = {z € Q: p(z) = —oo}, hence it has 
measure zero. This implies that the previous inequality is valid throughout by 
continuity. Using — f and —u one obtains the reverse inequality. Therefore 


wat [OIE edo (ee BOI) 

u(z) = —— oo a5 E , 
2n Jo iz — ep 2 

This shows that u is harmonic, hence C”, in B(0, 1). Clearly the same reasoning 


4) 
applies to v. It follows that fis C”. Since a = Qin B(O,1)\Z(/), by continuity 
Z 
np 
we conclude that a = 0 in B(0,1). This proves the Rad6o-Cartan theorem. 
Z 


CJ 


4.9.53. Corollary. Let Q be a connected open subset of C, and Cy a nonisolated 
point of 0Q. Let f ¢ #(Q) be such that f(z) +0 whenever z—>C for every 
Cé6Q0U, U some fixed neighborhood of Cy. Then f = 0. 


Proor. Let V = B(fo,r) & U, Q, =QUV. Hence Q, is connected and the 
function F defined by 


, _ Sf) ifzed 
re)=f ifzeV\Q 


is continuous in Q and holomorphic in Q,\ Z(F). By the previous theorem, F 
is holomorphic in Q,, hence F = 0. a 


Let us now prove a result about removable singularities for subharmonic 
functions. 


4.9.54, Lemma. Let Q be a connected open set in C, E a closed polar subset of 
Q, E & {z €Q: q(z) = —0}, q asubharmonic function in Q. For everya €Q\E 
there is a subharmonic function p in Q such that p|E = —0o and p(z) > —90 
for every z sufficiently close to a. 


Proor. Let B(a, R) < Q\E. We take p to be the Poisson modification of q 
with respect to B(a, R), that is, 
(2) q(z) if ze Q\ Bla, R), 
z)= . 
P P(q\0B(a,R)\(z)_ if ze B(a,R). 


We have already shown that p is subharmonic. The other two properties are 
clear. a 
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4.9.55. Theorem. Let Q be a connected open set in C, E a closed polar subset 
of Q, and ua subharmonic function in Q\E such that, for every compact K in 
Q, the function u|(K \ E) is bounded above. Then, the function ti defined on Q by 


u(z) if zEQ\E 
u(z)= < limsupu(w) ifzeE 
weQhE 


is subharmonic in Q. 


Proor. It is clear that @ is a u.s.c. function. Let w € Q, R > 0 be such that 


B(w, R) € Q. We need to show that 
u(w) < A(u, w, R). 


Let z) € B(w, R)\ E and pa subharmonic function in Q such that p| E = —oo 
and p(z) > —co for z near zy. There is an M > O such that gq = p— M <Oin 
B(w, R). For ¢ > 0, & + eq is subharmonic in Q, hence 


1 (7* ~ 
li(Z)) + eq(Zo) < a | (Py, rl + Eg))(w + Re'®) dé 
0 


< (P,, e(f))(Zo), 


where P, r(g) is the Poisson modification of a function g in B(w, R). Letting 
é — 0 one obtains 


fi(zy) < (Py, p(@)) (Zo) 


for every Zz, € B(w, R)\ E. Since E=@Q@, P, r() is continuous in B(w, R) and ti 
1S U.s.c., we can conclude that 


fi(z) < (Py, x@)(2) 
for every z € B(w, R). In particular, 
i(w) < (P,,, g(i))(w) = A(a, w, R). 

Therefore, the function @ is subharmonic in Q. 7] 
4.9.56. Corollary. The Dirichlet problem is not solvable for Q = B(O, 1)\ {0}. 
PRroor. Suppose there is a harmonic function h in Q which takes the values 1 
atz = Qand 1 on|z| = 1. By the preceding theorem h would have an extension 
h harmonic in B(O, 1), h(O) = 1, h{z) = 0 if |z| = 1. This would contradict the 
maximum principle. ‘a 


This example can be generalized to the following. 


4.9.57. Proposition. [f E is a compact subset of C, C(E) = 0, then the set 
D = S*\E cannot have a Green function g with pole at oo. 
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Proor. If function g exists, then the function u = —g is subharmonic in C\ E. 


Moreover, lim sup u(z) = 0 for every ¢ € E. By Theorem 4.9.55 the function @, 


z-C 


zeC\E 
which extends u to C being zero at E, is subharmonic in C. There are no 
subharmonic functions bounded above in C unless i = constant, hence u = 0, 
impossible. CJ 


EXERCISES 4.9 
1. Justify the assertion made after Proposition 4.9.25 that a compact set FE has 
C(E) = O7if and only if it is a polar set. 


Ch 
2. Give a different proof of Proposition 4.9.25 using that ar is holomorphic with an 
isolated singularity at Zp. 2 


3. Let f: QQ, be a biholomorphism between two planar regions. Let E be a 
compact subset of QO. Show that C(E) = 0 if and only if C(/(E)) = 0. 


4. Let E, be a compact connected set with at least two points. Let E be a compact 
subset of C, E, © E. Show that C(E) > 0. 


5. Let D, be an increasing sequence of domains in S*, oo € D, for all n, |) D, = D 


and D = S*\ E with C(E) = 0. Assume that the Green function g, of D, with pole 
at oo exists. Show that g, f oo uniformly on compact subsets of D. 


6. Let E, E, be two compact subsets of C, Q, respectively Q,, the unbounded 
component of E‘, resp. E{. Let f be a conformal map of 0 onto Q,, f(z) = 


a , , 
z +d) +— +-::. Assume further that Q has a Green function with pole at oo. 
Zz 


(a) Show that Q, has also a Green function g, with pole at 00, g = g,° f and 
the Robin constants coincide, y = y,. Hence C(E) = C(E,). 


(b) Let E, = f eC:j|z|= 1, |Argz| < *t 0 < « < x. Show that the map 


nan a a ne Ra 


flo) = [2-1 + le— ee — Vy, 


where the square root is asymptotically equal to z at oo, maps conformally 
E‘ onto B(O, B), for some B > 0. Show that B = C(E,). Show further that for 


\ol< > we have 


nh an ae a 46 
' yy _ 518/2 FF ein me. eam 
im fire’) =e (: sin 5 + si 5 ~ sin 5) 


id — o a 
lf(e’)| sin 7. 


and 


Conclude that C(E,) = sin >. 
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7. Let E be acompact set of positive capacity and assume that the exterior boundary 
of E is connected and has at least two points. Let Q = E° and v the equilibrium 
V(E 
measure of E. (Recall g(z, 00,Q) = 2nU” + V(E).) Show that for every A > mace 

7 


the set S, = {z €Q: U'(z) = A} is a real analytic Jordan curve. 


8. Let y,, y, be two Jordan curves such that y, is interior to y,. Show there is a 
polynomial P and a constant a > 0 such that the lemmiscate {z € C : | P(z)| = a} 
< Int(y,)\Int(y, ). (Hint; this is a consequence of the Riemann mapping theorem 
and Runge’s theorem.) 

Conclude that given a Jordan curve I and ¢ > 0 there are two lemmiscates 
L, and L, such that 


L, & V,(Int(y))\ Int(y), 
and 

Ly S V(Ext(y))\ Ext(y). 
(Recall VK) = {ze C: dist(z, K) < ¢}). Therefore, any simply connected region 
Q has an exhaustion (Q,),5; (2, << Q,.,, JQ, = a) by domains whose 
boundaries are lemmiscates. 


9. Let E be acompact subset of C. We use the notation that follows Definition 4.9.13 
and denote m,(A) the Lebesgue measure of a set A CR. 
(a) Let E* := {r > 0:4ze€ E, |z| =r}. E* is compact. (Why?) Show that for any 
Z,,...,Z, € E we have 


[D(z1,.--52a)] 2 [DU21),---5 12nd 
and conclude that 
C(E) = C(E*). 
(b) Let y,«(t), t € IR, be the characteristic function of E* and 


p(s) := \, ¥p+(t) dt, s > 0. 


0 
Show that if0 <s, <s, then 
0 < p(s.) — p(5,) S 5. —- 8; 


and, ifO<t, <t, <--'<t, <m,(E*), there exist s,,..., s,¢€ E* such that 
t; = p(s,) for 1 < j <n. Prove that 


[D(t,,...,¢,)| = |D(s,..-..,5,)}. 
Conclude that if I is an interval of length m,(E*), then 
C(E*) = Cid). 
(c) Show that 


C(E) > jm(E*) 
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10. 


*11. 


4 Harmonic and Subharmonic Functions 


Let E be a compact set in C, ya probability measure on E (ye A(E)), andy aC! 
Jordan curve such that E ¢ Int(y). Compute 


(Hint: replace y by 0B(O, R) with R > 1 and use Gauss’ Theorem 4.4.28.) 


{1 n 
Let E,,..., E,, be closed subsets of B (0 ;) and E = | | E,. Show that 


j 
l n I 


(Hint: let v, be the equilibrium measures of the E;. For any convex combination 


n n 
i = y A;Vj, A; = 0, \ A; = I, show that 
jal j=l 


| 
sup U* < —~— min 4,V(E)), 
i<jsn 
hence V(E) > min A,V(E,). Choose 4; so that 1, V(E,) is independent of j to finish 
isjsn 


the proof.) 


. Let f be ameromorphic function in the unit disk which has a simple pole at z = 0. 


Let E = $*\ f(B(O, 1)). Why is it compact? Why does the Green function g of C\ E 
with pole at oo exist? Show that the function 


u(z):= —g(f(z)) — log|z| 
is subharmonic in B(0, 1) and u < 0. Moreover, 
u(O) = —log|Res(f, 0)| — V(E). 
Conclude that 
C(E) < |Res(f,0)|. 


Use this inequality to find the relation between capacity and analytic capacity 
(cf. §2.7.9). 


. Prove Corollary 4.9.40. 


. Let uw be a subharmonic function in the half-plane Imz > 0. Define M(r):= 


sup u(re'’)forr > O and u(x) := lim sup u(z), for x e R. Assume that u(x) < 0 for 
O<O<n ZoOxX 


allx e R and 


Show that u(z) < 0 for every z with Imz > 0. (Proceed as follows: use the Two- 
Constants Theorem 4.9.50 and Example 4.9.51.2, to show that 
(1) Given e > O and B > 0, let R > B be such that M(R) < eR. In the half-disk 
Q:= {ze C:|z| < R, Imz > 0}, show that 


2eR R+2 
u(z) < : Arg 
T 


R—z 
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15. 


16. 


*17. 


18. 


*19. 


(1) Conclude from (i) that for any z with Imz > 0, you have 


4e 
u(z) < —Imz. 
7 


(itt) Finish the proof.) 


Let f be a holomorphic function in the angular region « < argz < B, 


7 
2x > § — « > 0, f continuous up to the boundary of this region, and p = 3 ; 
— oO 
Assume | f(z)| < M on the sides of this angular region and that 
limr’ sup log| f(re'®)| = 0. 
roo a<d<B 
Show that | f(z)| <M everywhere. (Hint: assume a = — B, 0 < B < 2, and con- 


sider the auxiliary function g(z) := f(z)e~*’) 


Let f be holomorphic in Re z > 0 and vanish at every n € N. Assume further that 
for some a < 2, M, A > 0 one has 


[f(2)| < Mexp(A Rez + ajImz)). 
F(z) — 


sim 72 
apply Exercise 4.4.25. Alternatively, apply a convenient variation of Exercise 
4.7.8(b).) 


Show that f = 0. (Hint: consider the auxiliary function g(z):= and 


Let f be holomorphic and bounded in the angle Q:= {ze C:|Argz| <a < 7}, 
and continuous in Q. Assume f(re*'*) > L as r > oo. Show that f(z) > L when 
Z 
z) for a 
z+ aA 
convenient choice of 4 > 0.) Show that the condition « < 2 can be removed by 
the change of variable z = C7. 


zé€Q, |z| > oo. (Hint: consider the auxiliary function F(z) := 


Let f be an entire function satisfying the inequalities 
[f(z)| < Ae®"!, — foreveryzeC 
and 
Lf) < M, for every xe R. 


Show that f satisfies the inequality 
[f(a < Me?!" for every ze C. 


Let f be a holomorphic function of order at most p in the angle a < argz < 8, 
Le., for any ¢ > 0 


log| f(re’”*)| 


lim sup = 0 
pete 


rom 


uniformly for « < @ < £8. The Phragmen-Lindel6of indicator function h is defined 
by 


h(8) = lim sup 


ro 


log| f(re’’)| 
rP 
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(a) Compute A in case f(z) = exp(P(z)), P a polynomial of degree exactly p 
(which then must be an integer). 


(b) Leta <0, <0, <B,0, — 6, <_. Assume h(0,) < h,, h(0,) < hp, h,e R, and 
let H(@) := (h, sin p(0, — 8) + A, sin(0 — @,))/sin p(@, — 8,). Show that 
h(@) < H(6) for 0, < 0 < 8. 
What happens if h, or h, = —oo? 
(c) Leta < 0, < 0 < 0; < B® — < 7) ~ 0, < 7, and 


H(6) = acos p@ + bsin p@ be such that h(0,) < H(0,)and h(@,) > H(@,), then 
use (b) to show that 


H(0,) < h(@;). 
Conclude that 
h(8,)sin p(0, — 6,) + h(@,)sin p(O, — 63) + h(@;)sin p(8, — 6,) = 9. 


(d) Let h be finite in the interval 0, < 0 < 03, 0, — @, < "Let 0, € ]6,,6,[ and 
p 
H,(@) = a, cos pO + b, sin p@, H,(0) = a, cos p@ + b, sin p@ be chosen so that 
H,(6,) = h(6,), H,(@,) = h(@,), H,(8,) = h(8,), H,(63) _ h(63). 
Show that 
H,(0) < h(0) < H,(@) if0,<6< 8, 
H, (8) < h(@) < H,(8) if0, <6 < 6s. 
Conclude that if @ € [0,,0,]\{@,}, then 
Hy(8) ~ Hy (G2) _ h(O) = h(O2) _ H2(0) — Halla) 
6 — Gd, ~ a — 0, _ G — 6, 
Use these inequalities to prove that h is continuous at 6,. Hence h is continuous 
in the interval ]6,,03[. 
(c) Show that if A is finite in [«, 8], «<0, <6, <8, ¢>0, then there 1S 


ro = Yo(é) > 0 such that 
|f(re®)| < exp[r?(h(@) + ¢)] 


forr >r, and 0, < 6 < 6. 


2 
20. Let f be a holomorphic function of order p and type t in the angle |Argz| < aie 
p 


Assume f is bounded on the sides of the angle. Show its indicator function h 
(defined in the previous exercise) satisfies the inequality 


h(@) < tr’ cos pé. 
21. Let f be holomorphic in the half-strip S := {z = x + iy: x > 0,|y| < «} satisfying 
| f(x + ia)| < A on OS and | f(x + iy)| < Bexp(e**), with 0 < B < = Show that 
at 
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f is bounded by A everywhere in S. (sin: consider the auxiliary function 


f(z)exp(—e*), withe > 0, B<a< =.) 


Notes to Chapter 4 


1. The characterization of harmonic functions in terms of the mean-value property for 
all small disks (Proposition 4.3.3) can be substantially improved. Essentially, it is 
enough to consider averages for two fixed radii. We will discuss problems of this kind 
in the second volume. We refer to [Za5] and [BG] for different kinds of mean-value 
theorems. 

2. In the second volume we will consider in detail ideals, interpolation, and related 
problems for spaces of entire functions of finite order. These spaces arise naturally in 
harmonic analysis when one applies the Fourier transform to study integro-differential 
equations of the convolution type. We shall take up again there the construction of 
entire functions with given zeros following the ideas of Remark 4.6.16. The use of the 
canonical potentials as done in §4.6 owes much to [HK] and [GL]. 

3. The interpolation problems of the type that appear in Exercise 4.5.11 and 
Exercise 4.9.16 are related to questions of analytic continuation and functional equa- 
tions that will also be considered in the next volume. 

4. Besides its clear interest in the solvability of the Dirichlet problem and remov- 
ability of singularities of harmonic functions, the notions of Green function and 
capacity play a role in the study of functional equations and arithmetical functions, as 
will be seen in the next volume. There is an extensive literature in potential theory 
and on the especially interesting questions of the relation between capacity and the 
Hausdorff dimension of a set and the solvability of the Dirichlet problem and Neumann 
problem for sets with very rough boundaries. The reader will find the small mono- 
graphs [Fu2] and [Carl] excellent introductions to this subject. In particular, in [Carl] 
one finds a criterion to decide exactly when a Cantor set has capacity zero. An 
essentially definitive contribution to the relation between capacity of a subset E of 
a rectifiable curve and the length of the set E can be found in [BJ]. There is a very large 
literature on potential theory in R”. We mention [Lan] or [Hel] as a possible starting 
point for further study. 

5. The Riemann mapping theorem is not valid when one replaces C by C”, n > 2. 
It was of considerable interest and difficulty to prove that biholomorphic mappings 
between domains with smooth boundaries, extend smoothly to the boundary. This 
theorem was first proved by C. Fefferman. The argument followed in §4.8 was carried 
out in the case of C",n > 2, by S. Bell and others. We refer to [BK ] for the particulars. 
Similarly, the C° version of the Schwartz reflection principle mentioned at the end of 
§4.8 seems to have been discovered first in the context of several variables. 


CHAPTER 5 


Analytic Continuation and Sing 


ularities 


$1. Introduction 


When we say “given a holomorphic function in an open set Q,” we are already 
making a choice of the domain of the function. Sometimes it is evident that 
the function is in fact the restriction to Q of a holomorphic function defined 
on a larger open set. The obvious example of a removable isolated singularity 
comes to mind. Another example occurs when we define the function by a 
power series expansion, for instance, for f(z) = s z" in B(O, 1), we can sum 


n>O 


the series and find that the function z+» (1 — z)"', holomorphic in C\{1}, 
extends the function f to this larger open set. 

Regretfully, the intuitive concept of extension of a function across a point 
in the boundary of 0 quickly leads to bothersome difficulties, multivalued 
functions may appear. For instance, the function z+» Logz in C\ ]—o,0] 
admits one-sided extensions at the nonzero boundary points, but they do not 
coincide with the original function. Another typical example of this behavior 
arises when the functions are defined as Cauchy transforms. In fact, let 
y: [0,1] C be a Jordan arc, piecewise C', and f a holomorphic function in 
a neighborhood of »([0, 1]). The function F : C\y({0,1]) - C defined by 
= Z FAUA dt 


BQ) = si yt—2 

is holomorphic and has, in a neighborhood of each point of y different 
from the endpoints, the same type of behavior as the logarithm. Namely, let 
Ce y(0, if), € = y(t.). One can choose r > 0 and two values t,, t, such 
thatO <t, <ty <t, < 1, y(]t,,t,[) € Bir), y(t) € OB, r) (J = 1,2), and fis 
holomorphic in a neighborhood of B(¢,r). If C,, C, are the arcs of dB(C,r) 
shown in Figure 5.1, then the curve (y|[t,, ft, ]): C, is a Jordan curve of index I 
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2ni t—z 


F(z) = I | KO dt 
yi €z-y2 


is holomorphic in C\(y,-C,-y,) and coincides with F in U,. One defines F, 
similarly using y,-C,-y,. It follows that the limits 


(0) = lim F(z) (j = 1,2) 


exist, and, using once more Cauchy’s theorem, 


#2(6) — €,(0) = FC). 


(This is usually called Plemelj’s formula, cf. Exercise 3.6.9.) 

In view of these examples, one needs to formalize the intuitive concept of 
analytic continuation, eliminating the pathology of multivalued functions. To 
do this, we must “leave” the complex plane and use the concept of a Riemann 
surface; one obtains this way a maximal surface (in a sense that will be defined 
precisely) which will be the natural domain of definition of the given function 
as a holomorphic function. It is precisely in this context that the notion of 
Riemann surfaces arose. 

The origin of the methods that we will introduce is the following: Given a 
holomorphic function f in a disk B(Zo, R), consider a point z, in that disk 
which lies close to the boundary. We can develop the function f ina Taylor 
series about z,. This series, 


1 
yf Mee = 24)" 


converges to f in B(z,,R — |z,; — zo|), but it is possible that the radius of 
convergence r of this series is strictly bigger than R — |Z, — Z|. We have, 
therefore, a function defined in a neighborhood of a certain arc of OB(Zo, R), 
through which the function f admits an analytic continuation. 
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On the other hand, if one has a holomorphic function F in an open set U 
such that U 4 0B(Z,, R) ¥ @, and such that f|U A B(zy, R) = F|U FO B(Zp, R), 
one sees that, by taking z, close to U M1 dB(Zp, R), one can obtain F as the sum 
of the series in a disk B(z,, p). 

As one can convince oneself more or less easily, at least locally, the con- 
tinuations of f can be obtained iterating this process, from disk to disk to 
form a chain. Regretfully, it might happen that the extreme disks of these 
chains intersect without the functions defined in them coinciding in the inter- 
section. This leads us to consider for each point in C, and more generally in 
a Riemann surface, the family of all functions holomorphic near that point, 
that is, to the notion of germs of holomorphic functions, and to its associated 
sheaf. This will be the tool that will help us to study the question of analytic 
continuation. We start by considering first some elementary aspects of the 
problem of analytic continuation. 

Several of the subjects of this chapter, like overconvergence and Dirichlet 
series, will reappear in the second volume. 


§2. Elementary Study of Singularities and 
Dirichlet Series 


§,2.1. Definition. A point z, in the boundary of the disk B(0, R) of convergence 
of a power series s(z)= | a,z” is said to be a regular point (for s) if there is 


nz=O 
r > 0 and a function f holomorphic in B(z,,r) such that f and s coincide in 


B(0,r) 0 B(z,,r). A point of 0B(O, R) which is not regular for s is said to be 
singular. 
Singular points always exist. 


5.2.2. Proposition. Let s(z)= }. a,z" be a power series with radius of con- 
0 


vergence R,0 < R < co. The set of singular points is a nonempty closed subset 
of CB(O, R). 


ProoF. It is clear from their definition that the set of regular points is open in 
0B(0, R). Assume there are no singular points. Then, for every a € 0B(O, R), 
there is a disk B(a, p,) (p, > 0) and a holomorphic function F, in that disk 
such that s|(B(0, R) 7 Bla, p,)) = F,|(BO, R) 0 Big, p,)). Whenever B(a, p,) 0 
B(b, p,) # @ we have that F, = F, in Bla, p,) 7 B(b, p,), since this intersection 
is connected and both F, and F, coincide with s in the nonempty open set 
B(O, R) 0 Bia, p,) 0 B(b, p,). Therefore, there is a function F holomorphic in 
the open set 


Q= BO,R)U( J Bla.p.)) 


ae 0B(O,R) 


extending s. Q contains a disk B(0, R + ¢) for some ¢ > 0. Hence the radius of 
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convergence of the Taylor series of F about 0 is at least R + ¢; since this is 
exactly the original series s, we have a contradiction. a 


Let us see now several examples showing that every point of the boundary 
of the disk could be a singular point. Furthermore, this phenomenon could 
occur even if the power series converges to a C® function in the closed disk. 


5.2.3, Examples. (1) Ifa power series f(z)= )| a,z” with radius of convergence 


n>oO 
R,0 < R < o, hasallits coefficients a, > 0, the point z = Risa singular point. 
If not, the series 


R 
would converge in B(R/2,R,) for some R, > 5 By the positivity of the 


R. 
f® (5 e*) 
I R , R ,\" 
»y at (5 °°) (- _ ee) 
n>O fl. 


R., ; 
will also converge in the disks B (3 ef R,) ,and f will have no singular points 


in OB(O, R). 
(2) The Weierstrass series 


coefficients we have 


R 
<f™ (5), for every 6 € [0,22]. Therefore 


the series 


I(2) = dX a,2°", 


a, > 0, lim sup %/a, = 1, has 1 as a radius of convergence and every point in 


n> OO 


OB(0, 1) is a singular point. Namely, for any integer N we have 
F(z) = fy(z) + d a,2°" = fy(z) + dX ay +,(2*")?" 


with fy(z)= > a,z°", and the second series admits z = 1 as a singular 
O<n<N-1 


point by the previous example. On the other hand, the function defined by 
this second series is invariant under the rotations z+» e?*/??"z, pe N, hence 
the points e?”?"z are singular points for f. This guarantees that the set of 
singular points is dense in CB(0, 1). Since it is closed, it coincides with 0B(0, 1). 
(3) The series f(z) = $ e~?""z?" has radius of convergence 1 since 
n>O0 


lim sup (e77"")12" = 1, 


PR? CO 


The series for the derivatives 


f(2)= Yo 272" — 1)..." — k + er?"72?"*, 
k<2" 
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converge uniformly in the closed disk. Therefore f is C® in B(O,1). On the 
other hand, by the previous example, every point of the boundary is a singular 
point. 

A generalization of this example is the following theorem due to Hadamard. 


5.2.4. Theorem. Let /, p,, q, (k > 1) be positive integers such that: 
Pr <P2<P3<0, 41 <42<43 <0,  andsqg, > (4 + Ip. 


If the series f(z) = >. a,z" has a radius of convergence equal to | and, if a, = 0 
n>O 


for py <n < q, (lacunarity condition), then for every regular point B € 0B(O, 1), 
the subsequence 


Sp(Z)= Dn" 
O<n< py 
of the sequence of partial sums of f converges uniformly in a neighborhood of 


B (overconvergence). 


ProoF. If g(z) = f(z), the function g also satisfies the lacunarity condition. 
We can therefore assume that 8 = 1. This point being regular means that f is 
in fact holomorphic in an open set Q containing B(0,1)U {1}. Consider the 
auxiliary polynomial y of degree 4 + 1 given by 


p(w) = 3(w* + w*"") 


and the auxiliary function F(w) = f(g(w)) defined for we p*(Q). If |w| < 1, 
w % 1, we have |~(w)| < 1 since |1 + w| < 2. We also have (1) = 1. Hence 
there exists ¢ > 0 such that o(B(0,1 + ¢)) <Q. It follows that the series 


F(w) = dX bw" 


converges in |w| < 1 + ¢. Note that the largest power appearing in (@(w))” is 
(A + 1)n, the smallest is An. Therefore, the polynomial (g(w))’* has no terms 
in common with (g(w))*. Since we have F(w) = )° a,(@(w))"({w| < 1) then 
the partial sums n20 

>» 4,(e(w))" = yy b,Ww™, k = 1,2,3,... 


O<n<p, O<m<(At+l1)p, 


converge in|w| < 1 + ewhenk — oo. Therefore (s,, (z)),> , converges for every 
z € o(B(O,1 + £)). This is the neighborhood of 1 mentioned in the theorem. 
CI 


5.2.5. Corollary. Let 4 be an integer > 0, (p,)ys1 @ Sequence of integers >0 
satisfying 


1 
Peo >(14 1) k= 1,2,3,.... 


Assume that the power series 
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f(z) =), a2? 


k>1 


has radius of convergence 1. Then every point of 0B(O, 1) is singular. 


Proor. We note that in this case the sequence (s,, ),>, of Theorem 5.2.4 is, Up 
to repetitions, exactly the sequence of partial sums of the series of f. If 
B € OB(O, 1) were a regular point, then the series would converge in a neighbor- 
hood of f. It follows from the properties of power series that the radius of 
convergence is strictly bigger than 1. This contradiction proves the corollary. 


CI 


We recommend [Di] and [Hil, vol. 2] to the reader who wants to know 
more about singularities of holomorphic functions. 

Power series are not the only kind of series expansions usually considered 
for holomorphic functions. In analytic number theory one makes frequent use 
of Dirichlet series. We shall study now these series a little bit, and see that 
their properties about singularities and analytic continuation are similar to 
those we have just seen for power series. The reader will find a very nice 
introduction to the subject in [HR]. For deeper properties of Dirichlet series, 
see [Man] and [ Ber]. 


5.2.6. Definition. We call Dirichlet series a series of the form 5) a,e~*"*, se C, 
n>1 

d,, ay,... complex numbers, and 4, < 4, <--+: a sequence of real numbers 
converging to +00. 

The a, are called the coefficients and the 4, the frequencies of the Dirichlet 
Series. 

For A, = n, the Dirichlet series becomes a power series in the variable e™*. 
Another particular case corresponds to 4, = logn, the Dirichlet series can be 


, a ; ; 
written then as 4) —. The series corresponding to a, = | for every n > 1, 


n> n 
defines the Riemann ¢-function. 
We remark that in the rest of this section we shall use consistently the 
notation o = Res,t =Ims,s =o + It. 
To study properties of Dirichlet series we can always assume 4, > 0. 
Consider first the question of absolute convergence. 


§.2.7. Proposition. If a Dirichlet series converges absolutely at the point 
So = G9 + ito, then it converges absolutely and uniformly in the closed half-plane 
Res > Go. 


PROOF. |a,e *""| < |a,|e74"%° in the half-plane. = 


5.2.8. Proposition. For every Dirichlet series there is a value a € [—oc, 00 | such 
that the series is absolutely convergent for Res > « and is not absolutely 
convergent for Res < a. 
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PRrooF. Simply set « = inf 2 ER: > |a,le7*"? is convergent. O 


n=l 


5.2.9. Definition. The value « is called the abscissa of absolute convergence and 
denoted o,. The vertical line Res = a, is called the line of absolute convergence 
and the half-plane Res > a,, the half-plane of absolute convergence. 

On the line Res = a,, the Dirichlet series could be absolutely convergent 


, , 1 | 1 
or not. For instance, both series ) —-~, -.and )’ —. havea, = 1. The first 
n> 2 (log n) n n>if 
converges absolutely on that line and the second does not. The cases o, = +00 
, n! I 
can occur: consider )) — and )) —-~. 
n>i nsinin 


A very useful identity in the study of Dirichlet series is the Abel summation 


and B. = b, +::'+6,1<k < N. Then 


» a,b, = » (A, — 4,41)B, + ay By. 
1<k<N 1<k<N-1 
Its verification has already been left as an exercise to the reader (Exercise 2.2.8). 
Let us turn now to the convergence (not necessarily absolute) of Dirichlet 
series. 


5.2.10. Proposition. For every Dirichlet series ) a,e~*"* there is a value 
n>1 


Bb €[—0, 0] such that the series converges for Res > B and diverges for 
Res < f. Furthermore, the sum f(s) of the Dirichlet series is holomorphic in the 
half-plane Res > B. 


Proor. The proof follows from the following lemma. 


5.2.11. Lemma. If the series ) a,e~*"* converges for s = So, then it converges 


n> 
in Res > Resg = Go. Furthermore, it converges uniformly in every sector 


|Arg(s — Sg}| < ; — 6,0 > 0. 


PRooF. We can assume that sy = 0 and hence } a, is convergent. 


n>1 


Let us show first that the sum of the series 


Je 485] + y Je Aer1S _ @~ AxS| 


n> 1 


is uniformly bounded in every sector of the form |Args| < 5 — 6(d > 0). 
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Since 


Ane+1 
e AkHiS _ gis — ed) 


Ax 


we have 
Anti ; [s| 
|e~ Aeris __ en Ans | < Is! e 46 di _ ——(e7 An+18 __ eo Kr), 
o 
Recalling that 0 < 4, < A, <°--, the series we are considering is bounded 
by 


|s| 4 4 |s| I 
1+ k+1F _ g7Au) << | <1+—. 
+ o 2, le ) + sin d 


In order to prove the uniform convergence of the original Dirichlet series 


in the sector we apply the Abel summation procedure. Let Sy(s)= > a,e7*”" 
O<n<N 
be a partial sum of the Dirichlet series, b, ,, = » a, and M,= max |D, ml 


p<j<sm 
The sequence M, is decreasing and M, - 0 when p — oo, due to the fact that 
> a, is convergent. Therefore 


n>1 
|S,(s) _ S,-1(5)| — |b, pe“? _ e~ *p+18) forse 
+ Dy g—(e 408 — e445) + be 48 
1 
< 1 ——— Age 
~ M,( sind 
1 
<M,(2+,)-00 as p > 00, 
sin 0 
This proves the lemma and Proposition 5.2.10. gq 


5.2.12. Definition. The value § from Proposition 5.2.10 is called abscissa of 
convergence of the Dirichlet series and is denoted by o,. The line Ress = og, 
is Called line of convergence, and the half-plane Res > a, is half-plane of 
convergence. One has clearly o, < o, and one can have o, < o,. For instance, 
for the series 


\ 1 ii i 1 n 
27° 35 4s 
we have o, = 1 and o, = 0 (by the alternating series criteria). The strip 
ag, < Res < a, 1s called strip of conditional convergence. 


5.2.13. Remark. Even though the half-plane of convergence of a Dirichlet 
series is a concept analogous to the disk of convergence of a power series, 
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we see that there is an essential difference between the two. The disk of 
convergence and the disk of absolute convergence coincide, while the corre- 
sponding half-planes might not. 


The question of when a function holomorphic in a half-plane of the form 
Res > ais represented by a Dirichlet series is a difficult one (cf. [Leo]). On 
the other hand, the uniqueness of such an eventual representation is easy to 
prove. It follows from the fact that, if )’ a,e~*"* converges in Res > o, and 


n>1 
. . . . n 
it has infinitely many zeros s, > oo in a sector |Arg(s — a,)| < 57 0 (6 > 0), 


then a, = a, =--: = 0. In fact, we note that 


lim cn » ase) = ,. 


$7700 n>p 
larg(s—o,)i<n/2—d 


Therefore, we can prove that the coefficients a,, a,,... vanish by a simple 
induction. 


§,2.14. Proposition. The following relations hold: 


l 
(1) ¢, — 6, < limsup eo 


n> oo n 


| ag 
(2) If ¢, > 0 then o, = lim sup og|a, r + a,,| 


mF 00 An 
log a; 
(3) If o, < 0 then o, = lim sup fens 
; logn 
PRoor. Let k = lim sup We can assume that k < o. Letk, >k,e>0. 


We shall show that if the Dirichlet series converges for o, € R, then it con- 
verges absolutely for s = 0, = 69 + (1 + €)k,. This assertion clearly implies 


| .  logn 
(1). Now, since ate — <k, forn > no, we have 
“n 
Ano, —A,, ~A, (i tek Ay 
Ja,le- “nt = |a,e “ne An TO < Jae *n20| 


rere 
yite 


The convergence of the Dirichlet series at og implies that the sequence 
(|a,e7 *"7°|),. , is bounded, hence the absolute convergence at o, is immediate. 
Let us now prove (2). Let 


logja, +-°'' +4, 


f/ = lim sup - > 0. 


| Se. ©) An 
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(if “ < 0 then we will have convergence of the series at s = 0, to the value 0 
contradicting o, > 0.) We claim that o, < ¢ Clearly we can assume ¢ < 0, 
and given ¢ > 0 it is enough to show convergence at s = o = ¢ + 2e. We have 
logja, ++: + a,| < (¢ + €)4, when n > ng. We use once again the Abel sum- 
mation procedure and the notation from §5.2.11. For q > p > no we have 


3 


» ae 7% = YF by few — e485) — by e748 + by ge 7. 
Ppsji<@q p<j<q-1 
Hence 


yay 
y aje" 48 <5 y avons | e* dt +4 elf tapi Aps 4. elf teag—Ags 
PSjsq p<j<q-l aj 


Ag+ 
< 5 3 eli te-syt dt - e tp + e tq 
psj<q-i 


A; 


[o-@) 
<5 | e "dt + 2e~*p, 


Ap 


where we have used s = ¢ + 2¢ in the last two inequalities. It is clear that the 
last term tends to 0 as p— oo, since e > 0. Therefore the Dirichlet series 
converges fors = ¢ + 2e, which shows that o, < ¢ Let us show now that c, > 7 
Let so € R be a point at which the Dirichlet series converges. We have sy > 0 
by the hypothesis. Let b; = a,e~**° and B, = b, + --- + b,. The convergence 
also ensures that there is an M > 0 such that |B,| < M for all n. The Abel 
summation formula shows that 


» & d, det 


1<j<n l<j<n 


3 Bi(e*e _ e4i+180) + B, e480 


L<j<n-t . 


< u( d» — (e480 — e480) + ew < 2Me*r°, 
1<j<n-1 


This clearly implies that ? < so, hence ¢ < o.. 
The case a. < 0 is left to the reader. C 


5.2.15. Corollary. If the abscissa of absolute convergence a, is strictly positive 
then 


1, = limsup OBll@sl +7": + lay) 


no An 


ProoF. One applies the preceding result to the series 5° |a,|e7*"*. C 


n>O 


3.2.16. Corollary. If the Dirichlet series is of the form »y on then one has 
neon 


>O0 


6,—-6.< 1. 


c 
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Proor. We have 4, = logn in this case. Cc 
" - ; js: . logn 
5.2.17. Corollary. If the Dirichlet series )\ a,e~*"* is such that lim —=— = Q, 
then nz0 n> An 

logia,| 


0, = 6, = limsup 


ti An 


, logia,| i. 
Proor. Let y = lim sup eI | Let Sy = dy + ity be a point in the half-plane 


n-> 00 


Res > y. Pick ¢ € ]0,(a5 — y)/3[. There is ng € N* such that forn > no one has 


a logla n 
Namely, it is enough to assume that ——-~ < y + ¢e and ———- < —~ 


We conclude that the series converges in Res > y. That is, o, = 0, < y. 
On the other hand, if o, < y, for any ¢ € JO, y — oo[, we can find a sequence 
n, of indices such that 


|a,,@ “"*%| > ge 4n,(Fo77~8) > 1. 


This shows that the series diverges for Res < y. CT] 


We have shown, by anelementary argument, that for a function represented 
by a Dirichlet series, one has uniqueness of the coefficients a,, for the given set 
of frequencies. We could ask whether we could expand the function using 
two distinct sets of frequencies. We will see later that the answer is also 
negative. This will follow from a better knowledge of the behavior of a 
Dirichlet series in the half-planes Res > 6 > o, (assuming, of course, that 
G, < oO). 


5.2.18. Proposition. For every 6 > a, there is a constant M > 0 such that if 
Res > 6,ne N*, then 


—Ax,S 
k 
o— 


< u(s—9 “He —Ay{a—d) e” Anlo~9)) + einen) 


In particular, for f(s) = > a,e~“* we have 
K=1 
| f(s)| < meas =e ~Arle~9) (Res > 9). 


Proor. Since the series converges for s = 6, there is a constant M > 0 such 
n p 

that 5. a,e-7**| < M foreveryn > 1. Let Res =o >6.SetU, = ) a,e"**, 
k=1 k=1 


and apply once more the Abel summation formula, we obtain 
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n avd 
y a,e” *6 — y U,(e7 426) _ etp+ils~9)) + U,e7 Ans 8), 
k=1 p=1 
Recalling that 


Ap+i 
ge Apls—9) _ erprils~9) _— (s _ é) e ts9) dt 
Ap 


we have 


- AxS 


An 
< Mis — d| | eo) dt 4 Mem 4nle—9) 
Ay 


< M(S—Slenens + ute) 


a—o 


Letting n > 00, we find 


f(s) < MES eile o 


5.2.19. Proposition. If f(s) = y a,e***, then for every a, > 6, the following 
two properties hold: _ 
(1) There is a constant M > 0 such that 
|f(s)| < M|im s| 
whenever Res > o,, |Ims| > 1. 


a) im VIE+ FI _ 


uniformly ino, Res = 6 > 0,. 


Proor. To prove the first statement, we apply the preceding proposition with 
0€ |o.,¢,[ and obtain M, > 0 such that for Res > o > o, we have that 


LAS) < My oo tl Cae) <M, (: 4 a) < Mit! 
o—od re) 


for aconvenient choice of M, once we assume that |t| > 1. (Recall that 4, > 0.) 
The proof of the second property follows from examination of the proof of 
Proposition 5.2.18. In fact, the constant M such that 


5 ae cat HL )ewes 
k>n — oO 
can be chosen independent of n. For o > o, we have therefore 


[flo + il <5 ¥ alent 4 M(t + — esa 


|r| — 0 
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Hence 
| M , 
lim sup Io + iI < inf (™, ein) = 0. 
|t|—> 90 7 n>i1 \O4 7 é 
This ends the proof of the proposition. CO 


We are now closer to the proof of the uniqueness of the frequencies in a 
Dirichlet series. We still need a few technical lemmas. 


5.2.20. Lemma. If y > 0, one has 
1 pyri ews ‘ ifu>O 
5S = 


2ni | yin 8 0 ifu<0, 


yt too ytih 
where the notation | indicates lim | , both here and in what follows, 
y—iao ko 


—ik 
h-> oo y 


unless explicitly mentioned. 


us 


PROOF. We integrate _ along the boundary of the rectangle 
S 


—d<Res<y, —k<Ims<h ifu>O 
and 

y<Res<0, —k<Ims<h ifu < 0, 
and we let h, k, 6d > +00. 


(a) If u > O we find, by the residue theorem, 


1 ytih ds 1 y eula+th) ] y eule—ik) 
_te e us oa l = OY ee a d oO a rr ns cT) do, 
2ni |, ix S 2ni J_, o + ih 2ni }_, o — ik 


y 
—O+ih 
since lim e“* _ = OQ, as it follows from the inequality 
b-0 J —5—ik s 


—& 


~—O+th d rs) 
| es c(h + by. 
—§—ik s o 


We have as a consequence the inequality 


1 f7r* ds 1 of? Lt |? 
a us 1 <n ug d _ uo d 
2m \ “ S ~ 2h i: en Go + amk . ned 


This inequality allows us to draw the desired conclusion when u > 0 by 
letting h > 00, k > oo. 

(b) The case u < 0 is completely similar and we leave it as an exercise to the 

reader. CJ 
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§.2.21. Lemma. If y > 0 one has 
1 "ds 1 


lim — — == 
h- co 2ni y—-ih Ss 2 


PROOF. The proof is a routine computation. 
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CJ 


We are now ready to prove a theorem that yields immediately the unique- 
ness of the frequencies and the coefficients of a convergent Dirichlet series. 


5.2.22. Theorem. Let f(s) = }\ a,e~** be a Dirichlet series with ¢, < oo. For 
k=1 


ue |A,,Anai[ and y > max(c,,0) we have 
1 ytioo es ni 
sa | f(s) ds = ay. 


2ni Jy-i s 


Proor. Let 


n ie-8) 
g(s) = f(s) — Y aye = Yo aye ms 
k=1 


k=n+] 


By Lemma 5.2.20 we have 


ytioo r 
it ( > a, eo ds —_— 
2m yrio \k=l1 5 1<k<n 


To finish the proof of the theorem we need to show that 


ytico 
| 9) 4s = Q), 


y ~~ t00 


Note that g(s) is a Dirichlet series whose smallest frequency is strictly positive; 
we can rewrite it as g(s) =e “-!~SF(s), where F(s)= SY a,e7@x74nsvs 


has abscissa of convergence o,. Integrating 


S 


s F 
g(s) _ a7 Ans ~w)s 


along the 


boundary of the rectangle: y < Res < 6, —k < Ims < h, one obtains 0 since 


g(s) 


~— is holomorphic in a neighborhood of this rectangle. Hence 


ds 


NY 


{ F(s)e7 Gn —u)s 


yok y 


since 


6-0 J b—-ik 


by the inequality 


< [- (Fe — ik)| n [F(o + ih)| 


é+ih ds 
lim | F(s)e~@mrs-#8— = 0, 


} e7 An+t ua do, 
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é+ih 
| F(s)e7Unnnms 4S 


6—ik 5 


c " \F(6 + I) Caner —8 ge 
6 


The last quantity tends to zero by §5.2.19 (1). By §5.2.19 (2), for a given ¢ > 0 
there is R > 0, independent of o > y such that 


F . 


whenever h > Rand k > R. We conclude that 


ytih or. 
| Fisje Goon < at __ 
ya ik An+ 


This inequality concludes the proof of the theorem. O 


5.2.23. Corollary. Let f(s) = > ae *S = » be", for Res > max(o,, 02), 
£ 


where c,, a. are the respective “abscissa of convergence and max(a,,a.) < 00. 
Then, for any A, € {uj hj>1 we have a, = 0, for any pu; € {Ay}yus1, we have b; = 0, 
and, if Ay = Bj, then a, — b,. 


§.2.24. Corollary. Under the same hypothesis as in Theorem 5.2.2 we have 


y+iR f(s)e’ ns nl 


lim —~ al a = ds = Yay +P. 


Row 2Ml Jip S 2 


PRroor. By Theorem 5.2.2, we have 


cic 
5 


ni 


n~-1 
er ds= Y a. 
k=1 


y — foo 
Let us write 


1 \ f(s) ~ ane oe de ds it i f(sje*"’ is . 20 [ ds 


y~iR s 2mt JiR s ani 


~~ 
y-iR 8 


passing to the limit when R tends to infinity and using Lemma 5.2.21 we obtain 
the conclusion of the corollary. Cl 


5.2.25. Theorem. Let f(s) = > a,e *“ have abscissa of convergence a, < ©. 
K=1 
Forué jA,,4nail, y > max(0,o.), and p integer > 1 one has 


pl ee fen as 


ani 


= Yau — Ay)? 


ProoF. Note that the case p = 0is just Theorem 5.2.22. To prove this theorem 
we observe first that integrating by parts several times yields 
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y~ico | SP 2ni p! s 


al f(se 5. 1 a (fie? 5. 
2ni 


where the contributions of the endpoints vanish, thanks to §5.2.18. For every 
integer p we have 


(Fisyet"\ = Yalu — Ayre” 


in the half-plane of convergence. Applying now Theorem 5.2.22 to this last 
Dirichlet series we obtain the identity we were looking for. Ol 


5.2.26. Theorem. Let f(s) = a a,e *~§ be a Dirichlet series with —co <6, < ©, 


and a, = 0 for everyn. Then the point s = o,is asingular point for the function f. 


ProorF. If not, there is o) > o, and a disk centered at o, and radius R > dy — a, 
in which the Taylor series 


f (69) 
ki 


f(s) = y (s — Bo) 


k>0 
converges. Since the convergence of the Dirichlet series ) a,e~*"* is uniform 


n>i1 


in a neighborhood of o), we have fork eN 
f(6o) = (— 1 Ya Age”, 
n>tl 


hence, for |s — o9| < R we have 


f(s) = y (5 alte) vo sy" 


k20 


If we now consider s real, og — R <s <a, < do, thenoa, — s > Oand not only 
the series converges, but the order of summation can be interchanged using 
that every term is positive. This way we obtain 


A*(6, — s¥* 
— Apo nyo 
f(s) = y aye (Cy kl 
n>1 k>0 . 
—_ » a,e *n%e4nloo~s) 
n>t1 
= >} a,e~* 
n>1 
Therefore the Dirichlet series converges at s < o,, which is impossible. Ol 


As we mentioned earlier, we shall return to the study of general Dirichlet 
series after we introduce the Mellin transform in the second volume. More 
general series (with complex frequencies) will appear there also, in the context 
of mean periodicity. 
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EXERCISES 5.2 


, I q 
1. Let f(z) = ¥° a,z" have radius of convergence | and let F(¢) = i 1, > ) 


n>O —& 
(a) Show that F is holomorphic in the half-plane Re ¢ < 4, and z = 1 isa singular 
point for f if and only if ¢ = 3 is a singular point for F. 
(b) Show that F(¢) = y bo", with b, = y (") ay. 


n>O k=0 


(c) Prove that z = 1 is a singular point for f if and only if lim inf|b,|~'" = 5. 
nO 


2. Prove by induction that for any k e N* there is a polynomial P, of degree k, with 
coefficients in Z such that 
Pz 
So onkz" = Fae) for |z| < 1. 


n>i1 (i ~ zt} 


(In fact, one can also show the coefficients of P, are > 0.) Conclude that if Q is a 
polynomial, then the series 


f= , Qn)z" 


n>o0 


has radius of convergence exactly one but it is the restriction to the unit disk of 
a rational function whose only pole occurs at z = 1. What is the relation between 
the order of the pole and the degree of Q? 


*3. Let f be a meromorphic function in a neighborhood of the closed disk B(O, R) 
whose only pole lies at z = Zo, |Zp| = R. Let f(z) = }) a,z” be the Taylor series 
n>o 


expansion of f about z = 0. Show that there is an A e C* and p > R such that 


a= An + O( “Py 
a= p 5 ni ©, 
Zo 


1 i. 
where v is the order of the pole zy. (Hint: let P ( on be the principal part of 


Z—- £9 


| 
f about z = z, and consider the holomorphic function F(z) = f(z) — P( | 


Z— Z 
to compute the a,,.) 
Conclude that 


me FON) 
4. Prove statement (3) of Proposition 5.2.14. 
5. Prove Corollary 5.2.23. 


6. Find o,, o, (when appropriate) for the following Dirichlet series: 


(i) > 


Ss 
n>ifn 


n! 


§2. 


*Q. 


10. 


12. 
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(v) 2» (— )" e (log log n)s 


—{}" 
(vi) y : e” (log log n)s 


n> 2 


log|a,| 


. Show that if 4, = nlogn then o, = lim ——-—* - for the Dirichlet series )’ a,e7**. 


n> 0O n n>1 


. Let f(s) = ¥ a,e7*’, o = Res > o,, and M(s) = sup |f( + it)|. Show that 
n> i 


a,e*"? = lim an fla + ithe’ dt. 


T-o@ 
Conclude that 
la,le 7"? < M(o). 


Let f(s) = x a,e *’, g(s) = 2 b,e”**S converge absolutely for s =a, s = f, 
> 1 
respectively. “Show that 


lim an f(a + it)g(B — it)dt = Y a,b,e 2". 
1 


Too T n> 


What is the limiting value of the average 7 al | f(a + it)? dt as T > 0? 
—-T 


Letf(s)= ¥ "have o. < oo. If x > Ois not an integer, y > 0, and Res > o, + y, 


n> i 


then 


What is the corresponding statement for a general Dirichlet series }\ a,e7*"*? 


n>1 
(Compare with Theorem 5.2.22.) 


. Let g be anentire function of exponential type A and f(s) = >» a,e ** a Dirichlet 


series with o, < oo. Show that the Dirichlet series > a old, Jem »S has abscissa 


of absolute convergence <a, + A. 
Let f be a function holomorphic in a neighborhood of the origin that satisfies 


the functional equation f{(2z) = x f(2)*. Show that f must be an entire function. 
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15. 
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Find a solution of the form f(z) = e**. (Hint: use the equation to define f in larger 
and larger domains.) 


(a) Choose N ¢ N* such that ¥’ ne?"" < 1. 
a>N _ 
(b) Let f(z) = z+ Y e°?"’2”. Show that fe #(B(O, 1) 0 C?(BOO, 1). 


n>N 

(c) Show that f is injective in B(O, 1). 

(d) Let FP = f(eB(O, 1)). It is a C® Jordan curve (why?). Show there is no point 
wo ET for which one can find a function g:[—1,1]->C, real analytic, 
injective, p(0) = wo, (0) # 0, e([ —1,1]) | I. In other words, [ is nowhere 
real analytic. 


. For ne N denote by A, = {ze C:Rez>n,|Imz| <x} and y, = dA, with its 


usual orientation. For z ¢ y,, let 


hy(e) = = | explexp 6) 


(i) Show that h, is holomorphic in C\y,. Moreover, when n > m, 
hy| An = Al An 


Conclude that there is an entire function h such that h| AS = h, and h(Z) = h(z). 
(ii) Show that 


1 
-35 | exp(exp¢)d¢ = 1 
2ti vn 


for every ne N. 


(iii) Let g(z) = zh(z) + 1. Prove that |g(z)| < whenever z ¢ yo. 


10 
7 d(z, Yo) 
(iv) For 0<x <n, ne N*, show that h(x) = e® + hy{x), and conclude that 
lim h(x) = o. 


xO 


(v) Prove that for every 0 € ]0,2z[, lim A(re’®) = 0. Show that H(z) = h(z)e"* 
has the property rm 
lim H(re®) = 0 


rk oO 


for every 6 € R. (The same is true for e * — e*?”)) 


C 
(vi) Let B > 0, find a nonzero entire function f such that |f(z)| < iz when 


\Im z| > B, for some constant C > 0. ? 
Show that if f 1s an entire function that satisfies the inequality 
[fle)| < —— 
~ {Im 2} 
everywhere, then f = 0. (Hint. Consider the auxiliary function 
g(z) := (Im z) f(z), 


and develop it in series de Fourier to show g = 0.) See Exercise 3.5.10 for a 
different proof. 
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§3. A Brief Study of the Functions I and ¢ 


We have already seen the Euler ’-function appear several times in this book, 
e.g., in Exercises 3.2.4 and 3.3.11. It has a number of remarkable properties 
and we recommend the book [Cam], which is entirely dedicated to this 
function. We shall see later that the [-function appears intertwined with 
another famous function, the Riemann (-function, which, in fact, was also 
originally defined by Euler. 

We have up to now given two different definitions of the I’-function. The 
first one is 


r(z) -| e't?~? dt, (*) 
0 

and we indicated in Exercise 3.2.4 how this function, originally defined and 

holomorphic in the half-plane Rez > 0, has an analytic continuation to a 

meromorphic function in C with simple poles at z = 0, —1, —2,.... Namely, 

for Rez > 0 we rewrite (*) in the form 


1 co 
re)= | ett a+ | e't? | dt 


0 1 


— 1)" 1 20 
=} (~)) | momar | e't?* dt 
> 0 


i 


—{y 1 % 
= ( +| et? 7] dt. 


nso ni ztn 


The first term is clearly a meromorphic funtion with simple poles at z = 0, 
—1, —2,..., and the second term is an entire function of z. 
The second definition we gave was in Example 4.5.7 (2), where we defined 


I indirectly by saying that r is the entire function given by the infinite product 


expansion 


as = ze”? U (: + | enzin (+) 

A priori, it is not clear that the definitions (*) and (+) coincide. If they do, 
one can draw unexpected consequences, e.g., [ has no zeros in C, since 1S 
entire. There are several ways of conciliating the two definitions. We start with 
(*), which clearly implies that F(x) > 0 for x € ]0, oof and show that 5 has 
the form (+) for x € ]0, oof. Since we already know that the function I is 
meromorphic in C and hence = is also meromorphic in C, this will prove that 


(t) holds. 
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nt 


t \" 
5.3.1. Lemma. The functions 9,(z) := ( a ‘) t?~* dt (n e N*) converge to 
oO nN 
I locally uniformly in the half-plane Rez > 0. 


Proor. (Compare with Exercise 3.3.11). We start by proving that the auxiliary 


"i 


f 
functions yy, (t):= e' — (: _ ‘) , defined for 0 < t <n, satisfy the inequalities 


0s ¥,() <——. (+*) 


The proof of the left-hand side inequality is very easy. The function 
t \" . | t\"'/ ¢t . 
X(t) = ( — ‘) e’ satisfies y,(0) = 1 and y(t) = “(1 — (-") < Qin 


n 
O<t<n. Hence y,(t) < 1, or equivalently y,(t) > 0. 
The other inequality is considerably harder. It is enough to show it for large 


n. Consider first the function 


t n-l 
g,(t) = e(1 _ — 2. 
n 


t\""*1—¢t 
Then g,(t) = e’ ( — —— = 0 only if t = 1, which is a local maximum 
n n 


1 n-l 
of g,. The value g,(1) = (1 ~ | —2—~ —1, hence g,(t) <Om0<t <4, 
n 


t\" ¢? 
for all large n. To continue the proof, let 6,(t):= 1 — e'| 1 — ‘} ~ =. We 
n 


want to show that 0, < 0. We have @,(0) = 0 and 


Q'(t) = ‘Je'(1 _ as _ 2| <0 


for all large n. Hence 6, is decreasing and both inequalities in (**) hold, at least 
for large n. 
Note that ifx = Rez,O<x <1 


oO 10 6) e" 
< | ets dt< nt} | e ‘dt < —_. 


n 


T(z) — | er? dt 


0 n 


If x > 1 we can integrate by parts and obtain 


) etre tdt=e™* 14 (x —- »| t*~ 77! dt. 


ot) 


It is clear that forany 0 < A < B < Othere is a constant C such that whenever 
A < Rez < B we have 


< Cn? 'e "+0 asn— co. 


re _ { e'r dt 


0 


$3. A Brief Study of the Functions I and ¢ 501 


On the other hand, the inequalities («*) show that 


efelo-(-i)s 


< al ttle'dt< Tt 2) 
i 


0 nH 


ote) | e't? | dt 


0 


This concludes the proof of the lemma. CO 


We can describe the functions g, more explicitly by integration by parts 


7 n 1 n n—i 
~,,(Z) = | (: — ) t? dt = al ( — ‘| t? dt. 
oO nN Zz O n 


Iterating this procedure we obtain 


2 vA 


nin _ n 
2(z+1)...(zt+n) z(l+z)(1 + 2/2)...(1 + 2/n) 


Since these functions have no zeros in Rez > 0, we can conclude by Hurwitz’s 
theorem that the same holds for . Moreover, 


f( + ) = Ti (: + few fexo(|1 + ; fone a0 
I I z 


Q,(Z) = 


n | 
Since lim ® a log “I = y, it is clear that 
j . 


no \k= 


r en? a 7 
(z) = ow ve 22 + 1)..(2+ n) —_ ri (: fi “) ovtlk 
k 


as we wanted to show. From the first identity, sometimes called Gauss’ 
formula, it is easy to derive the functional equation for the [’-function 


z+1 


Zz ~- = 


n nin? 
= z lim | ————— | him ———-___Y___—_ = 2I(z). 
~ 4 es “e + n+ : n>o 2(Z + I)...(z +n) 212) 


We remind the reader that we have proved this under the assumption that 
Re z > 0, but since both sides are meromorphic functions of z, it holds for every 
value z #0, —1, —2,.... Furthermore, it is easy to see from the proof that 
Gauss’ formula for the I’-function is valid everywhere in C\ {0, —1, —2,...}. 

An important property of the [’-function whose proof we shall omit is 
Stirling’s formula: For any ¢ > 0, in the region |Argz| < = — e we have 
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(z 
lim —— 2) = |, 
ero ./2me 227-1? 
where z*~'/* = exp((z — 3) log z). (See [Cam], [Mar], [WW], or Exercise 5.5.35 
for a proof.) In particular, for n e N, we have 


nt ~ nn (“y" 


where the symbol ~ indicates the quotient of the two sides has limit 1 when 
n-> oO. 

There are several relations between the [’-function and the (-function. One 
type of relation is obtained by considering the logarithmic derivative of I. 
From (Tt) we have 


2 | vil 00 1 j 
W(z) = Ti) y ; +) (: a): (TT) 
hence 
| 1 00 1 
W'(z) == + d 


Evaluating this series at z = 1, we get w’(1) = €(2). Proceeding this way, one 

can evaluate y”(1) in terms of ((n + 1). A more interesting relationship arises 
as follows. Let a e C* be fixed and define the generalized ¢-function 

awa = i 

8, a) = —_———., 

C(s, a) 2 (@an> 


which is holomorphic for Res > 1. Note that ¢(s, 1) = €(s). We observe that 


forO <aand Res >0 
\- xs le latmx dy = J (s) 
0 (a + n)° 


and, therefore, 


e) 4) x 
T(s)f(s,a)= > | xs be (dx = | wn AX, 
n=0 JO oO l~e 
which is a representation very similar to («) for the ’-function. Let us consider 
now acontour C as in the adjacent Figure 5.2, which does not contain any of 
the points 2zin, n € Z*, and the corresponding integral 


\ (— z) te"# 


dz, 
1—e”’ 2 


where it is assumed that |arg(—z)| < 2, arg(—z) = O when z <0,0<a<l. 
(0+) 
(It is standard to symbolize the integral over C by . This path C 1s called 


(0.8) 
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Figure 5.2 


a Hankel contour.) As a function of s, this is an entire function. Shrinking 
the contour C to the positive real axis we obtain 


i (—z) te"? 


1—e’ 


00 s~-1.-az 


dz = -2isinas | 


20 0 —€ 


In Exercise 3.3.12 it was proved that 
1 __ sin zs 
T(r —s) 2 
Using this identity, we obtain for Res > 1, s é N, that 


2ni 20 l—e’ 


This shows that C(s,a) has an analytic continuation to the whole plane, 
which is a meromorphic function and whose only possible singularities are 
those of (1 — s), 1.e., at most simple poles at s = 1, 2,.... On the other hand, 
C(s,a) is a convergent Dirichlet series for Res > 1. Hence ((s,a) and the 
function {(s) have only one singularity, a simple pole at s = 1. In fact 


C(s, a) 7 1 (O+) e% 
T(i—s) 9 2ni 


im 
C1 oo 
Therefore, the residue is Res({(s, a),s = 1) = 1. 

Let us denote by C, the circle 0B(0,(2N + 1)2) in the positive direction, 
and by (2N + 1)x,0+) the portion of the contour C lying inside C,. Here 
N e N*. A computation of residues allows us to calculate 
| (— zy te" @ 1 (O+) (—z)'e"# 


2ni Jc, iL-e 


Zz Zz 


Oni Qnttn 1-e 
N 1 

= 2 )° (2xn)** sin (Son + 2nan | 
n=1 


The function e~*7(1 — e7*)™' is uniformly bounded over all the circles Cy, 
hence if 0 < a < 1 and Res < 0, we have 
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and one obtains a result due to Hurwitz: 


2r(1—s)| . {as\ & cos2zan ms\ & sin 2nan 
40) = Tap | 8 5) 5 et eras | 


i-s 
n=1 n 


Cs) = sin (*) “(l= 9) 


which is usually rewritten as 


2'-ST(s)C(s) cos (*) = n¢(1 — 5). 


This formula holds for every value of s, with due consideration for the poles 
of the factors, and forces ¢ to have simple zeros at s = —2, —4, —6,..., and 
nowhere else, except possibly in the strip 0 < Res < 1. The still unsolved 
Riemann hypothesis states that in this strip all the zeros lie in the vertical line 


The relation of the ¢-function with number theory arises out of a relation 
discovered by Euler 


t(s) n(! _ ) -1,  (Res>1), 


where the product takes place over all the primes p = 2, 3, 5,.... The existence 
of a pole for ¢ at s = 1 forces the relation 


| 

\ i = = 00. 

p P 
This is Euler’s proof of the existence of infinitely many primes. This already 
shows that the primes could not be very sparse, otherwise the series would 
converge. The prime number theorem asserts that if p, represents the nth prime 
then p, ~ nlogn. It turns out that this is a consequence of a theorem of 
Hadamard—de la Vallée— Poussin that ((s) does not vanish when Res = 1. The 
Riemann hypothesis furnishes further information on the distribution of the 
prime numbers. We refer to [Ti2] and [Pa] for an up-to-date account of this 
subject. 


EXERCISES 5.3 
1. Let w(z) = I’(2)/T(z). 


(a) Show that for k > 2, w*~P(z) = (— DRT (k — 11S, 2). 

(b) Use (a) to show that (1) = —y, °’(1) = y? + (2), and that, in general, Pr) 
is a polynomial of degree n in y with coefficients computed in terms of the values 
C(k), ke N. 
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*5. 


(c) Show that w‘(z) + W'(z + 4) = 2)’(2z). Use this to prove 
T(2z) = 277-11 (2)T(z + 4). 


(d) Prove f(x) = logI'(x) is a convex function of x for x > 0. (It is a theorem of 
Bohr-Mollerup that the four conditions (x) > 0, T(x + 1) = xF(x), Pq) = 1, 
and convexity of log F, characterize the ’-function.) 


. Use Stirling’s formula to check that 


x 


x+i 1 
| log P(t) dt = x(logx — 1) + 5 log 2x forx > 0. 


. Show for x > 0 not an integer that 


1 (O+) 

P(x) = 3 | (—1 te" de, 
2isin mx |, 

where (—t)*"' is defined by taking arg(—t) = 0 on the negative real axis and 

|arg(—t)| < x. The meaning of the path is that it does not pass through t = 0, 

otherwise starts at oo, encloses 0 counterclockwise, and returns to oo, cf. Figure 5.2. 

Show this identity still holds for any x e C\Z. Conclude that 


1 j fe 
— a | (—t)*e ‘dt (ze C). 


i*-@) 


. (Alternative derivation of the inequalities in Lemma 5.3.1). 


1 
(a) Show that forOsy<1,l+yse’=s7—. 


t t\" t? 
(b) Replacing y by —, obtain 0 < e' — (: — ) < ant ~ (: — =) 
n n 


(c) Use that for 0 < 9 < 1, (1 — n)" = 1 — nn to obtain the inequality 


7 t\y ot, 
O<e'—{1—-] <e*— wO<t<n, ne N* 
n n 


(Proof of Stirling’s asymptotic formula). 
(a) Show that when |Argz| < x — é (e > 0), we have 


Log T(z) = —yz — Logz — ¥% F ~ Log (1 + “) 
n n 


n=] 


(b) Let [t] denote the integral part of the real number t. Show that forn e N,n > 2, 
and Rez > 0, 


" [i] —t + 1/2 dt = yi \ Ga _ 1) a 


o C+ 2 k=1 Je t+2z 


= by E _ Log (1 + 2) — log[(n — 1! 


1 1 if 
— zil —— eee —_ ee a L 
( tat +4) (:+5) OgZ 


1 
+(n—5+2)login + 2)—n 
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(c) Use that for n > 00 and z fixed with Rez > 0, one has 


1 I 7 
P+o+e574+—— -=logn + y + O(1), 
2 n— i 


ne 
Kn 


1 
Log(n + z) = logn + : + o( ) 
n 
to show that for Rez > 0 


1 1 °~[t]—t4+ 1/2 
Log T(z) =| z — = }Logz — ~log2 — dt. 
og F(z) (: 7) og z+ 5108 n+ | —— 


Why is this formula valid for all z ¢ ]~o0,0]? 
“ 1 
(d) Let o(u) = \ (ta —~ ft + ;) dt. Show that @ is periodic of period 1 and, hence, 
0 
bounded. Integrate by parts to obtain 


“Uh-t+ le © o(u)du 
0 t+z dy (ut 2) 


1 
Show that when |Argz| < a — «, the last integral is (1) as |z| > oo. This 
z 
concludes the proof of Stirling’s asymptotic formula for the [-function. 
6. Prove Euler’s relation 


C(s) = n( --) for Res > 1. 


p 
i 
Why does it imply that the infinite product | ] (: _ -) is divergent? Why does this 
p p 


I 
imply that 5) — = 00? 
p P 


7. Let E(s) = s(s — Ix '/8C(s) PF (5). Show that ¢ is an entire function and satisfies 
the equation €(s) = €(1 — s). 
*8. Use Exercise 5.3.6 to prove that for Res > 1 we have 


C'(s) = A(n) 


Cs) ik ns ° 


where A(n) = log p if nis a power of a prime p, A(n) = 0 otherwise. 


9. Show that for Res > I, 


oD {— itt - 
ype = CE — 27°) C655). 
n=] H 
ive) _ yer 
Conclude that the Dirichlet series }’ -— which has o, = 1, o, = 0 (from 
noi n 


Exercise 5.2.6) is the restriction of an entire function to the half-plane Res > 0. 
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10. 


11. 


12. 


13. 


14. 


(a) Show that if y is a C' function in the interval [a, 8], 0 < a < B < o, then 


B B 1 | 
» x(n) -| x(x) dx +| (« ~ [x] - 5)x(oax 


a<n<f ed 


1 


+ (« — [a] ~ 5) x(a) — (6 — [BJ] - 5) xB) 


(Compare with Exercise 5.3.5.) 
(b) Let a, B be integers, Res > 1 and y(x) = x °. Use part (a) to show that 


| | @[x]-—x+4+1/ 
a nS a ee — dx. 
C(s) a pes x 


(c) Show that 


(d) Use parts (b) and (c) to conclude that 


l 
lim (cis ~ =) = /. 
si s— I 
(ec) Use the functional equation to obtain that ¢(0) = —4. 
(f) Show that the functional equation implies that 
c(i —s) sx ¥%(s)  C"(s) 


rt 
eouee = log 2x + ~tan— —- —— —- —~— 


¢(1 — s) 202 «F(s) f(s) 


1 
Show that the function f(z) = | t?~'e' dt is holomorphic for Rez > 0 and admits 
0 
an analytic continuation to a function meromorphic in the whole complex plane. 
o9) a 


dt. 


Same as Exercise 5.3.11, for f(z) = | 5 
, i+t 


Let o > 1, use Exercise 5.2.9 to compute 


1 T 
lim 7 \- \C(o + it)/? dt. 


Show that for x > 0 


1 x log x-x 
— | exp[(e’ — 1 —d)x]dt = ———., 
Ini |y PL dae Fei 
where W is a path in the half-strip {Ret > 0,|Imt| < 2}, asymptotic to the rays 
Imt = +7, starts at co — in and ends at o + in. (Hint: Consider the transforma- 
tion t = Log(—z), then W is the image of a Hankel contour (00,0+) used in the 
text. See next page.) 
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§4. Covering Spaces 


5.4.1. Definitions 


(1) If X and Y are two topological spaces and p: X — Y is a continuous map 
we say p ‘(y) is the fiber of p over y. 

(2) If p: X, > Y, gq: X,— Y are continuous maps, we say that a continuous 
map {: X, ~ X, preserves the fibers if p = q ° f. 

(3) If X, Y, Z are topological spaces, and p: Y-— X and f: Z — X are contin- 
uous maps, a lifting of f is any continuous map g:Z- Y such that 


pog=f. 


5.4.2. Proposition. Let X and Y be Hausdorff topological spaces and p: Y > X 
a local homeomorphism. Let Z be a connected topological space and f: Z > X 
a continuous map. If g,, g are two liftings of f such that g,(29) = g2(Zo) for 
some Z) € Z, then g, = gp. 


Proor. Let A = {z € Z: g,(z) = g,(z)}. This set is a nonempty closed set by 
the hypotheses. We will show it is open. Let z € A and y = g,(z) = g,(z). Since 
p is a local homeomorphism, there is an open neighborhood U of y which 
is homeomorphic by p to an open neighborhood V of p(y) = f(z). By the 
continuity of g, and g,, there is a neighborhood W of z such that 
I(W)Ug(W) SV. Let gp =(p|V)': VU. From pog, = f we deduce 
g)|\W = op o(f|W),j7 = 1,2. Hence W c A and the proposition holds. a 


The concepts of loop, path, homotopy, and fundamental group that we 
have introduced in Chapter | for open subsets of C have an immediate 
extension to the case of topological spaces. We have also proved properties 
of the liftings of homotopies with respect to the map C > C*, z++e’. We are 
now going to extend the validity of these properties. 


5.4.3. Proposition (Lifting of Homotopic Curves. Abstract Form of the Mono- 
dromy Theorem). Let X and Y be two Hausdorff spaces p: Y- X a local 
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homeomorphism. Let a,b € X and a, € p-‘(a). Let H: [0,1] x [0,1] > X bea 
continuous map such that H(0,s) = a and H(1,s) = b for every se [0,1]. Let 
y,(t) = H(t,s)(0 <t < 1). If every path y, can be lifted to a path C, starting at 
a,, then C, and C, end at the same point and they are homotopic with fixed 
endpoints. 


PRoor. We redo here (for the convenience of the reader) the proof already 
given in the case of C (cf. Proposition 1.6.28). 
Define K : [0,1] x [0,1] > Y by K(s,t) = C,(t). 


5.4.4. Lemma. There is ane, > 0 such that K is continuous in[0, | x [0, 1]. 


ProoF. There is a neighborhood V of a, and a neighborhood U of a such that 
p|V: V + Uisa homeomorphism. Since H({0} x [0,1]) = {a}, there ise, > 0 
such that H({0,¢)] x [0,1]) S U. The uniqueness of the lifting of curves that 
follows from Proposition 5.4.2 implies that C,|[0,¢)] = ¢ o (y,|[0,é)]) for 
0 <s < 1, where — = (p|V)"'. Therefore 


K|[9,é] x [0,1] = go (A|[0, 9] x [0,1]), 
which shows that K is continuous in [0,¢,] x [0,1]. CO 


5.4.5. Lemma. The map K is continuous in [0,1] x [0,1]. 


PRooF. Let us assume that (t,0) € [0,1] x [0,1] is a point of discontinuity 
for K. Lett = inf{t € [0, 1]: K is not continuous at (t, c)}. Clearly ey < t < to. 
Let x = H(t,0), y = K(t,0) = C,(t). Let V, U be neighborhoods of y and x, 
respectively, such that p|V: V + U isa homeomorphism, and set » = (p|V)™!. 
Since H is continuous there is an e > 0 such that H(J/,(t) x I,(o)) © U, where 
I(€) = {t € [0,1]: |t — €| < e}. In particular, y,(1,(t)) € U. Hence 

Ce.(t) = @ ° (y4|1,(t)). 
Let us choose t, € I,(t) such that t, < t. Then 

K(t,,0) = C,(t,) € V. 
Since K is continuous at the point (t,,¢) there is a 6, 0 < 6 < € such that 

K(t,,5) = C,(t,) € V for s € I,(0). 

The uniqueness of the lifting shows that, for s € I,(o), one has 

C./L.(t) = @ ° (y5|4,(t)). 
Hence K = go H in I,(t) x I,(o), which contradicts the definition of t. There- 
fore K is continuous in [0,1] x [0, 1]. a 


To finish the proof of Proposition 5.4.3 we observe that H({1} x [0,1]) = 
(b} and H = po K implies that the connected compact set K({1} x [0, 1]) is 
contained in the discrete set p-'(b). (Why is p~'(b) discrete?) This clearly 
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implies that K({1} x [0,1]) is a single point. That is, the endpoint C,(1) of all 
the paths coincide. This proves both statements in Proposition 5.4.3. CO 


5.4.6. Definitions 


(1) Let X, Y be two topological spaces. A map p: Y — X is said to be a covering 
map if for every x ¢ X there is an open neighborhood U of x such 
that p'(U) = U) V,, where the V, are open sets in Y, pairwise disjoint, 

ie! 


p\|V,: V; + U are homeomorphisms, and / is an index set depending on x. 

Such an open set U is said to be trivializing (for p). If we consider I with 
the discrete topology, one sees that p"'(U) is homeomorphic to U x I via 
the trivializing map 0, g@:p '(U)- U x I, defined by o(y) = (p(y). i(y)), 
where i(y) is the unique i € I such that ye Vj. 

(2) Let p,: X, > X and p,: : X, — X be two covering maps of the same topo- 
logical space X. A morphism between these covering maps is any continuous 
maps h: X, ~ X, such that p,°h = p,. (More precisely, one should say 
a morphism from (X,, P,) to (X,,p>).) 

(3) A morphism is said to be an isomorphism if the map h is also a homeo- 
morphism (it follows that h~' is also a morphism). 

(4) When X, = = X¥,=Xandp,=p.= = p, the isomorphisms are called auto- 
morphisms of the covering map p: X — X. They form a group G(p) under 
composition. 

For instance, if X = X x F,F discrete and X connected, p := pr,, then 
every element of G(p) is of the form €, : (x, y)t>(x, a(y)), with o € Gy, the 
group of permutations of F. Hence G(p) can be identified to Gy. 

(5) If p: YX is a covering map, X is locally connected, and Y" is an open 
connected component of Y, then p’: Y’ > X, p’ := p|Y’, is also a covering 
map. 


Examples of covering maps 


(1) p:C* + C*, p(z) = z*, ke N*; 
(2) p:C + C*, p(z) = expz. 


One can prove for covering maps a uniqueness property similar to that of 
Proposition 5.4.2 without the Hausdorff hypothesis. 


5.4.7. Proposition. Let p: Y > X be a covering map, Z a connected topological 
space, f: Z — X continuous. If g, and g, are two liftings of f that coincide at a 
point Z, € Z, then g, = gp. 


Proor. Let E = {z€ Z:g,(z) = g,(z)}. Itis not empty by hypothesis. We need 
to show that E is both open and closed. (Why is E not automatically closed?) 
Let us show first that E is open. Let z € E and U a trivializing neighborhood 
of f(z). Denote p'(U) = \) V,, o; = (plV,)"*. We have g,(z) = g2(z) € V,, for 
iel 
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some iy € I. By continuity, there is an open neighborhood W of z such that 
g(W) VU g,(W) S Vig and f(W)¢ U. It follows that g,|W =4,,0(f|W) = 
a W. Therefore E is open. 

We shall now show that E is closed. Let z € E, U a trivializing open neigh 
hood of f(z), p-'(U) = (J V,, «; = (p|V,)! as before. Maile) Vi ,93(z) € V, Vi 
then we can find a neighborhood W of z such that g,(W) < V,,92(W) V,, 
and f(W)<U. Hence g,|W=a;,0(f|W) and g,;\W= 6. o(f|W). But 
EO Wis not empty and for €€ Eo W we have g,(¢) = g,(¢), which is only 
possible if i, =i, (otherwise V, O V,, # @). Therefore we conclude that 


g,|W = g,|W. In particular, z € E. O 


3.4.8. Definition. A continuous map p: Y> X is said to have the lifting 
property for paths if for every x, € X, every yo € p (xq), and every continuous 
path y: [0,1] — X starting at xo, there is a lifting C of y, C: [0,1] — y contin- 
uous, and C(0) = 


5.4.9. Proposition. Every covering map p: Y ~ X has the lifting property for 
paths. 


Proor. Let y : [0, 1] be a continuous path in X starting at x9, yo € p(X). By 
the compactness of [0,1], there is a partition 0 =t, <t, <-''<t, = 1 of 
[0, 1] and trivializing open sets U, © X (1 < k < n)such that y((t,,t,4,]) S U, 
and p™ *(U,) = U Vii 


We show by induction onk,k = 0,1,...,n, that there is lifting C : [0,t, ] > Y, 
continuous, C(0) = yo, po C = y|[0, tJ. For k = 0, itis evident. Let us assume 
k >1 and that C\[0,t,_,] has already been found. Denote y,_, = C(t,_,). 
Since p(y,-1) = p(C(t,-1)) = y(t-1) € U,, there exists a unique i € J, such that 
Ve-1 € Yj. Let p = (pl Ki)": U, > VY; Ef we let 


Cilty-15t%] = 9 ° (yiLti-1,%]) 
we get a lifting C of y, continuous in [0, ¢, ]. a 


Remarks. Let p: Y — X be a covering map. 


(1) The lifting of a closed curve is not necessarily a closed curve. For instance 
ifp:C > C*, p(z) = e’ and y is the closed curve given by y(t) = e?"", then 
a lifting starting at k e Z ends at k + 1. 

(2) The liftings of two continuous paths, which are homotopic with fixed 
endpoints in X, are homotopic with fixed endpoints in Y, if they have the 
same starting point. In particular, if y is a loop with base point a, which 
is homotopic in X to the constant loop ¢,, any lifting of y to Y starting at 
a, € p ‘(a) will be a loop homotopic to the constant loop Eq, 


5.4.10. Proposition. Let X, Y be two topological spaces, X connected, and 
p: Y-— X a covering map. For every Xo, x, € X, the sets p-‘(xy) and p™'(x,) 
have the same cardinality. 
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Proor. Let E = {x €¢ X : p"'(x) have the same cardinal as p~'(x9)}. We show 
that E is open and closed. If x e E and U is a trivializing neighborhood of x, 
U= ) V,, then it is clear that the cardinal # p"'(x’) = #1 for every x’ e€ U. 


iel _ 
Hence U ¢€ E, and E is open. The same reasoning shows that if x e E one must 
have x € E. Simply use that UN E 4 @. a 


Remark. The cardinal #p~‘(x) is called indistinctly multiplicity of p or the 
number of sheets of p. In general, there is no canonical way of enumerating 
the sheets. 


5.4.11. Definition. A topological space X is said to be simply connected if it is 
arcwise connected and if, for every a € X, every loop of base a is homotopic 
to &,. 

For instance, every open set in C biholomorphic to B(0,1) is simply 
connected. 


5.4.12. Proposition. Let X, Y be topological spaces, p: Y > X a covering map. 
Let Z be a simply connected locally arcwise connected space and f:Z—> X a 
continuous map. For any choice zp) € Z, Yo € Y such that f(Z9) = p(yo) there is 
a unique lifting g of f,g:Z— Y such that g(zo) = Yo. 


Proor. Let z € Z andy: [0,1] — Z be acontinuous path joining zy, to z. Hence 
a = foyisacurve in X of origin f(z,)) and endpoint f(z). Let C: [0,1] > Y 
be the unique lifting of « starting at yp. We define g(z) := C(1). This definition 
does not depend on the choice of since, if y, is another curve joining Z, to 
z, then y, is homotopic to y (because y,-y is homotopic to «,,). Hence, 
a, = fo y,is homotopic to a by the homotopy fo H, where H is the homotopy 
between y and y,. Therefore the liftings C, of «, such that C,(0) = C(O) = yo 
will verify C,(1) = C(1). 

It is clear that pog = ff. 

We need to show that g is a continuous map. Let z € Z, y = g(z), and Va 
neighborhood of y such that p|V: V - U := p(V) is a homeomorphism onto 
the open neighborhood U of p(y) = f(z). Since f is continuous and Z is locally 
arcwise connected, there is an arcwise connected neighborhood W of z such 
that f(W) ¢ U. It is clear that if we show tht g(W) < V then the continuity of 
g at z follows. Let y, « be defined as earlier; for ze W let y’ be a path joining 
ztoz’in W. The curve «’ = foy’ is contained in U and c’ = (p|V)"' og’ isa 
lifting of «’ with origin y. Therefore, the composite path CC’ lifts a-«' = 
fo(y-y") with origin zo, and g(7’)=C-C(=C(Dev. 0 


A familiar example of application of this proposition is the case p{z) = e° 
between Y= C and X = C*, Z simply connected open subset of C, and 
f:Z — C* acontinuous function. Its lifting is log f, the branch of the logarithm 
being determined by the choice of z) € Z and yg € C such that f(z,)) = e”®. 
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Remark. The previous proof remains valid if we assume only that p is a local 
homeomorphism which has the lifting property for paths. 


We introduce now a class of topological spaces X for which the local 
homeomorphisms p: X -— Y that have the lifting property for paths are neces- 
sarily covering maps. 


5.4.13. Definition (Topological Manifold of Dimension 2). A topological 
manifold of dimension 2 is a Hausdorff space X such that for every a € X there 
is an open neighborhood U of a and a homeomorphism @ of U onto an open 
subset of R?. 

Such a pair (U, ¢) is called a coordinate patch (or local chart) of X. 


Remark. Onecanreplace 2 byn > 1 without any difficulty in Definition 5.4.13 
and talk about a topological manifold of dimension n. The following state- 
ments will still hold. 


5.4.14. Proposition. Let X be a topological manifold, Y a Hausdorff space, and 
p: Y > X a local homeomorphism having the lifting property for paths. Then p 
is @ covering map. 


Proor. Let x9 € X and {y;};., be the distinct elements of p7'(x,). Let (U, ¢) 

be a chart in X with x, ¢ U and U homeomorphic to a ball. Therefore U is 

simply connected and locally arcwise connected. Let j : U - X be the canonical 

injection. For every i € I there is a lifting f,;: U - Y of j such that fi(x9) = y;j. 

If V, = f(U) then we leave to the reader the verification that V; is open, we 

have p-‘(U) = 9 V,, and p|V,: V; ~ U 1s a homeomorphism. This concludes 
ie! 


the proof. CO 


The following is a simple condition implying that a local homeomorphism 
is indeed a covering map. 


5.4.15. Lemma. Let X, Y be two locally compact spaces and p: Y—> X a 

continuous proper map with discrete fibers. Then 

(1) For every x € X, p™'(x) is a finite set. 

(2) If x e X and V is an open neighborhood of p™'(x), there exists an open 
neighborhood U of x such that p™'(U) & V. 


PROOF. Let us recall that a map p is proper if p ‘(compact set) is a compact set. 
It is immediate now that (1) holds. To prove (2), observe that Y\ V is closed and 
hence p(Y\V) is closed because p is a proper map. The set U = X\p(Y\V) 
is an open neighborhood of x such that p-'(U) & V. = 


5.4.16. Proposition. Let X, Y be two locally compact spaces and p: Y ~ X 
a continuous proper map which is also a local homeomorphism. Then p is 
a covering map. 
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Proor. Let x € X, p"'(x) = {y1,.-..,y,}. For every j, | <j <n, there is an 
open neighborhood W, of y; and an open neighborhood U; of x such that 
p|W,: W, > U; is a local homeomorphism. We can also assume that the W, are 
pairwise disjoint. By Lemma 5.4.15 there is an open neighborhood U of x such 
that UCU, n°:-nU, and p'(U)S Wu OW, Let Y= Wop" (U). 
Then p-‘(U) = ) V,and p|V,;: V; > U is a homeomorphism. Therefore p is 


l<j<n 


a covering map. O 


5.4.17. Example. The map z+> tanz from C into S*\{ +i} is a meromorphic 
map. Let us show it is a covering map. We have 
11—w? 


fanz = Ty we 


—iz 


Since ze” is a covering map of C onto C*, it is enough to show that 


11—w? , , ; 
Wr from C* into $?\ {+i} is a covering map. For any ¢ € S*\{+i} 
il+w 
the equation 
re 11—w? 
i 1+w? 
has two roots: if ¢ = oo they are +i, if € # oo, they are the two solutions of 
—C+i 
we = “f —eC*, 
C-i 
, lil-—w’, . 
It is evident that p: wre — ifaw is a local homeomorphism as one sees by 
i WwW 


1\ , pp: 
computing the derivative p’ (or (*) nearw= + ) Finally, if K is a compact 
p 


subset of S*\ {+i}, there is an ¢ > 0 such that |¢ + i| > e for any ¢ € K. This 

immediately implies that there are 0<a<b such that a<|w|/ <b if 

2 —C+i 
C-i 


. Hence p is a proper map and, by Proposition 5.4.16, a covering 
map. 

EXERCISES 5.4 

1. Is the map C\ {0} + C\{0, 1}, given by z+ e’, a covering map? 

2. Is the map z+ e’, from C\2ziZ into C\{0, 1}, a covering map? 


3. Let pr,:C? + C, pr,(z,w) =z, and p = pr,|X, X := {(z,w)e C*: w? — z = 0}. Is 
p:X + C acovering map? 


4. Consider X, = {(z,w)e C* x C:w* —z = 0}, pr,:C* x C>C* the projection 
onto the first coordinate, and p, = pr,|X,:X, 7 C*. Is p, a covering map? 


5. Let X = {(z,w)e C?: zw — sin(zw) = 0}, p = pr,|X (same notation as earlier). Is 
X — C a covering map? 
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6. Let Pe C[z] be a polynomial with complex coefficients of degree n. Its critical 
points are those ze C such that P’(z)=0, its critical values are the values 
that P takes at the critical points. Let V be the set of critical values of P, 1e., 
V = P({zeC: P’(z) = 0}). Let 


X:=C\P UV), Y:=C\V. 


(a) Show that P: X — Yis a covering map of multiplicity n. 

(b) Let o: X — X be a continuous map such that P o o = P. Show that o ts holo- 
morphic in X and o is a proper map from X into X. Show now that o is the 
restriction to X of an affine map of the form zr dz + p, A, wEC, and 47 = I 
for some integer gq. 


7. Let p:C\{1} > C\{2} given by p(z) = 2? — 2z + 3. Show that p is a covering 
map. Which is its multiplicity? Show there is only one nontrivial homeomorphism 
o:C\{i}—+C\{1} such that poo = p. Show it has the form zt+az + b. Find 
aand b. 


8. Let p: X — Z be a covering map of multiplicity 2. For every x e X, denote by f(x) 
the other element of the fiber over p(x). Show that {: X — X isa homeomorphism. 


9. In the vector space R*, let us denote the canonical basis by {1,i, j,k}. The space of 
quaternions H is the vector space R* as an R-algebra, whose multiplication table 
satisfies 


PaepPahP=-l, ije —pisk, pke=—k-j=i, k-i= -i-k=j 


and 1 is the identity. 

(a) Show that H is a noncommutative field. 

(b) Let q=x+yit 2) + tkeH, N(q) = (x? + y? +2? + #7)? be the Euclidean 
norm. Show N(q,°q2) = N(qi)N(q2). 

(c) Show that S* = {q ¢ H: N(q) = 1} is a compact group with the induced multi- 
plication. 

(d) Show that for ge S*, the map x e Ht gxq™! € H is a linear map of R* given 
by a matrix in SO(3). 

(e) Show that the map m: S* > SO(3) defined by m(q)(x) = qxq™', is a two-sheeted 
covering map. 
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5.5.1. Definitions. Let X be a topological manifold of dimension 2. 


(1) Two charts (U,, @,) and (U,, @,) are said to be holomorphically compatible 
if either U, 0 U, = © or if not, the map 


2° py > @(U, A U2) > o(U, A U;) 


is a biholomorphic map between the two open sets in C. 
(2) An atlas is a family U = {(U,, 9,)},;., of charts, pairwise holomorphically 
compatible, such that |) U,; = X. 


Jed 
(3) Two atlases are equivalent if every chart of one is compatible with every 
chart of the other, 1.¢., if their reunion is also an atlas. 
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Remarks 


(1) If@: U > Visachart and U, is an open subset of U, then 9|U,: U, > V, = 
o(U,) is a new chart compatible with (U, ¢). 
(2) The notion of equivalence of atlases is in fact an equivalence relation. 


5.5.2. Definition. A structure of Riemann surface on a topological variety of 
dimension 2 is a choice of an equivalence class of atlases. 


§.5.3. Definition. Let X be a Riemann surface and Y < X an open subset. 
A function f: Y >C is said to be of class C* (ke Nu {co}) (respectively 
holomorphic) if for every chart (U, @), the function defined in the open subset 
e(U a Y) of C given by 


fo@!:eUnY)>C 


is C* (respectively holomorphic) in the usual sense. 
The family of functions of class C* in Y is denoted &,(Y) (if k = co we 
suppress the index) and the family of holomorphic functions is denoted #(Y). 


5.5.4. Remarks 


(1) The families &,(Y) and #(Y) are C-algebras with the usual laws of addition 
and product. 

(2) Every chart (U, m) determines a function 9 e #(U). 

(3) Ifae Y and f ¢ #(Y\{a}) is bounded in a neighborhood of a, then f has 
a unique extension to a function fe HY). 

(4) Y has a natural structure of Riemann surface by taking charts 
(UA Y,@|(U m Y)) whenever (U, ~) is a chart in X. 


5.5.5. Definitions 


(1) Let X,, X, be two Riemann surfaces. A continuous function f: X, — X, 
is said to be holomorphic if, for every pair of charts (U,,@,) of X, and 
(U,, p,) of X,, respectively, such that f(U,) ¢ U,, the function 


(2° f° Q;" :@,(U,) > e,(U2) 


is holomorphic. 

(2) A map f: X, ~ X, is called biholomorphic, or a conformal map, if it is a 
homeomorphism such that both f and f~* are holomorphic. We also say 
that X, and X, are bikolomorphic, or conformally equivalent. 


5.5.6. Remarks 


(1) If f: X —- Y and g: Y- Z are holomorphic maps, then go f is also a 
holomorphic map. 

(2) If f: X —~ Y is a holomorphic map and U an open subset of Y, then the 
map f*:4(U) — #(f'(U)), greg f, is an algebra homomorphism. 
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5.5.7. Examples. (1) C, or any nonempty open subset X ¢ C, are Riemann 
surfaces. The atlas is (X, id). 

(2) The Riemann sphere S*: S* = C uv {oo} is a Riemann surface for the 
following atlas: U, = C, U, = C* vu {00}, o, = id, @2(z) = z* for ze C* and 
(00) = 0. The map ¢, o gy! : C* > C* is z+ 1/z. 

(3) Complex torus: Let w,, w, be two complex numbers, linearly indepen- 
dent over R. Let I’ be the lattice T = Zw, ® Zw,. Consider C/T with the 
quotient topology. It is a compact Hausdorff space. The canonical map 
C + C/T is open since the equivalence relation “modulo I” is open. Namely, 
if V is open in C, then 

x (n(V))= U (w+ V), 
wel 
which is an open set. 

We can define in C/T a structure of Riemann surface as follows: Let V be 
an open subset of C which intersects each [’-coset in at most one point. Then 
U = x(V) is an open set and x|V:V—-U is a homeomorphism. The pair 
(U,(x|V)"') is a chart. Any two such charts are holomorphically compatible 
since = @, 0 y;' has the property that W(z) — z eT, hence z+ (z) — z is 
constant in each component of ¢,(U, 7 U,) and, therefore, y is holomorphic. 
Let us also point out that 7: C > C/T is a covering map. 

(4) The Riemann surface of the square root: Let U, = {ze C :0<argz <2nz}, 
U, = {zeC: —n < argz < x}. In U, there is a determination of the “function 
square root,” namely, 


f(z) = exp(4(log|z| + iarg z)) (0 < argz < 2z) 
and in U, there is another determination f, 
f,(z) = exp($(og|z| + iargz)) (—2 <argz <7). 


Evidently the sign chosen for f, and f, was a bit arbitrary. We are going to 
construct a two-sheeted covering space p: X — C* which will be a Riemann 
surface and, on this surface, we will have a holomorphic function f which 
takes at the two points of p™'(z), z € C*, the two possible values of fz. 

Let Y be the disjoint union 


Y =({1} x U, x f-L, TO ({2} x U, x {-1,1}) 


considered as a subset of {1,2} x C* x {—1,1}. Let G = {id, co} be the group 
of permutations of {—1,1} (o(t) = —t for te {—1,1}). Consider now the 
maps 911: U, > ©, 942,921: U; OU, > G, 922: U, > G, defined by g,,(z) = 
922(Z) = id,g,.(z) = g2,(z) = idifIlmz > Oand g,,(z) = g2,(z) = oifImz < 0. 

Introduce the equivalence relation p in Y given by (i,z,e)p(j,¢,«’) if and 
only ifz = ¢, e’ = g;_(z)(e). The reader will be able to verify easily: 

(i) The relation p is open. 

(ii) If X = Y/p denotes the quotient topological space and qg: Y > X is the 
canonical projection, then g is an open map. 
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(iii) The map (i,z,6)k»z passes to the quotient and induces a map 
p: X + C* surjective, open, which is a homeomorphism of each open set 
Vig. = Qi} x U, x {e}) onto U,. From this it follows that p is a covering 
map with multiplicity equal to two. 

Figure 5.3 in the following page illustrates the identification of Y by the 
number of crosses representing the corresponding points. The solid line rep- 
resents the “first sheet” and the dotted one the “second” one. 

(iv) Ifp,.. = p\V...,, then any two charts are holomorphically compatible 
SINCE Dj,4,¢° (Pj,g,) (Z) = Z. 

(v) Therefore X is a Riemann surface and p:X > C* is holomorphic in the 
sense that for each p; , ,, the function p o p;;., is holomorphic in an open subset 
of C. 

On Y we have a function F defined by 


Fi, 2, €) = ef,(z) 
This function is compatible with p since one can easily verify 
F(i, Zs é) — F(j, Zs gj(Z)é). 


Hence we can define a holomorphic function f: X > C by letting 
f(aG,z,)) = F(i,z, 8). 
It can be seen that if o, : U; > X, o,: U, > X are the two sections 
o,(z) = q(i,z, +) 
6,(z) = q(2,2, — 1) 


the fo o,(z) and f o a,(z) are the two values of /z. 

One can “pluck the holes” 0 and oo in ¥ and obtain a compact Riemann 
surface, cf. §5.12. 

(5) The Riemann surface of the logarithm: As before, let U, = {zeC: 
0 < argz < 2m} and U, = {zeC: —n <argz < a}. In U, and U, we have 
countably many determinations of the “function log” 


fiz) = log|z| + iargz + 2nik (0<argz<2n), ke Z, 
f,,{z) = log|z| + iargz + 2nik (-xn<argz<n), kedZ. 


We are going to construct a covering space X with countably many sheets, 
p: X > C*, which will be a Riemann surface, and we will also construct a 
holomorphic function f on X such that at the points of p~!(z), z € C*, it takes 
all the possible values of log z. 

As earlier, we leave the justification of all the assertions to the reader. 

Let Y be the disjoint union: 


Y=({i} x U, x ZU({2} x U, x ZB), 


as a subspace of {1,2} x C* x Z. Let © = G, = the group of permutations 
(bijections) of the integers. Consider the maps g,,:U, ~ ©, g,,:U,—- ©, 
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911(Z) = 922(2) = idz, gi2: U, NU, > G, 
gi2(z)(k) = k ifImz > 0, 
gi2(z)(kK) =k +1, if Imz < 0, 
and g.,(z) = (g,2(z))"'. We introduce the equivalence relation p given by 
(i, z, k) p( J, z, 1) if and only ifz = ¢ and g,{z)(k) = 1. 
We introduce X = Y/p, q, p as earlier, and verify without difficulty that the 
properties (i)—-(v) of Example 5.5.7 (4) hold also in this case. 
The Figure 5.4 in the following page illustrates the identification of points 


in Y, the solid line lies in the sheet k. 
On Y we define a function F by 


Fi, 2, k) — Fix(2). 
It is compatible with p and induces a holomorphic function f: X > C by 


f(qli, z,k)) = Fli,z, k). 


One verifies, using the sections o, ,(z) = q(1,z,k) and o, ,{z) = q(2,z,k), that 
the functions fo o; , take all the possible values of log z. 
(6) Remarks: One verifies that in tne case of the square root the diagram 


» C* 


\ 


x —— cx 


\ /» 
C aK 


commutes in the case of the logarithm. 


is commutative. 
Similarly, the diagram 


5.5.8. Proposition (Preservation of Identities). Let X and Y be two Riemann 
surfaces, f,, f.: X — Y be two holomorphic maps that coincide ona set AS X. 
Assume that A contains a point which is not isolated. If X is connected, then 


fi = hho. 
Proor. The proof is the same as the proof for an open subset of C. C] 


5.5.9. Definition. Let Y be an open subset of a Riemann surface. A mero- 
morphic function in Y is a continuous map from Y into S? such that if we 
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denote P(f) = f~'(oc) then 


(1) In any component Y, of Y where f # 00 we have that f is a holomorphic 
function in Y)\P(/). 


| 
(2) 7 is holomorphic in Y\Z(f), with Z(f) = f~'(0). The same remarks 
already made in §2.4.7 hold in this case. 


5.5.10. Proposition. A map f: Y > S* (Y open in a Riemann surface X) is a 
meromorphic function if and only if f is a holomorphic map between the Riemann 
surfaces Y and S*. 


Proor. The proof is obvious. CO 


Remarks. If we denote .@(Y) the family of meromorphic functions in Y, one 
can show that .“(Y) is a C-algebra and, if Y is connected, a field. 


5.5.11. Proposition. Let X be a Riemann surface, Y a Hausdorff topological 
space, and p: Y + X a local homeomorphism. There is a unique structure of 
Riemann surface on Y such that p becomes a holomorphic map. 


Proor. We define an atlas on Y using the charts of the form (V, @ © (p|V)) for 
which there is a chart (U, @) of X such that p|V: V > U is a homeomorphism. 

The uniqueness follows from the remark that if a,, a, are two atlases in Y 
for which p is holomorphic, then id: (Y,a,) > (Y, a) is a local biholomorphic 
map, hence the two atlases are equivalent. CJ 


To end this section, let us introduce the notation YX) for the space of C™ 
functions of compact support in a Riemann surface X, and we mention that 
statements 1.3.2, 1.3.3, and 1.3.4 concerning C” partitions of the unity remain 
valid replacing an open set Q in C by a Riemann surface X. 


EXERCISES 5.5 
1. Let (U,,,), (U2, @2) be the two charts of S* defined by 


U,=C, ~,(z) = 2 
if 0 < |z| < co 


U, = S*\{x}, (2(z) = 
0 of z= oo. 


Show that every holomorphic function f in U, > U, can be written as f = f, — fo, 
with f,e #(U)), j = 1, 2. 


2. LetQ, = Q, = B(O,1),Q; = C\{0}, and Q its topological sum, Q = Q, VQ, UQs. 
Identify points ze Q, and we Q, if z? = w?, CEQ, and we Q, if (2? = w”*. Show 
that one obtains a quotient space which is a Riemann surface. 
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86. The Sheaf of Germs of Holomorphic Functions 

Let a € C and consider the family of all pairs (U, f), where U is an open subset 
of C containing the point a, and f ¢ #(U). We define an equivalence relation 
in this family by setting (U, f) ~ (V,g) if and only if there is an open neighbor- 
hood W ofa such that W ¢ UV and {|W = g|W. The class of equivalence 
of (U, f) is denoted by f, and called the germ of the holomorphic function f at 
the point a. We denote by ©, the set of all germs of holomorphic functions 
at a. 

Clearly the same construction could have been done with C® functions 
instead of holomorphic functions. We denote &, the set of all germs of C” 
functions at the point a. 

Denote by f,(a) the value at the point a of the germ f,. It is defined by 
f,(a) = f(a), which is independent of the choice of representative f of the germ 
f,- In the same way, we can define the value at a of the derivatives of f,, f(a), 
n> 0. 


3.6.1. Proposition. The set ©, has a natural structure of principal local ring, 
where the unique maximal ideal is M, = { f, € ©,: f,(a) = 0}. As a ring, it is 
isomorphic to the ring C{¢} of convergent power series in a single variable €. 
The residue field ©,/M, is isomorphic to C. 


ProoF. If f, and g, have as representatives (U, f) and (V,g), respectively, one 
defines f, + g, and f,:g, as the classes of (UA V,f +g) and (UNV, f-g), 
respectively. If Ae C, Af, is the class of (U,Af). We leave to the reader the 
verification that these operations are well defined in 0,. It is also easy to see 
that 0, is an integral domain. 

Let M, be the set of noninvertible elements in ©,. If f,(a) 4 0 then f, is 
invertible in ©, with inverse (1/f),. Conversely, if f, has an inverse g,, then 
g(@)f,(a) = 1 and it follows that f,(a) 4 0. Therefore M, = {f, € 0, : f,(a) = 0}. 


. , 1 Le , 
Let f, € ©,, then the power series — f,°(a(z — a)" has a positive radius 
n>on. 


of convergence, since it is the Taylor expansion of a representative f of f, in 
a disk of center a. The map assigning to f, this power series is clearly a ring 
isomorphism between ©, and C{(z — a)}, the ring of convergent power series 
in the variable (z — a). It now follows that the only proper ideals in @, are the 
ideals Mf, k € N*. In fact, if J is a proper ideal in C{C}, let 


k = int} € N :35(0) = 5 a,¢" € I with a, #0} 
n>O 


Clearly k > 1, if not s will be invertible and J = C{C}. Similarly, k < 00, since 
I # {0}. Let s € J be such that the infimum is attained at s, then 


S(C) = ON (ay + agar + °°) = Cal). 
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Since a, # 0, the series o is invertible in C{¢}. Hence J is the ideal generated 
by ¢*. In other words, the only proper ideals in 0, are M* and @, is a local ring. 
The last assertion of the proposition is obvious. CT 


Consider now the set © = |) @,, and introduce in it a topology as follows. 
aeC€ 


Let (U, f) be a representative of f, c 0,. Denote 


N(U,f) = {f,€ ©,:2€ U}, 


and let a set Q < @ be open if and only if it contains a subset of the form 
N(U, f) whenever f, € Q. One verifies without difficulty that © becomes a 
topological space, and the sets N(U, f) form a fundamental system of open 
neighborhoods of f,. 

In © we have a natural continuous map p: © > C, p(f,) = a. 


5.6.2. Definition. The space © with the projection map p: © — C 1s called the 
sheaf of germs of holomorphic functions on C. 


Remark. One can define in the same way the sheaf & of germs of C” functions 
on C. In both cases (@ and &) one can also replace C by an arbitrary Riemann 
surface X; we denote by ©, and &, the corresponding sheaves (we suppress 
the index when no confusion could arise). 


5.6.3. Proposition. The topological space © is Hausdorff. 


Proor. Let f, # g,. If a # b then one can choose representatives (U, f) and 
(V,g)such that U NV = @. Hence N(U, fy VO N(V, ff) = @. Ifa = b, then since 
fa % G9, we can find a disk B(a, p) and holomorphic functions f, g representing 
f, and g,, respectively, such that N(B(a, p), f) co N(B(a, p),g) = ©. If this last 
claim were not true, then there is a germ h, € N(B(a, p), f) a N(B(a, p), g). That 
is, h, = f, = g,, which means that f and g coincide in an open subset of B(a, p) 
and therefore, f = g in B(a, p). Hence f, = g,, which is acontradiction. [1 


Remark. It is easy to verify that & is not Hausdorff. It is also clear that the 
same proof shows that @, is Hausdorff for any Riemann surface X. 


5.6.4. Proposition. The map p: ©, — X is a local homeomorphism. 

Proor. If N(U, f) is a neighborhood of f, then p: N(U, f)— U is a homeo- 
morphism. It is clearly bijective. It is continuous and open because if V 1s an 
open neighborhood of zy) € U, then p(N(V, f)) = V and N(V, f) is an open 
neighborhood of f,.. a 


5.6.5. Corollary. ©, is a Riemann surface and p: Gy — X is a holomorphic map. 
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5.6.6. Definition. Let f, ¢ ©, and y : [0,1] - X a continuous curve originating 
at y(O) = a. The analytic continuation of f, along y is the lifting j of y to Oy such 
that (0) = f, (if it exists). The germ 7(t) is called the germ at the point y(t) 
obtained by the analytic continuation of f, along y. 

Due to the uniqueness of the lifting, it follows from this definition that if 
the analytic continuation of the germs of a holomorphic function exists along 
a curve, it is uniquely determined. But it could well occur, even for X = C, 
that the lifting does not exist: for instance if y: [0,1] -— C is the straight line 
segment y(t) = t, then y cannot be lifted to © having as origin the germ at 


I 
z = 0 of the function Wo -, 
—Z 


In particular, p: Oy + X is never a covering map. Nevertheless, we have 
the following. 


5.6.7. Theorem (Monodromy Theorem). Let X be a Riemann surface, yo, , be 
two paths homotopic with fixed endpoints in X. Let a = yo(0), b = yo(1), H be 
a homotopy between yo, y,, and y, be the curves y(t) = H(t,s). If f, € ©, has an 
analytic continuation j, along every curve y, then ¥)(1) = 7,(1) in ©,. 


Proor. It is an immediate translation of §5.4.3 to this setting since @,y 1s a 
Hausdorff space. O 


5.6.8. Corollary. Let X be a simply connected Riemann surface, ae X, f, € ©, 
a germ of a holomorphic function that admits analytic continuation along any 
path in X starting at a. There is then a unique holomorphic function f € A(X) 
such that its germ at the point a coincides with f,. 


ProoF. For z € X, let f, be the germ at z arising from f, by analytic continua- 
tion along a curve joining a to z. It does not depend on the curve due to the 
simple connectedness of X. Let f(z) = f,(z); one sees that this defines a holo- 
morphic function in X such that its germ at the point a coincides with f. 


C) 


Remarks 


(1) In general, even if the analytic continuation is possible along every curve 
that starts at a and ends at b, the germ at b of the analytic continuations 
do not coincide (except, of course, if the curves are homotopic). 

(2) If y: [0,1] — X is a curve in a Riemann surface, f, € 0, (a = y(0)), and we 
have a family of germs /,,, € O,q, (0 < t < 1) such that f,9, = f, and such 
that, also, for every t € [0,1] there is a neighborhood [, of t in [0,1], an 
open set U, < X, y{I,) & U, and f € #(U.) such that the germ at y(t) of f 
coincides with f,,,, for every t € [,, then f,,,) is the analytic continuation of 
f, along y. Usually, the open sets U, are coordinate patches centered at y(t). 
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Let us assume that X and Y are two Riemann surfaces, @,, @, the 
corresponding sheaves of germs of holomorphic functions. Assume further 
that there is a local biholomorphism p: Y > X. Then, for every ye Y 
the pull back is an isomorphism p*: Oy ,.,, > Oy,,, p*f = fo p, and we 
denote by p, : Gy, > Oy, its inverse. 


5.6.9. Definition. Assume X is a Riemann surface, ae X, and f, € ©,. A qua- 
druple (Y, p, fb) is an analytic continuation of f,, if: 


(1) Y is aconnected Riemann surface and p: Y > X is a local biholomorphism, 
(2) fisa holomorphic function in Y, and 
(3) be Y is such that p(b) = a and Dalfo) = = f.. 


An analytic continuation (Y,p, f,b) is said to be maximal if it satisfies 
the following universal property: If (Z,q,g,c) is another analytic continua- 
tion of f,, then there is a holomorphic map F:Z-— Y such that F(c) = 
and F*(f) = fo F = g. 


Such maximal analytic continuation, if it exists, is unique up to biholo- 
morphic mappings; if (Y, p, f,b) and (Z,q,g,c) are maximal, then there are 
F:Z->Y,G:Y—-Z such that f(c) = b, Gb)=c, foF =g, and goG=f. 
Hence FoG: Y — Y 1s such that po Fo G = p and (F o G)(b) = b = id,(b). 
By the uniqueness of the liftings we have F o G = id,. Similarly Go F = id, 
and hence, F and G are biholomorphic mappings inverse to each other. 


5.6.10 Lemma. Let X be a Riemann surface, a ¢ X, f, € ©,, and (Y, p, f,b) be an 
analytic continuation of f,. If y: [0,1] — Y is a curve such that (0) = b and 
y(1) = y, then the germ p,(f,) € Oy) is the analytic continuation of f, along 
a= poy. 


Proor. For te[0,1], let fay = Pl fay) E Ow. One has fyo =f, and 
faary = Pal f, ). Let tg € [0,1]. Since p is a local biholomorphic map, there are 
open neighborhoods V ¢ Y and U ¢ X of y(t.) and a(t,), respectively, such 
that p|V: V - U isa biholomorphic map. Let g = (p|V)"' andg = g*(f\V) = 
( f \Vyoqe #H(U). Hence p,( fy) = gn for every ¢¢ V. On the other hand, 
there is a neighborhood I,, of ty in [0,1] such that y(U,,) S V and a(J,,) & U. 
Forte I, we have 


Gat) = Pal fun) = Sus: 
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It follows from the preceding remarks that p,( f,) is the analytic continuation 
of f, along «. Cl 


5.6.11. Theorem. Let X be a Riemann surface, ae X, and f,é ©,. There is 
a maximal analytic continuation (Y, P, f, b) of f,, where Y is the connected 
component of ©, containing f, and P: Y — X is the restriction to Y of the 
canonical map p: Oy > X. 


Proor. Let Y be the connected component of @, containing f,. First we 
remark that Y is an open subset of (,. In fact, when U is a disk, the open sets 
N(U,g) in Oy are connected by arcs, hence @, is locally connected (by arcs) 
and it follows that its connected components are open. Therefore, Y is a 
Riemann surface such that P: Y — X is a local biholomorphic map. 

Define now f as follows. Every ¢ € Y is in fact a germ of a holomorphic 
function at the point p(¢) e X. Let f(0) = C(p(0). It is easy to verify that f is 
holomorphic on Y and p,( f= = { for every € € Y. If we set b = f, we see that 
(Y, P, f,b) is an analytic continuation of f,. 

Assume there is another analytic continuation of f,, (Z,q,g,c). Define 
F:Z-— Yas follows: if¢ € Z and g(C) = z, the germ q,(g,) € Oy, is an analytic 
continuation of f, along a certain path joining a to z, and we know that Y is 
the set of all germs that can be obtained by analytic continuation of f, along 
curves. Therefore, there is a unique w € Y such that q,(g,) = w. Let F(¢) = w. 
One can verify that F is a holomorphic map from Z to Y, Po F = q, F(c) = 
and F*(f) = g. This concludes the proof of the theorem. a 


5.6.12. Proposition. Let X be a connected Riemann surface, a € X. Suppose that 
ft, € ©, can be analytically continued along any path in X starting at a. Let 
(Y,p,f,b) be the maximal analytic continuation of f,. Then p: Y +X is a 
covering map. 


Proor. In fact, Y is a topological manifold of dimension 2, p: Y ~ X a local 
homeomorphism having the lifting property for curves. The proposition is 
then a corollary of 5.4.13. 


Y is sometimes called the Riemann surface of the germ f.,. 

The concept of sheaf plays an important role in complex analysis, especially 
in the case of several variables. We recommend [Gu], [God], and [Bred] for 
further study. 


EXERCISES 5.6 

1. Let X be a connected Riemann surface, z) ¢ X, and f, ge O,,, which admit an 
analytic continuation along a path y starting at z) and ending at z,. Let f,, g, € O,, 
be those analytic continuations. What can you say about the germs of Af + yg 


(A,ue C) and fg? 


2. Let X be an open subset of C, zoe X, fe O,,. Assume f admits an analytic 
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continuation f, along a path y in X which starts at z, and ends at z,, f, € ©,,. Show 


d ; , , , 
that the germ g = a also admits an analytic continuation g, along y and that 
Z 


d 
g, = ih in ©, 


Let 0€R, L, be the ray of direction 6, ie. Le = {re’:r > 0}, and Hy, be the 
half-plane “perpendicular” to Lo, i.e., Hy = {z € C: Re(ze’’) < 0}. Let 


fue) | exp( zt , Hos) ja 


Ani 


where logt = logit] + i@. 
(a) Show that f, is holomorphic in H,. 


(b) Show thatifé< 6@'< 6+ 5 then f, = f, in H, Oo H,.. In particular, if we let f 
denote the restriction of f_, to the disk B(1, 1), f(z) = >) a,(z — 1)", then f has 


a>O 
an analytic continuation along any path in C* starting at z = 1. 


Let y be the unit circle 0B(0, 1) in the counterclockwise direction. 
(c) Show that f, concides with f,. 
(d) Show that for z e BCI, 1) (or even for Rez > 0) 


2 
f(z) = | texp (« + (log ! )at 
L_, Ani 


Conclude that 


f(z) = 4 Wg) for ze BC, 1) 
dz 


or 
f(z)= ¥ na,(z—1)"? — for[z—1<1. 


na>i 


. Let X = C\{—1,1}, a=O0eEX, fo the germ at z = 0 of the determination of 


log(1 — z*)such that f,(0) = 0. Show that /, admits an analytic continuation along 
any path in X that starts at the origin. Let (Y,p,f,b) be a maximal analytic 
continuation of f, such that p(b) = a = 0. Show thatif U = C\(]—o0, —1JU[l, of) 
then 

pip '(U):p (U)>U 


is a trivial covering map. Find all the determinations of f over U. 


Same as Exercise 5.6.4 but for the following cases: 


2 2 2 
U = C\(J-, -1) U1, of); 
(i) X = C\ {0}, a=1,f(2=U + z7)z'3, f,() = 1, 0 = C\J—o, Of; 
(iii) X = C\{2,3},a = 0, f,(z) = ((z? — 2)(z? — 3))!”, f,(0) = ./6, 


U =C\({2 —it:t > 0} u (3 + it: t = 0}); 
(iv) X = C\{0,1},a= —1, f,(z) = log(z!? + (z — 1)'), £(-1) = (1 + 2), 
U = C\(j—-«,0] ULI, o[): 
(vy) X=C\{-1L 1}, a=2, f(z) =U — z)!”?, £2) = /3i, U = C\[—1, 1]. 


i) X=C\{-L0,1}, a= , f(z) = (1 — 27)" log z, (3) = _v3log2, 
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(vi) X = C\{1,2,3,...,2n}, a = 0, f(z) = ((2— D(z —2)...(2 — 2n)'”, 
f,(0) = (2n!)'?, U = o\(l [27 — 1.271) 


. Let X =C\{—ti:t>2!,a=1—i, f(z) = log(z + 2i). Find all the possible values 


atb = 1 + i of the analytic continuations of f, along paths in X joining a = 1 — i 


17 
tob = 1 + i, assuming that f,(1 — i) = /2 + in 


. Same as in Exercise 5.6.6 in the following cases: 


(i) X = C\—oo, —1] v[1, of), a = 0, f(z) = log(1 — 2”), f,0) = 0,5 = re 
(ii) X = C\([—1, of U{—-1 +it:t> 0), a=0, f(z) =(1 —27)'", FO = —-1, 
b= —5; 
(iii) X = C\([—S, —3] V[3,5]), a= 0, f(z) = (2? — 9)(2? — 25)”, £,(0) = 15, 
b = i. 


. Find the analytic continuation along the given paths in the following cases: 


(i) f(z) = z*°, f(t) = 1 (see Figure 5.5) 


Figure 5.5 


(ii) f(z) = (1 + z**)logz, f(1) = 4ni (see Figure 5.6) 


Figure 5.6 
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(iii) f(z) = ((2? — 9)(z? — 25)”, f(0) = 15 (see Figure 5.7) 


Figure 5.7 


9. Let f,,..., fo, be entire functions and 


f= De Jz) log(z — j), 


considered as a germ in the neighborhood of a point a > 2n, with 
—m<arg(z—j)< 2 


determining the value of the logarithms. Find the analytic continuation F of f 
along the path y suggested by Figure 5.8. 


Figure 5.8 


10. Redo the work done in the text to define the sheaf © to construct a sheaf .@, the 
sheaf of germs of meromorphic functions, where for a Riemann surface X, ae X, 
the set .M, is obtained starting from pairs of the form (U, f), U open neighborhood 
of a, fe MU). 


11. Let _X, Y be two Riemann surfaces and x: X — Y an n-sheeted covering map. Let 
f be a meromorphic function in X, U be an open set in Y, biholomorphic to a disk 
and trivializing for x. Let x'(U)= (J) V,and f° = fo (aly). 

isjsn 
(i) Show that f° is meromorphic in U. 
(ii) Show that there exist n meromorphic functions in U, a¥,..., a¥, such that for 
every we C 
Tl (w — 62) = w" t+ afw'! ++ + ay. 
isjan 
(iii) Let (U),<, be an open covering of Y by sets biholomorphic to disks and 
trivializing for x. Show that for any k,le A, je {1,..., n} 


§6. The Sheaf of Germs of Holomorphic Functions 531 


U; 
a; | U, oT U, = a;"'| Ui, /-) U,. 
Conclude that there exist functions a,,..., 4, € @(Y) such that 
U 
a;| U, = a; x 


for any j, k. 


2 dt , , 
12. Let f(z) = | eu Show it is holomorphic in C\[1, 2]. Find all the analytic 
1 ~~ Z 


continuations of the germ of f at 0 along paths in C\ {1,2}, joining 0 to z, z ¥ 1, 
Z #2. 


13. Find the analytic continuation of the germ f(z) = log log /2, f(e?") = logx along 
the paths in Figure 5.9. 


Figure 5.9 


1 (' oft 

14. Let @ be an entire function, f(z) = a | ao. ze C\(0, 1]. Let y be a closed path 
Ti Oo — Z 

in C\ {0,1}, starting at z e C\[0, 1]. Show the analytic continuation f, of f along 


y exists and it is given by 


FA2 = f(2) + (ind, (1) — Ind, (0)) gz). 


15. Let D be a simply connected domain in C and f € #(D) be such that f(D) is a 
simply connected domain and f’(z) # 0 for every z € D. It is often “proved” using 
the monodromy theorem that fis a biholomorphic map. The following is a simple 
counterexample. 


Let f(z) := | eds, z EC. 


0 
(a) Show that f'(z) # 0 everywhere. 
(b) Show f is not injective. 
(c) f is an odd function. 
(d) f: C — Cis surjective. (Hint: if f omits the value a, then it must also omit — a.) 


16. Let @ be a holomorphic function in a neighborhood of the closed half-plane 


Rez > O such that for everye > 0,0 <a< 3 there is R, , such that 


|p(z)| < e771, 


whenever |z| > R, , and |Argz| < a. 
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(a) Let B denote the universal covering space of B(0, 1)\ {0}. Show that the function 


iC) := | p(x)C* dx, 
0 

¢* = exp(x Log ¢), is holomorphic in B(O,1)\]—1,0[ and admits an analytic 

continuation to B. 


(b) Let wy € ]—«,a[ and L, be the ray {z = pe’, p > O}. Set 
TO) = | plz)b* dz. 
Ly 


Show that I, is holomorphic in the set 
Ty, = {C= re”: (logr)cosy — Osinw <0,r > O}. 


Conclude that function J admits an analytic contimuation to the universal 
covering space € of C*, except for the points lying on the ray, 1 <r < 0,0 =0. 
(c) Describe T, and its boundary considered as a set inr > 0, 6 € R, as well as its 
projections in C*. 
(d) Assume now that ® is a holomorphic function in Rez > 0 which admits an 
analytic continuation to € and that there is 1, 0 < A < a, such that for every 
a > 0, > 0, there is R, , satisfying 


I(pel)| < 9 
ifiw|<o«,p > R, ,. Define 


log |®{ pe'” 
h(W) := lim sup log |®(pe")| 


pa 


Show that the integral J, defined as in part (a) but with respect to ®, admits an 
analytic continuation to C\a(h), where 


o(h)= [\ {C =re®:(logr)cosy — Osinw + h(y) = 0,r > 0}. 
we R 


Therefore, all the possible singular points of (the analytic continuation of) / 
project into the “interior” of the curve (logr)? = A? — 6. 


17. Let uy e C\ {0,1}, yo, ¥1, y. be straight line segments that start at uo and end, 
respectively, at 0, 1, oo and do not intersect, except at up. By the angle between y, 
and y, we mean the angular sector that does not contain y,. Let us also fix three 
values a> —1, b> —1,A> —1, such thata+b+A< —1. If zeC\(ypuy, V7,), 
let y, be a path starting at uy, otherwise disjoint from yp Uy, Uy,, and ending at 
z. We can choose a determination of the function 


ou) := u%(u — 1)’(u — zy 


for u in a neighborhood of uy, continue it along yo, y;, Yo. 7, (except for the 
endpoints) and integrate this analytic continuation. This defines four functions of z 


Vo =| p(ujdu, vv, =| g(ujdu, vz, =| p(u)du, ov, =| p(u) du. 
Yo v1 Vee Ye 
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(a) Show that the integrals defining vo, ..., v, are absolutely convergent. Why is 
v, independent of the path y,? Show the four functions are holomorphic 
functions of z in C\ {yp UP; U Yq). 

(b) Using the contour from the following figure show that 


(1 _ e774\ 1, + (e274 _ erat ayy 


4 (e2milata) _ e2tilatb+a)yy 4 (e2 mila +b +4) — L)v,, = 0), 


(c) Show that if z approaches a point ¢ in y,\{0} from inside the angle between 
yo and y,, ie., from the left, the values vo, ..., v,, admit a limit value which we 
denote by the symbols ug, v,, v,,, v;. If z approaches ¢ from the right, 1.e., from 
outside the angle, they aiso admit a limit which we denote vo, ..., v;. Show 
these limits satisfy the relations 


v, —v, =9, Ui, = Vay 
(1 _ e?™ 4) (n, _ Vo) 4 (e7"!4 _ eMart) (y) _ v,) = (. 


Note also that this observation allows us to define the analytic continuation 
of vo, ..., v, when y, is a path in C\ {0, 1}. 

(d) Consider the functions w, := v, — v9, W, = v, — v,, and the corresponding 
values w,, w; from (c). Show that 


Wi oe 2nilata) 0 Wi 
wi = fe 2aitatay _ p-2nity Fly, J 
(e) Let v5, ..., v, the values when z lies on the left side of y,, 1.¢., when z crosses 
from the inside to the outside of the angle between yy and »,. Show that 


U5 — Vo = O, vi, — v0, =90 


(e774 _ e2 tata) (y” _ v,) + (e2met4) _ e2tlatb tay) (at _ v,) = (). 


of 


And giving w), w; the corresponding values, we have 


wi ] fertiet4) _ e2tiy Wi 
W5 0 eznilbt+a) W . 


(f) Find the corresponding transformation law when z follows the following path 


te 
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The above integrals are called hypergeometric (see [Pi], vol. 2, p. 257 ff. and 
vol. 3, p. 321 ff, [Hen]). The function v,, — v, admits a power series expansion 
of the form 


const (1+ Be pn pet DEMON PEED Em Dany, ) 


when |z| < 1, «, 8, y are parameters related to a, b, A by the expressions 
a=a-y, b=y— Bf —1, A= —4, y>Bp>od. 


Moreover, there is no restriction on « for v,, — v, to be well defined. It is a 
solution of the hypergeometric differential equation, see Exercise 5.15.7 below. 


§7. Cocycles 


Let X, Y be two topological spaces, X connected, and p: Y > X a covering 
map such that every fiber has the same cardinality as a certain set F 
(which will be considered with the discrete topology). Let (U;);., be a covering 
of X by trivializing open sets and, for every ie I, let ~, be a trivialization 
@,:p *(U;)) > U; x F. 

If U; 0 U; is not empty we have, for (b,x) e (U,; 0 U;) x F, 


(9; © @ *)(b, x) = (6, gi(b)), 


where g,;is a locally constant map from U; 4 U; into the group ©, of permuta- 
tions of F (also considered with its discrete topology). 
IfU, AU, AU, # SO, we have 


gi(b) o gj(b) o g,i(b) = id, be UNU;, AU, 
since 
(gp; ° p;') ° (9; ° ,) °(Q, © g; ') = 1d yn UjrUy) xF- 
In particular, 
g,(b) = id, for be U, 
gb) = gj(b)), for be U,NU,. 


We will set g,, = id, if U; 0 U; = © for simplicity. 

Let o: X — Y be a continuous section of p (i.e., a lifting of p, if it exists). 
Over the set U,, the map s; := g,° 0 is a continuous section of the “trivial 
covering map,” the projection onto the first coordinate, pr, : U; x F — U;. This 
map has the form bt+s,(b) = (b,1,(b)), where t;: U; ~ F is locally constant. 
Over the intersection U; ~ U; we have 


_ _ ~1 _ ~1 
I= POF = OOD CP °OT= BOP 9 Sj, 
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whence 


sb) = (b, t,(b)) = (6, g;:(b)(t(5))), 
that is, 
t,(b) = gji(b)(t;(b)), (be U,V U). 


Conversely, given maps 1; : U; ~ F which are locally constant and verify these 
last relations, we can construct a section o of p by o(b) = g; '(b,1,(b)) = 
y; | o s,(b), whenever be U,. 

Let us remark that since F and G, are given the discrete topology, the maps 
t; and g,; are continuous. Hence the section o thus defined is a continuous 
section. 


5.7.1. Definitions 


(1) Let X be a topological space, G a group (endowed with the discrete 
topology), e the identity element of G, and (U,);..,a covering of X. A cocycle 
for the covering (U;);., with values in G is a family (9j)¢, jerx, Such that, if 
U,7 U; 4 @, then g,; is a locally constant map of U;7 U; into G and, 
if U, 0 U; = O, gy = e. We assume they verify the cocycle condition: 


gij(b)gy(b)g.(b) = e, for every b€ U,V U7 U,. 


(2) We say that a cocycle (g,,) for the covering (U;),., of X with values in G is 
a trivial cocycle if there is a family of locally constant maps f,: U; ~ G such 
that, if U; 0 U; # S, 


gi(b) = f(b) f(b), for every be U, NU, 


We have just seen that given a covering map with connected base space, 
we can associate to it a cocycle with values in the group of permutations 
of the fiber. Conversely, we have the following theorem. 


5.7.2. Theorem. Let X be a topological space, (U;);.; an open covering of X, F 
a set, and (g,,) a cocycle for this covering with values in the group ©, of 
permutations of F. There is a covering map p: X - X for which the g,, are the 
elements of the cocycle found by the previous procedure. Two covering spaces 
having the same property are isomorphic. 


ProoF. Let Y be the topological sum of the U, x F: 
Y = |) ({i} x U, x F) = {6 b,2)e1 x X x F: be Uj}, 
iel 
where [ and F are considered with the discrete topology. 


Let p be the equivalence relation in Y which identifies (i, b, €) to (j, c, 4) if 
b=cand € = g,(b)(n). If U,; 0 U; # @ we can define a map 
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hig: {i} x (UU, U,) x F > {i} x (U,;OU,) x F 
(j,b, n+ @, 6, g,(n)). 


The maps h,, are homeomorphisms, with inverse h,;. Furthermore, the equiva- 
lence class of (j, 6, n) is given by {(i, 5, g,,(4)) : for every i € I such that b € U;}. 
It follows that the equivalence relation p is open; ifw < { j} x U; x F we have 
saturated ofw =sat(a)= (|) hfoantj} x (U;nU,) x F)). 
i: Ua U;# 3) 
Let X := Y/p with the quotient topology and g: Y > X the canonical pro- 
jection. Then q is an open map. The projection pr, : I x X x F > X,(i,b,E) 5b, 
restricted to Y passes to the quotient and induces a continuous surjective map 
p: X ~ X, such that po qg = pry. 
This map p is also open. Namely, pr, is open on Y because 


pr({i} x Ux {6)=U 


for every open subset of U,, and p(Q) = pr.(q7'(Q)), for every open Q <& X. 
The map p is locally injective; since q is open, the sets q({i} x U; x {¢}) 
from an open covering of X. On such a set, p is necessarily injective. In fact, 
if p(q(i, b, €)) = q(pti, b’, €)) with b, b’ & U,, we have b = b’ since po q = pry. 
Therefore we have shown that p is a surjective local homeomorphism. The 
maps 6; ¢: U, > X defined, for ie I, €¢ F fixed, by 6; -(b) := q(i,b,¢), are 
evidently continuous sections of p and a; -(U;) = qi} x U, x {€})is an open 
subset of X.If¢ # 7 we have that the open sets a, -(U;) and o, ,(U;) are disjoint. 
If not, let x ea;,(U,)O6;,,(U;) and b = p(x). Then q(i,b, z) = q(i,b,y) and 


yn = gi(b)é = ¢. Finally, p(U;,) = Ue g; (U)) = U q({i} x U, x {&}). Hence, 


p is a covering map. 
We see now that q; := q|{i} x U, x Fisa homeomorphism of {i} x U, x F 
onto p~'(U,) such that (p  q,)(i, b, €) = b. The map 


Q,:= 4; :p *(U,) > {i} x U,x F~U,x F 
is a trivialization of p over U;. One can verify without difficulty that 


(9; ° 9; *)(b, €) = (b, gi(5) (6). 


Finally, let p, : ¥, > X bea covering map with trivializations @/ : p]}(U,) > 
U; x F such that (9; 0 (gj) *)(b, €) = (6, g,(b)(€)). Then the continuous and 
open map 6: Y—> X, equal to (g;)"' on {i} x U, x F, passes to the quotient 
and determines an isomorphism of covering spaces from X to X,. This 
concludes the proof of the theorem. a 


5.7.3, Corollary. Let G be a group and (gj) a cocycle with values in G for a 
covering (U,),.., of atopological space X. Then there is a covering map p: X > X, 
which is unique up to isomorphism, such that the fibers are exactly G and the 
canonical cocycle associated can be identified to (g;;). Moreover, there is a group 
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monomorphism o : G > G(p) such that, via this monomorphism, G acts freely 
and transitively in every fiber. 


PRoor. We take F = G (hence GS, = S,) in the preceding theorem. By the 
canonical injection j{:G—- Gg, j(&)(m) = én, the given cocycle can be con- 
sidered taking values in S,. Therefore Theorem 5.7.2 is applicable to this case 
and we retain the notation from its proof. 

The group G acts on I x X x G by 


s-(i,b,é)=(i,b,es'), ss EG. 


Under this action the set Y, defined in the proof of the previous theorem, 
is stable (s‘ Y < Y for every se G) and this action is compatible with the 
equivalence relation p. If (i, b, €)p(j, 6,) we have ¢ = g,(b)n and hence, 


[s-(i,b, ¢)] pls: (6,1) J, 
= g,(b)ns *. It follows that we can let G act on X via 
s-q{i,b,¢) = gli, b, és). 


The morphisms ¢(s) of X constructed this way are automorphisms of the 
covering map p: X > X. In fact, since p o g = pr, we have 


p(s: q(i,b, €)) = p(qii, 6, Es~*)) = b. 


It is easy to see that the map @: G — G(p) defined by the preceding con- 
struction 1s a group monomorphism. 

Finally, let by ¢e X. We have p~'(bp) = q({i: by € U;} x {by} x G) = G. We 
want to check that the action of G is free and transitive on the fiber above by. 
Let Ip = {i: by € U,} and choose ig € Ip. Let a: Ip x {bp} x GG be given 
by afi, by, €) = g;,i(bo)¢. We have a(i, bp, €) = «( j, by, n) ifand only if g(i, bo, ¢) = 
q(j, bg,4). Let z, = g(i,bo, ¢) and z, = q(j, bo, ), with i, je I). If there is an 
séG such that s-z, = 2), that is, s-z, = q(i,bo,és"') = q(j,bo,), we have 
Es"* = g,(bo)n, and it follows that s = 47*-g,(bo)- €. Conversely, this s will 
definitely send z, into z,. This shows that G acts freely and transitively on the 
fiber above by. Oo 


since és"! 


It is clear that the definition of cocycles depends on the covering. On the 
other hand, if we have another covering (V,,)mnejg. Such that each V,, ¢ U, for 
some /, we can define a cocycle element g,,, on V,, > V, by restriction. In this 
way for instance, when X is a Riemann surface, we can assume that every U, 
is homeomorphic to a disk. An example of application of this type of condition 
on the covering appears in the following proposition. 


5.7.4. Proposition. Let X be a connected topological space that is locally con- 
nected by arcs. Let (U;);., be an open covering of X by connected open sets, F 
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a set, and (g,;)a cocycle for the covering with values in ©,. Let X be the covering 
space constructed in Theorem 5.7.2. Keeping the notation of the proof of §5.7.2, 
a sufficient condition for the connectivity of X is the following: 

For every {i,b,) and (j,c,n) in Y there is a finite sequence of indices 
i, in, .-.5 ly, @ Sequence b,,..., 5, € X, and a sequence E,,...5&, € F such that 


(1) i, =1, E,=€,b, =); 
(2) L, = j, cn = 7, b,, = C, and 
(3) for beksntt, Dy € Ui, ™ Oia Fig vysi,A Puri (Sx) = Ck+t: 


PRooF. Given Z,, 22 € X it is enough to find a continuous path y in X starting 
at z, and ending at z,. Let b = p(z;),c = p(z,), and i,j ¢ I such that be U,, 
c € U,. Choose any ¢,y € F such that g(i,b,é) = 2,, q(j,¢.1) = 22, and corre- 
sponding finite sequences (i,), (Cx), (b,). For each k there is an arc , joining 
b, to by, in U,, since the U; are arcwise connected. One can then define a 
path y:[1,n] > X by 


y(t) = qliz, Ui, Yt — k)) fork<t<k +1. C 


As an application of the concept of cocycles we give the construction of the 
Riemann surface of a germ fe ©,,, 279€ X, X connected Riemann surface, 
when f admits an analytic continuation along any path in X starting at Z (cf. 
Proposition 5.6.12). 

Let X be a connected Riemann surface (U,);.,; a covering of X by simply 
connected open sets, Zz) € U,,, and fe O,, a germ of a holomorphic function 
which has an analytic continuation along any continuous path y starting at Zo. 


5.7.5, Lemma. Let i € I, z; € U, and y be a path starting at Zo and ending at Z;. 
There is a function f, € #(U;) which can be obtained as the analytic continuation 
of f. This function f, can be obtained by analytic continuation in U; of the analytic 
continuation of f along y. If we replace z; and y by y’ = y°%, z; = endpoint of 
y’, 2 a path in U, starting at z;, then the function f, € #(U;) thus obtained 
coincides with f,. Moreover, f, depends only on the homotopy class of y in X. 


Proor. By hypothesis, f has an analytic continuation along y. Let g be the 
germ of a holomorphic function at y(1) obtained this way. By hypothesis g 
can also be analytically continued along any path of origin y(1), which is 
entirely contained in U;. Hence by §5.6.8, there is a function f, € #(U;) whose 
germ at )(1) is exactly g. The other statements in the lemma are clear from the 
definition of g,. C] 


Recall that G(X, Zo, z;) is the set of all paths in X joining 2, to z, € U;, and 
1, (X,Zo,2,) the set of their homotopy classes in X (under homotopies with 
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fixed endpoints Zp, z;). For every path a € ¢(U,,z;,z;) the map [y] > [y-«] 
from 7 ,(X, Zo, Z;) into 7,(X, Z9,2;)1s a byection. For this reason we denote by 
1,(X, Zp, U;) one arbitrary choice among these sets. Introduce the equivalence 
relation p; in m,(X,Zp), U;) given by [y]p,[y'] if and only if f, = f, (with the 
notations of §5.7.5). Let E; be the quotient set 2,(X,Z), U;)/p,, denote its 
elements by [[y]] and f, the function in #(U,) corresponding to [[y]]. We 
want to show that all the sets E, are equipotent. 

Let B be a path in X joining z; € U; to z; € U;. Every other path in X joining 
Zq to z; is homotopic to a path of the form y- B, where y joins Z, to z,; ifc joins 
Zq to z;, then c is homotopic to (cf) B. 


3.7.6. Lemma. The map 6,: [a] € ™,(X,2Z9,2;)'+ [oP] € 2, (X, 29,2;) is com- 
patible with the relations p, and p, and determines a bijection @,;: E; ~ E, which 
depends only on the homotopy class of B. The inverse bijection is defined in an 
analogous way using f instead of B. 


PRooF. It is enough to show that 6, is compatible with p, and p,;. Now if 
[x,]e[o,], it means that f,, = f,, € #(U;). Hence f, . = f,,, and we have 
(a, B]po, fp]. a 


In what follows let F be a set equipotent to all the E; and identify any ¢,, 
with an element from G,. 

With the help of the 9; we would like now to construct a cocycle (g,,) with 
values in ©. Forie I,¢ € U,, let a, , be a path in U, starting at z, and ending 
at C. 

Assume now that ¢ e U;7 Uj. We have a bijection g,,(¢): F > F which is 
induced by the map [[y]] € E; >[[y- 4, @7]] € E,. 


5.7.7. Lemma. The map g,;: U; 0 U; > G,, given by (++g,{C) is well defined, 
independent of the choices of «;,, and a, ,, and locally constant. The family (9;;) 
is a cocycle with values in ©, for the covering (U,);.,; of X. (As usual, we set 
gij = idp if UU; = D,) 


Proor. The main observation is that if V is a simply connected open subset 
of a component of U; 7 U,, then the paths «, --&%,; for different € ¢ V are 
homotopic to each other. This implies that g;,, is constant in V. Similarly one 


other in X. ‘a 


Before proceeding with the construction we state two almost obvious 
observations. 
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5.7.6. Lemma 


1. It is possible to choose the covering (U;);.; so that the cocycle (g,;) of §5.7.7 
satisfies the connectivity condition of Proposition 5.7.4. 

2. If two coverings (U;);<7,(U;)kex, by open simply connected sets, are such that 
the corresponding cocycles (gj), (Gx,,) Satisfy the condition of §5.7.4, then 
the associated covering spaces are homeomorphic. 


Proor. The covering of X by all the coordinate patches satisfies this condition. 
The second statement is an easy exercise for the reader. We note that the 
covering spaces are actually biholomorphic. Cl 


By §5.7.2 and Lemma 5.7.7 we conclude that there is a covering map 
p:X > X defined by the cocycle (g,;), X is a Riemann surface, and pis a local 
biholomorphism. We want to show now the existence of a holomorphic 
function f: X > C which will give us the maximal analytic continuation of 
the germ f. For (i,¢,[[y]]) € {i} x U, x E; we set 


eobtbI) = 450). 
If (@,¢,([o]]) and (j,¢,[[B]]) are p-equivalent in Y = U {i} x U, x E,; 


(with the notation of §5.7.2) that means that Tent = “Gul VPI] = 
[{6-a;-°@;-]]. It follows that the functions /, and f, coincide in a neighbor- 
hood of ¢ and hence, the function f: ¥ > C defined by f(g(i,C,[[y]]) = 
oi, €, [yy] ]) is a holomorphic in X. 

Let V= q(tio x x [Le.,]]) (€., = constant loop at Zo), then 
PIV: VV, isa biholonorphicn (alin, Z0,C[é.,1])) = = Z, and Dal te.) =f. 
All of this assures that (X, p, f, Gio, Zo,LLe,,]])) is an analytic continuation 
of f. 

Finally, let us show this analytic continuation is maximal. We know that 
the manifold X is arcwise connected. Assume now that (Z,r,g,c) is another 
analytic continuation of f. Let us define f:Z— X as follows: if €e Z and 
r(¢) = z, the germ r,(g,) € Oy,, is an analytic continuation of f along a curve 
joining Zp, to z (see §5.6.10). Hence, there is a unique weé X,w= q(i,z,[ fy] ]) 
such that r,(g;) = (f,),. We set F(¢) = w. It is not hard to show that F is a 
holomorphic map such that p o F = r, F(c) = q(i, Zo, LLe,, |]) and F*(f) = g. 

We have in this way shown that §5.6.12 can be obtained using cocycles. 


Remark. The reader will note that the constructions of the Riemann surfaces 
of the square root and of the logarithm given in §5.5.7 are particular cases 
of the preceding recipe, which allows us to construct more concretely the 
Riemann surfaces of multivalued functions. 

We recommend [JS] for more details on this subject and constructions that 
are akin to ours. 
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EXERCISES 5.7 
1. Let F = {0,1,2} and U,, U, be the open subsets of C given by 


U, = {zeC:0 < argz < 27}, U,={zeC:—n < argz <n}. 


Let Y= ({1} x U, x {0, 1,2})o({2} x U, x {0, 1,2}), g,,:U, > Gp, 91, = id;, 
Ga: U, > Gr, G22 = idg, 


idp ifImz > 0 
912(z)(0) = I 
gi2.(z)()=2 ifImz <0 
912(2)(2) = 0 


912(Z) = 


and 92; = 912. 

Show that the construction from §5.7.7 of the Riemann surface of z'? and the 
abstract construction of §5.4.7 lead to this same cocycle. In this way one obtains a 
Riemann surface X, p: X + C\{0} a three-sheeted covering map, and a holo- 
morphic function F : X > C taking at the points p~'(z) the three values of z‘”. 


2. Repeat the construction of Exercise 5.7.1 for the Riemann surface of z'", n > 2. 


3. Let X,, X, denote the Riemann surfaces of z'" and z'", p, : X, ~ C* and p,: X, > C* 
the corresponding covering maps (k,/ ¢ N*). Show there is a biholomorphic map 
Oy: X, > X, such that p, o o,, = o,. (Hint: show first that the function z'* on X, 
establishes a biholomorphism between X, and C*.) 


4. Describe the Riemann surfaces of the functions VJ: z(z — 1), /2(z — 1)(z — 2), etc. 
Construct a two-sheeted covering map p: X - C{0, 1} and a holomorphic function 
F : X + C whose values at the two points of p~'(z) (z # 0,1) are the two possible 


values of ./z(z — 1). Similarly, for ./z(z — 1)(z — 2), etc. 


5. Let Q be an open subset of C, wa closed 1-form of class C' in Q. For every U open, 
simply connected subset of Q we let f" be a C*-function in U such that df = w|U. 
Let (U;);., be an open covering of Q by simply connected sets. Construct a cocycle 
associated to this covering by g,(z) = f% — f", with values in C (as an additive 
group). Use Corollary 5.7.3 to obtain a covering map p: X > Q. 

What properties does this map have? What happens when Q is simply connected? 
What if all the periods of w are zero? (Compare also with §1.7.) 
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We will first develop a few elementary aspects of the theory of continuous 
group actions on topological spaces, among other things to permit a better 
understanding of the following property (Y), a property which will have 
important consequences for covering spaces. 

Let X be a topological space and G a topological group that acts con- 
tinuously (on the left) on X. One says that this action satisfies the property 
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(Z) if every x e X has a neighborhood U such that 
{geG:gUnU € O} = {fe} 


(that is, the sets gU are pairwise disjoints). 
One says the action of G on X is discrete when (Q) is satisfied. 


5.8.1. Proposition. Let X be a topological space and G a topological group 
acting continuously on the left on X. Let p: X — X/G be the canonical projection. 
If the condition (QY) is satisfied then p is a covering map. An analogous result 
holds for actions on the right. 


Proor. The equivalence relation p defining X/G is, of course, xpx’ if and 
only if there is géG such that x’=g-x. It is an open relation since 
sat(Q) = (J g-Q, and g-Q is open in X if Q is open in X. Therefore, the 


geG 
canonical projection z is both continuous and open. 


We claim that p is also locally injective. Let x e X, let U, be the open 
neighborhood of x whose existence is guaranteed by (&). It follows that p must 
be injective on U,. If not, there are two distinct points x,, x, ¢ U, andgeG 
such that x, = gx,. This clearly contradicts (9). 

Let us show now that for every x € X, the open set V, = p(U,,) trivial- 
izes p. It is clear that p|U,: U, - V, is a homeomorphism. Clearly the same 
is true for p|(gU,):gU,— V,. Furthermore, it is absolutely obvious that 
p \(V,) = (J (gU,). This concludes the proof of the proposition. O 

géeG 


§.8.2. Corollary. Let G be a topological group and H a discrete subgroup of G. 
Then, the canonical projection x:G-—G/H is a covering map. (Here G/H 
denotes the space of left cosets of H, {Hg:g € G}.) 


ProoF. The group H acts on Gin the obvious manner: (h, g)t> hg (h € H,g € G). 
The equivalence relation p from §5.8.1 says g, pg, if and only if g,g3' € H,i.e., 
g, € Hg,. Hence, once we verify the property (9), we will be done. Since H is 
discrete, there is a neighborhood V of e in G such that V1 H = {e}. Since G 
is a topological group, there is another neighborhood U of e such that 
U-U'tcV. Iifhe H,h#e we see that hU 0 U = @. One can see that this 
implies (Y). 7 


5.8.3. Proposition. Let G be a topological group acting continuously on a 
connected topological space X in such a way that (Q) holds. Then, the group 
G(p) of automorphisms of the covering map p: X —» X/G is isomorphic to G. 


Proor. Every g € G determines an automorphism g by x+~g- x. Conversely, 
if s € G(p) and x e€ X there is g € G such that s(x) = g- x. Hence s = g, by the 
uniqueness of the liftings of p taking the value s(x) = g: x at x. a 
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Let now p: X > X be a covering map. The discrete group G(p) acts on 
the left on X. It acts on X and any fiber p™'(x) in a continuous fashion. 
Moreover, if X is connected, then G(p) acts freely. Namely, if s € G is such that 
s and idg coincide at a point x, then s and idg are two liftings of p which 
coincide at a point, hence s = idg. More generally we have the following 
theorem. 


5.8.4. Theorem. If p: X > X is a covering map, X is connected, and X is locally 
connected, then the group G(p) acts freely and (Q) holds. 


Proor. Let y ¢ X and x = p(y). There is an open connected neighborhood of 
x trivializing p and a unique continuous section o of p over U such that 
o(x) = y. Let V = o(U). If s € G(p) is such that sV VV # @, then the two 
sections s o g and s verify (s o a)(U) on o(U) # ©. Since U was trivializing, this 
implies s o go = a. The free action proved before implies s = id . O 


5.8.5. Corollary. If p:X >X is a covering map, X connected, X locally 
connected, then the canonical projection q: X ~ X/G(p) is a covering map such 
that G(q) = G(p). 


5.8.6. Proposition. Let p: x —» X be a covering map with X connected and X 
locally connected. Let n: X/G(p) —~ X induced by p. Then n is a covering map 
such that, for every x € X, x”™'(x) is isomorphic to the homogeneous space 


p*(x)/G(p). 


Proor. The projection p passes to the quotient and induces z: X/G(p) > X 
such that 2 o g = p, where q: X ~ X/G(p) is a covering map by §5.8.5. 


X/G(p) 


Let x e X, V open connected neighborhood of x which trivializes p. Let 
(S.)o¢p-1(x) be the family of all sections of p over V. They verify: 


(a) s,(x) = z and s,(V) open in X; 
(b) s, V)Os,,V) 4 @ if and only if 2, = 22; 
() pUV)= U sf). 
ze p~'(x) 

For every z € p ‘(x), gos, is a homeomorphism of V onto s,(V). This set 
is open in x ‘(V), since q © p, is injective and open on V. 

Let us choose now for every ye x '(x) a point z(y)éq™*(y). This way 
we obtain a family of sections o, = qo s,,, (yea ‘(x)) of 2 above V, and 
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nm '(V)= (J o,(V).Hencez: X/G(p) > X isacovering map. It is also clear 


yer '(x) 
that z~'(x) can be identified to p~'(x)/G(p). This shows the proposition is 
correct. CI 


To finish this section let us mention the following. 


5.8.7. Corollary. Let p: X > X be a covering map with X connected and X 
locally connected. The group G(p) acts transitively on every fiber p~+(x) if and 
only if it acts transitively on one fiber. 


$9. Galois Coverings 


5.9.1. Definition. A covering map p: X — X, where X is connected and X is 
locally connected, is called a Galois covering if its group of automorphisms 
G(p) acts transitively on each fiber p~'(x) (x € X). 

Under these conditions 2: X/G(p) > X is a homeomorphism and the 
covering p: X > X is isomorphic to the covering q: X > X/G(p). 


Remarks 


(1) Every endomorphism of a Galois covering is an automorphism: let h be a 
morphism from the Galois covering, p: X > X into itself, and let ze X. 
There is a g € G(p) such that h(z) = g-z = g(z). It follows that g = h. 

(2) The following coverings are Galois: 

(a) p:C* > C, p(z) = z*, ke N*, G(p) & Z/kZ, 
(b) p:C + C*, p(z) = exp(z), G(p) = Z. 


The theorem that follows is one of the most important of the theory. The 
reader will recognize that our previous construction of the integral of closed 
differential forms along continuous paths is just a particular case of this 
theorem. It is just the fact that the interval [0, 1] 1s both locally connected and 
simply connected, hence it satisfies the requirements of Theorem 5.9.2. 


5.9.2. Theorem. Let X be a connected, locally connected space. The following 
conditions are equivalent: 


(a) Every covering map p: X = X is trivial. 

(b) Every connected covering of X is a homeomorphism. 

(c) Every Galois covering of X is a homeomorphism. 

(d) For every group G and every open covering (U;,);.; of X, every cocycle with 
values in G for the covering (U,); ., is trivial. 


PROOF. (a) => (b). The connectedness of ¥, X and the existence of a global 
section of p: X — X implies the uniqueness of this section. It follows that p is 
a homeomorphism. 
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(b) =(c). By definition of Galois coverings, X is connected. 
(c) = (d). Let p: X - X be the covering map associated to the given cocycle. 
Let C be a connected component of X. We have the following lemma. 


5.9.3. Lemma. Let p: X > X be a covering map whose base X is connected and 
locally connected. Let C be a connected component of X. The map p|C:C + X 
is a covering map. 


Proor. Let x e X and V be a connected open neighborhood of x trivializing 
p. Let (S,),¢p-1@) be the family of sections of p over V such that 
piWV)= J. s,{V). For every z ep '(x) we have either s(V) AC = 2% 


ze p™'(x) . 
or s,(V) & C. Let J = {ze p“(x):s,(V) S C}. Then (p|C)1(V) = U s,(V), 
zeJ 


hence p|C: C > X is a covering map. CO 


We come back to the proof of (c) => (d) by proving that the covering map 
p|C:C > X 1s Galois. In fact, G(p|C) acts transitively on each fiber since G(p) 
already had that property (by §5.7.4) and since, for s € G(p), (CUA C # @ 
implies s(C) = C. 

Therefore p|C: C + X is a homeomorphism. Let t = (p|C)"’, then 1 is a 
global section of p. With the notations of §5.7.2, for every ie I let a, , be the 
section xt q(i, x,e) defined on U;. On the intersection U; 7 U; we have (cf. 
§5.7.4) 


G;, e(X) — qi, Xx, é) = qj, xX, gji(x)e) = (gji(x)) ° qj, xX, é) = gij(X) ; G;,o(X), 
by definition of p and the action of G. In other words 
G;, (xX) = gij(X)a; (x) (xe Un Ui). 


For every ié I, o; (x) and t(x) are two points in p~*(x) (x € U,). Since G 
acts transitively, there is a function f,: U, ~ G such that 


G;,(x) = filx)t(x) (x € Uj). 


The function f; is locally constant since the sections o;, and f;(x)t(x) 
coincide necessarily on a neighborhood of x. 
On U; > U; we now have 


G;, (x) = fi(x)t(x) = gij(x)o; -(X) = gij(X) fj(x)t(X). 


Since G acts freely, we obtain 


G(X) = fO)MGE)™ (x EU, NU), 


hence the cocycle is trivial. 

(d) implies (a): The base X being connected allows us to construct a cocycle 
(g;;) with values in ©, where F is the fiber of p: X — X such that the covering 
map considered is, up to isomorphism, the covering map associated to this 
cocycle. By (d) the cocycle is trivial. We could have assumed to start with that 
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the open sets of (U;);., were connected. Let now /f;: U; ~ G, be the constant 
functions such that g,, = f,f; * on U, 7 Uj. For every ie J and f € F let o,,, be 
the section of p over U, such that if g,: p™'(U,) > U, x F is the trivialization 
over U; then we have 


(9; © 0), ¢)(x) = (% S) = 5, >). 
On U; 7 U; we have (use that the g;; are constant in this case) 
6; p(X) = (Gi * © Si, )(X) = (Gj 9 GOD © S;,-)X) 
= D(X, 95°F) = F,9,,- 09. 
If when x € U, we replace f by f;- f, then 


Fi, 5,-f2) = Gant sO) = G4. £00. 
We can set therefore 
a (x) = G;, 7, (X) when XE U,, 
and so determine a family of global sections of p, (o,),., such that 
(1) o,(X)06,(X) = @ if f #g. If not, there are ie I, xe U;, such that 
G;, 7. ¢(X) = ;, ¢..g(x), which by definition means (x, f;- f) = (x, f;: g). There- 
fore f = g. 
(2) pU(xX) = U o,(X). Namely, if x9 € U, and z € p~* (x9) there is f € F such 
fe 
that z = 0; ,,. (Xo). If (z) = (Xo, fo) it is enough to take f = fi fo. 


These two conditions show that the covering map p was trivial. 
This concludes the proof of the theorem. Its applications will become clear 
in the next two sections. a 


§10. The Exact Sequence of a Galois Covering 


Let us start with some elementary remarks about the lifting of homotopies. If 
p.X — X is a covering map, X) € X, Z) € p (Xo). The map 


7 1(p): 1 (X, Zo) > 1(X, Xo), 
[ajr>[poa] 


is an injective group homomorphism. The verification that 2,(p) 1s a group 
homomorphism is elementary. On the other hand, if z,(p)(L«]) = [e,, ], when 
we lift the two homotopic loops with base point x9, poa, and ¢é,,, to 
paths with common origin zy, we find by the uniqueness of the lifting that 
their liftings are « and ¢,,. We know these two paths are homotopic, hence 
[a] = [e,, ], thus showing the injectivity of 7, (p). 

It is also true that ,(p) is surjective if and only if @(X, zo, z) = © for every 
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z€ p '(x9)\{z 9}. In fact, if 2,(p) is surjective and y € G(X, zo, z), then po y is 
a loop at Xo, which admits a lifting to a loop a with base point z, (by 
the surjectivity of 7z,(p)). The uniqueness of the lifting implies that y = a, 
hence z = y(1) = y(0) = Zp. Therefore, if z) # z we will have €(X, 2,2) = D. 
Conversely, if G(X, 2 ,z) = @ for every ze p ~*(x9)\ {Zo}, whenever we lift a 
loop a with base point x, to a path y starting at z, such that po y = a, we find 
that y(1) = Zp. Hence 7, (p) is surjective. 
In particular, if X¥ is arcwise connected, p ‘(x 9) reduces to a point once 

1,(p) is known to be surjective. If, for instance, X is simply connected then 
the surjectivity is true; hence p is a homeomorphism. More generally, the 
following proposition holds. 


5.10.1. Proposition. Let p: X > X bea covering map, X € X,2,,22 €p ~*(x). If 
Z,, 2, can be connected by a continuous path in X, the groups m,(p)(1,(X, z,)) 
and 1,(p)(7,(X, Z,)) are conjugate in 7, (X, x). 


PROOF. Let y be a path in X joining Z,toz,.Letc = poy. Then [c] € 2,(X, x). 
The map 


[poa]r+[c]“[poa]fc] 


is the conjugation we use to prove the proposition. CO 


This proposition admits a converse. If H is a subgroup of 2,(X,x) which 
is conjugate to 2,(p)(z,(X,z,)) for some Zi,é p*(x), then there is z, € P “4 (x) 
such that z, and z, can be joined by a path in X and H = 1 (p)(1,(X, Z>)). 
Namely, if H = [c]~'x,(p)(x,(X,z,))[c], let y_be the lifting of c starting at z,. 
If we set z, = y(1) we see that H = 1,(p)(n,(X,z,)). 


5.10.2. Proposition. Let p:X > X bea covering map, with X arcwise connected. 
Let x € X,z € p"'(x), y;, Y, two loops with base x, and a,, a, their liftings with 
origin z. In order that a and a, have the same endpoint, it is necessary and 
sufficient that [y, ][y2]"' € my (p)(,(X, 2)). 


ProoF. If «,(1) = a, (1) then 21 Hp a loop with base z whose projection by p is 
712. This shows that [y, ][y.]™ ¢€ 5 (p)((X, z)). 

Conversely, if [y, ][y.]7! € 2,(p)(1,(X, z)), there is a loop a with base point 
z which is a lifting of y,~,. From the uniqueness of the lifting, it follows that 
a(1/2) = a, (1) = (1). O 


5.10.3. Proposition. Let p: X > X bea covering map, X arcwise connected. For 
every x € X and z,, Z, € p *(x), there is a loop in x with base x whose lifting 
starts at z, and ends at z,. 


In particular, the 2 fiber p ~* (x) has the same cardinal as the homogeneous space 
1 (X, x)/7,(p) (x,(X, Z)). 
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ProorF. It is enough to consider the loop y = po « in X, where a is a path in 
X joining z, to z,, and apply the preceding result. 7 


It follows that under the preceding conditions, p: X > X is an n-sheeted 
covering if and only if 2,(p)(7,(X, z)) has index n. 
In this order of ideas we have the following important theorem. 


5.10.4. Theorem. Let X be a connected topological space, locally arcwise con- 
nected and simply connected. Every covering of X is trivial. 


Proor. Let p: X — X be a covering map. Then X is locally arcwise connected 
and its connected components are then arcwise connected. These connected 
components are then covering spaces of multiplicity one of X by the preceding 
remark. Cc 


5.10.5. Corollary. Let X be a connected, locally arcwise connected and simply 
connected topological space. For every group G and every open covering of X, 
every cocycle with values in G for that covering must be trivial. 


Remarks 


(1) This last corollary gives a new justification of the theory of integration of 
closed one-forms along continuous paths. 
(2) Corollary 5.6.10 is also included in this corollary. 


We are now going to let the group 2,(X,x,) act on the fiber p"*(x9) of a 
covering p: X + X, X) € X, in order to find an important relation between 
1,(X, xX 9) and G(p). 

We have already seen that, given [a] € 2,(X, xq) and z € p ‘(xo), one can 
determine a unique point z’ € p”‘(x,) as follows: choose a representative loop 
a of [x], lift it to a path y of origin z, and let z’ = y(1). We write z’ = z- [a], 
since it depends only on z and the homotopy class [a]. The following identities 
are evident: 


(1) z-[e,,] = 2; 
(2) (z-[o]) [8] = z-(LeJLB)). 


They express the fact that the group 7,(X,X,) acts on the right on the fiber 
p'(xo). The trajectory of z € p”'(x,) under this action of 7, (X, xo) is precisely 
the trace in p '(xq) of the arcwise connected component of X containing z. 

The stabilizer of z is 2,(p) (1 (X ,z)). In fact, if [a] stabilizes z and y is the 
lifting of a such that y(0) = z, then y(1) = z-[«] = z implies that y is a loop. 
Hence [a] e€ (p(n (X, z)). 

Let us assume now the X and X are connected, locally arcwise connected, 
and that p: X + X is a Galois covering. For fixed x9 € X, Zo € p (Xo), one 
can construct a group homomorphism 
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p :14(X, Xo) > G(p) 


as follows: p([«])(z9) = 29° [a]. That is, o([«]) is the unique element of G(p) 
that transforms Z, into Z):[«]. 


5.10.6. Theorem. Let p: X — X be a Galois covering where X, X are connected 
and locally arcwise connected. The map p_just introduced is a surjective group 
homomorphism whose kernel is x,(p)(1,(X, Z9)). In other words, the sequence 


{[e,]} ——> m(X, zp) “2 1, (X, x9) > G(p) —— + {idz} 


is exact. It will be called the exact sequence of the Galois covering p: X- X.) 
It also follows that the group G(p) is isomorphic to 2,(X, X9)/™,(p)(™,(X, Zo)). 


ProoF. To show that p(Lo][£6]) = p([a]) o p(B ]), it is enough to show that 
these two automorphisms take the same value at z). Now 


PLO] LP) (Zo) = 20: (LOI LBD) = (20° Le) C8] = p(Lo])(z) CB] 
and 


(e(La]) © p(LB1)) Zo) = p(Lx)(o(LB8])Zo)) = e(La]) Zo‘ LB). 


Therefore, we need to prove the following. 


5.10.7. Lemma. For every s € G(p), every B € m,(X,X9) and zy) € p-1(xo) we 
have 


S(Zo LB ]) = s(Zo)[B]. 


Proor. Let 8 be a representative loop of [B] and y be its lifting starting at z, 
and ending at z)°[f]. Then so y is the lifting of B which starts at s(z,) and 
ends at s(z)'[f]). By definition of the action of 2,(X,x,), this endpoint is 
s(Zo) LB]. CT 


Therefore p is a group homomorphism whose kernel is the stabilizer of z, 
under the action of 7,(X, Xo), Le., 4 (p) (1, (X, 2). Finally the surjectivity of 
p follows from the fact that X is arcwise connected. Namely, if z © p~'(x,) let 
y be a path in X¥ starting at z) and ending at z, then z,-[a] =z, with 
[a] =[poy]. To finish the proof of the theorem we need only to recall that 
we know already that z,(p) is injective. Cc 


5.10.8. Corollary. Let p: X > X be a covering map with X, X connected and 
locally arcwise connected. Assume further that X is simply connected. Then the 
covering is Galois and p is a group isomorphism identifying m,(X,xX 9) to G(p). 


PRooF. Since X is simply connected, p is an isomorphism between 7, (X, Xo) 
and G(p). This implies also that the covering is Galois, since if zy, z, € p-+(Xo) 
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there is definitely an [a] € 2,(X,x)) such that z, = zy: [a]. If f = p(La]) € G(p), 
then f (Zo) — 24. CJ 


§11. Universal Covering Space 


5.11.1. Definition. Let X and Y be two connected topological spaces. A 
covering p: Y ~ X is said to be a universal covering space of X if it satisfies 
the following property: 

For every covering map q: Z > X with Z connected, and for every yo € Y, 
Zo € X such that p(yo) = q(Zo), there is a unique lifting f of p with respect to 
q,f:Y>Z,qof =p(ie., a morphism of covering maps). 


/ 
y— + X 


A connected space has, up to isomorphism, at most one universal covering 
space. Note that we should really say universal covering map, but the accepted 
terminology is justified by the following proposition. 


5.11.2. Proposition. Let X, Y be two connected spaces, Y simply connected. 
Every covering map p: Y — X is a universal covering of X. 


Proor. The lifting of p with respect to g is assured by the hypothesis. Ol 


One can characterize the connected, locally arcwise connected spaces X 
which have a universal covering space. For us it suffices the following case. 


5.11.3. Theorem. Let X be a connected topological manifold. There is a 
topological manifold X connected and simply connected, and a covering map 
p:X > X. (Hence X is “the” universal covering space of X.) 


Proor. It is enough to construct a covering map p: X — X, with ¥ connected 
and simply connected. Let (U;);., be the open covering of X by all open sets 
which are connected and simply connected. For every i € J choose z; € U;. As 
observed in §5.7, for every continuous path @ in U; which joins z; to z;, the 
map [y]> [ya] is a bijection of 2,(X, Zo, z;) onto 7, (X, Zo, 2;). For this reason 
we will simply denote E; one of these sets. We are going to show that all 
the sets E, are equipotent. Let y be a path joining z; to z;. Every path c joining 
Zo to z, is homotopic in X to a path of the form ay, where a is a continuous 
path joining z, to z;, namely, cyy. The following lemma is clear. 
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5.11.4. Lemma. The map 9, which associates to [a] € m,(X,Zp,z,) the class 
Lay] € 2,(X, 2, 2;) is a bijection ~,,: E; > E,, which depends only on the homo- 
topy class of y. Its inverse is defined analogously using } instead of y. 


In what follows we denote F a set of the same cardinal as all the E, and 
identify ~,; to an element of G,. Using the method of §5.7.7 we will construct 
a cocycle with values in ©, for the covering (U,);.;. For every ie I and ¢ € U, 
choose a path a; , joining z,; to in U,, and for £ € U,n U; consider the bijection 
gi{C): F + F which arises, modulo the preceding identifications, from the map 
Ly] € E;+ [ya; -@,7] € E;. We have the following statement analogous to 5.7.7. 


3.11.5. Lemma. The map gj: U,- U,; > Gy, is well defined, independent of the 
choice of «;,, and a; -, and locally constant. The collection (g;;) is a cocycle with 
values in ©, for the covering (U,); . , of X.(As always, gi = idpif U,V U;, # @,) 


As a consequence of this lemma we can apply §5.7.2 and obtain a covering 
map p: X — X defined by the cocycle (g,,;). Keeping the notation of §5.7.2, we 
will show now that X is simply connected. Let us verify first that X is arcwise 
connected; it is done by the same construction as in §5.7.4. If q(i, C, [y]) is given 
with y(1) = ¢, then there is a partition 0 = ty < t, < ++: < t, = lof [0,1] and 
open sets U;,,..., U;, of the covering such that »([t,_,,t,]) S U,.. The curve 
¥:(0,1] > X defined by 7 = a(i,, (0, [y,)) if te [t,_,,t,[ for k <n and 
te [t,-1,t,] ifk =n, where y,(s) = y(ts) (0 < s < 1), isa lifting of y with origin 
lio, Zo, [é,,]) and endpoint q(i,C,[y]), as desired. Let now « be a loop in 
X with basepoint q(ig, Zo, [e,,]). Then y = pow is a loop in X with base 
point zo. The previous lifting } of y with origin q(io, Zo, [e,,]) and endpoint 
Gio, Z9,[y]) is, by the uniqueness of the liftings, equal to «. Therefore 
YL) = qin, Zo, [y]) = Glin. Zo, Le, ]). It follows that [y] = [e,,], and, by the 
liftings of homotopies, [a] = [Eqtio, zo.teeg1: This shows that X is simply 
connected. CC 


5.11.6. Examples 


(1) exp: C - C* is the universal covering space of C*. Forne Z let t:C3C 
be the translation by 2zin. Then exp(z,(z)) = exp(z) and, hence, t, © G(exp). 
Ifo € G(exp), then exp(c(0)) = exp(0) = 1 and therefore there is n € Z such 
that o(0) = 1,(0). It follows that o = t, and G(exp) x Z = m,(C*). 

(2) fH = {zeC: Rez < O}and D* = {ze C:0 < |z| < 1}, thenexp: H > D* 
is the universal covering space as earlier, and one has 1,(D*) ~ Z. 


5-11.7. Theorem. Let X, Y be two connected topological manifolds, q: Y ~ X 
a covering map, and p: X + X the universal covering of X. Let f: KX > Y bea 
lifting of p. Then f is a covering map and there is a subgroup G of G(p) such 
that (up to homeomorphism) Y = X/G. M oreover, G is isomorphic to 7,(Y). 
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Proor. We know that G(p) acts freely and condition (&) is satisfied (by §5.8.4). 
Therefore, if G is a subgroup of G(p), X is a covering space of X/G since G 
also acts freely and (#) holds for G (§5.8.1). Hence, to prove the theorem is 
sufficient to show that f:X > Y can be identified to the canonical map 
X ~ X/G for a convenient subgroup G of G(p). By §5.8.3 it will also follow 
that G = z,(Y). 
oot first observe that if o € G(p) then fo a is also a lifting of p. Consider 
= {geG(p): foo =f}, the group of isotropy of f. If ze X,o€G, and 
z’ = o(z) then it is obvious that f(z) = f(z’). Conversely, let z, z’ ¢€ X in the 
same fiber p~'(x), x € X, be such that f(z) = f(z’). Since G(p) is transitive, there 
is o € G(p) such that o(z) = z’. It follows foo = f, since the two liftings of p 
coincide in z. To conclude the proof we need to show that f is open and its 
image is closed. This will imply that f is surjective and Y is homeomorphic 
to X/G. First, f is open. Namely, if W is a connected open set on which p is 
injective and p(W) is trivializing for q, then on W we have that f is injective, 
since p = qo f. Furthermore, f(W) is a connected subset of gq ‘(p(W)), but 
f(W) intersects every fiber of g above p(W). Hence f(W) must be a connected 
component of the open set q~'(p(W)). It follows that f(W) is open in Y. Second, 


let us show that f(X) is closed in Y. If ye f(X) and x = q(y), choose a 
connected open neighborhood of x trivializing g. There is a unique component 
U, of q7(U) that contains y. Let V < U be a connected open neighborhood 
of x which trivializes p and such that f(V) < q™‘(U). Every component of 

p'(V) has its image under f contained in a component of q ‘(U). Therefore 
v, contains the image of a component V, of p ‘(V). Since there is z, € V, such 
that p(z,) = x we have f(z;) e f(X)o U, and q(f(z,)) = x. This implies that 
f(z,) = y since already q(y) = x and q|U, is injective. This proves entirely the 
theorem. a 


If one analyzes the proof of the existence of a universal covering space for 
a topological variety and the one of the existence of a maximal analytic 
continuation for a genus admitting analytic continuation along every curve, 
both obtained as applications of the notion of cocycle, one realizes that the 
manifold Y for which the maximal analytic continuation exists is a quotient 
of the universal covering space X of the manifold X on which the germ f was 
defined at x, € X. In fact, one should consider the subgroup H of 2,(X, xo) of 
those loops [a] such that the analytic continuation of f along « coincides with 
the original germ f. Then Y = X/H. More precisely we have the following 
proposition. 


5.11.8. Proposition. Let X be a connected Riemann surface, p: X > X a uni- 
versal covering space of X, zo ¢ X, and f € Oy,,, a germ of a holomorphic 
function admitting analytic continuation along any curve in X which starts at 
Zo. Let as in §5.6, p,,: Oz,., > Ox,,, be the inverse of the map p™ : Oy 2, > OF 26 
given by p*(@,,.) = (@° P),.- Then, there is a holomorphic function f on 
X and a point €(,€X such that p(Co) = Zo, Dal be.) = fog and, moreover, 
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there is a maximal analytic continuation (X*,s, f*,€)) of f,, with S(Eo) = Zo 
and 


f=f*or, 
where r: X > X* is the lifting of p such that r(E,) = Co. 


Proor. We use the notation from the construction of X in §5.11.3. We see 
that for every path y joining zp to z, € U, there is f, ¢ #(U;,), obtained as in 
§5.7.5 by analytic continuation along y. The function yw defined on 
Y := Ow x U, x E; (where E, is the set 2,(X,z,z,), z, € U,) by 


¥i,0 Ly) = £0) 


induces a holomorphic function f : ¥ > C given by 


f4@660)) = ¥65D) = 400, 


with @: Y > X as in §5.7.2. 
In the same way, if we recapitulate the construction in §§5.7.5, 5.7.6, 5.7.7 
and 5.7.8 of X*, there is a function ¢ defined on Y* := |) {i} x U, x E, where 


iel 


here E, 1s E, modulo the equivalence relation p,;, [y]p,[y'] ifand only if f, = fy), 
1) defined by 


0% OCD] = £0) 


(LLy]] the class of [y] modulo p,). It induces a holomorphic function f* on 
X* by 
fFa*G 6001) = 66 OLD) = £0, 


with q* : Y* - X* as in §5.7.2. 
It is now immediate that if r is a lifting of p and we choose €, € r“4(Cy), then 


ftor=f O 


The Riemann mapping theorem characterized B(0, 1) as the “only” simply 
connected plane domain. A generalization of it is the characterization of the 
universal covering spaces of every Riemann surface. This is the content of the 
following theorem, usually called the uniformization theorem. The reader will 
find a proof using many of the concepts developed in this book in [Fo]. A 
rather different proof appears in [Car]. 


5.11.9. Uniformization Theorem. The universal covering space X of a connected 
Riemann surface X is biholomorphic to one of the three surfaces S”, C or B(O, 1). 


5.11.10. Definition. The connected Riemann surface X is said to be elliptic, 
parabolic, or hyperbolic, if X is biholomorphic to S*, C, or B(0, 1), respectively. 


3.11.11. Proposition. An elliptic Riemann surface is biholomorphic to S?. A 
parabolic Riemann surface is biholomorphic to one and only one of the three 
surfaces C, C\ {0} or a complex torus C/T (see §5.5.7). 
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ProorF. If X is elliptic then p : S?-> X isa covering map and _X is biholomorphic 
to S?/G(p), G(p) a subgroup of the group Aut(S*). All the automorphisms 
of S? are of the form 


6 


b 
et (° ’) € GL(2,C). 


Such a map has necessarily one fixed point. On the other hand, two elements 
of G(p) that coincide at one point coincide everywhere, hence G(p) = {ids2} 
and X = S?. 

If X is parabolic then it is conformally equivalent to C/G(p), G(p) a 
subgroup of Aut(C). Hence, we need to find out all the discrete subgroups of 
Aut(C) that do not have fixed points. Since any automorphism of C has the 
form 


zreaz + b, ae C*, beC, 


the only way it would not have a fixed point is that a = 1. The discreteness 
condition implies that G(p) can only be one of two types: 


(i) there is w € C* such that G(p) = {z>z + nw:ne Z}; 
(ii) there are w,, w, € C*, w,/m, ¢ R such that 


G(p) = {zh z+ mo,+nw,:mneZ.} 


In the second case X = C/T, [=a,Z@o,Z. In the first case, 


7 . oe , 

p(z) = exp (2 :) is a concrete realization of the covering map p:C ~+ C* 
Ti 

with group G(p) isomorphic to wZ. So X is conformal to C* in the first case. 


a 


Note that the four cases that appear in the last proposition, S*, C, C*, and 
C/T are topologically different. For instance, S* and C/T are both compact, 
but one is simply connected (x,(S*) = 0) and the other is not. The first 
corollary of this observation is the following. 


5.11.12. Corollary (Little Picard Theorem). Let f ¢ #(C). Then, either f is 
constant or C\ f(C) contains at most one point. 


Proor. Let a, be C\ f(C), a ¥ b. The Riemann surface X = C\{a,b} is not 
homeomorphic to either C or C*, since 2,(X) # {0}, Z, and it is clearly not 
compact. Therefore ¥ = B(O,1). Let p: B(0,1)-—> X be the covering map. 
Since f:C - X and C is simply connected, there is a holomorphic lifting 
g:C — B(O, 1), f = pog. By Liouville’s theorem, g is constant, a fortiori, f is 
also constant. LJ 


Compact connected Riemann surfaces are topologically characterized by 
their genus g, the number of “handles” one has to add to S* to obtain (up to 
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homeomorphism) X. Then g = 0 for S*, g = 1 for a complex torus. Another 
immediate consequence of §5.11.11 1s that a compact Riemann surface X with 
genus g > 21s hyperbolic. In fact, one can also prove that if genus g < 1, then 
X is not hyperbolic (see [Fo]). For instance, if X is compact connected and 
g = Othen X is conformal to S?. 

For noncompact Riemann surfaces the classification is harder to accom- 
plish. Even for a seemingly simple example like the Riemann surface defined 
by the equation 


e+e" = I, 
takes considerable effort to show it is parabolic [De]. Good references on this 


subject are [AS] and [Nev]. 


EXERCISES 5.11 
1. Show that two covering maps of X = B(0, R)\ {0} (0 < R < o) having the same 
multiplicity are necessarily isomorphic. Is X = B(0,R)\{0} essential for the 
correctness of this result? 


2. In R° consider the segments A, B,, A,B,, AB, such that 
A,=(0,—1,1) B, =(0,2,1) 
A, = (0,2, 1) B, = (1, 2,0) 
A, = (1, 2,0) B, = (1, 0,0) 


. . 
Let Z be the union of those segments and the set i(« sin®,0) ‘O<x<n 
x 


and Z, = Z + (0,0,n), ne Z. Let p: R® > R* be the projection (x, y,z)r(x, y), 
X = p(Z), and Y= J Z,. Show that X is arcwise connected, Y is a connected 
ne £ 


covering space of X whose connected components by arcs are the sets Z,, but no 
Z, 1S a covering space for X (with the map p|Z,). Show further that Y is not 
trivializable, even though X is simply connected (compare with §5.9.2 and §5.10.4). 


3. Is the cocycle associated to the covering map C* > C*, z+ z* and the covering 
U,,..., U, of C* given by 
U, = {ze C:Rez > 0}, U, = {zeC:Rez < 0}, 
U, = {zeC:Imz>0}, U,={zeC:Imz <0} 


trivial? 
Same question for the covering map z+ z" and an open covering of C* defined 
similarly. 


4. Show that the two-sheeted covering map m: S* + SO(3) constructed in Exercise 
5.4.9 is a Galois covering. Determine the group G(m). 


5. Are the covering maps associated to the functions z‘” in C* Galois coverings? 
(See Exercises 5.7.1 and 5.7.2.) Same question for ./z(z — 1). Determine the group 
of automorphisms of those coverings. 
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6. Let X be a Riemann surface and @(X) the space of complex-valued continuous 
functions in X. 
(i) Let f € G(X) be such that f(x) # 0 for every x € X. 
(a) Show there is an open covering (U,);., of X and continuous functions 
g,;: U; > C such that f,|U, = e%. 


1 
(b) Show that the functions h, , defined by h, ; = 5) (91 —g,)in U AU, 4 @ 
Ti 


and h,, = 0 if U,\U, = @, determine a cocycle of the open covering 
(U;);.,; with values in C. 

(c) For every ie J, let g; be another continuous function in U, such that 
f\U, = e%, (hy, ),., the corresponding cocycle. What can you say about the 
cocycle (Ay, — Ay kr? 

(d) What does it mean that the cocycle (h, ,), ; 1s trivial? What can you say 
about (h, ;),, if X is simply connected? 

(41) Assume that X is compact and let Y = (U,,..., Uy) be a finite open covering 
of X, (@;),;<;<y a C® partition of unity subordinate to the covering WY 


(ic supp(a;) S U,,) a, = i) Let (hy 1): <k.1<n be any cocycle for the covering 


W& with values in Z. For each k, i < k < N, let 
N 
g,=2ni Y¥ ah, in Y. 


i= 
(a) Show that g, is continuous in U,. 
1 , 
(b) Show that —~(g, — 9,) = hy., in U, 0 U). 
Ti 


(c) Show that there is f € @(X), never zero, whose associated cocycle (1e., the 
one constructed in (i)) is the given cocycle (h, )), 1. 


7. Let T, = @,Z2@o,2Z, T, =4,Z2@2,Z be two lattices of rank two in C (te, 
{w,,@,} and {«,,a,} are two R-basis of C). Assume there is a complex number 
t # O such that tm,, tw, ET). 
(i) Show that the function f: C > C, f(z) = tz induces a covering map p: C/T, > 
C/T, such that G(p) isomorphic to the group [,/7T,. 
(ii) Find all the holomorphic maps g: C/T, - C/T, which map 0 into 0. 
(itt) Find all the biholomorphic maps of C/T, into itself. 


8. Let p: Y- X be a Galois covering, with both X and Y connected and locally 
arcwise connected. Assume 7,(X) is generated by N loops y,,..., yy. For x9 € X, 
yep ‘(x ) let y-[y,] represent the endpoint of the lifting of y, which starts at y. 
Show that knowing the N transformations p-'(x,) > p (xo) given by yr y-[y,] 
completely determines the group homomorphism p: 72,(X, xX.) ~ G(p) (see §5.10.6 
for the notation). 

As an application, find G(p) for the coverings of C\{0} associated to z 


of C\ {0,1} associated to ./z(z — 1). 


9. Let X, B be two connected locally connected spaces, p: X — B a covering map, A 
a topological space, f: A > B a continuous map. Let 


Y:= {({a,x)e€ A x X : f(a) = p(x)}, 


assumed to be # @ and with the topology induced by A x X. Let p,: YA be 
the map p,(a,x) = a. 


im and 


§11. Universal Covering Space 557 


(i) If U is a connected open neighborhood of b = f(z) which trivializes p, show 
that V = f~'(U) is an open set trivializing p,. (Hint: if “(U) is the set of 
sections s of p over U consider the set Y(V) of maps 


a(s):a€ V — (a, s( f(a))) 


and show that 

(a) o(s)(V) is an open subset of p;'(V); 

(b) Ifs, #s,, then s,(U)Os,(U) = @ and a(s,)(V) No(s,)(V) = DO; 

©) riV= U os). 

se S(U) 

Conclude that (i) is correct. 

(ii) Show that p,: Y + Ais acovering map (called inverse image of p: X — B by f). 

(iii) Show that there is a unique morphism H of covering maps, H: Y > X, such 
that if g: D - A is any covering map andr: D > X is a continuous map that 
satisfies po r = fo q, then there is a unique continuous map o: D — Y verify- 
ing p,co=qand Hog=r. 


Figure 5.10 


This problem will be used in the following one.) 


10. (Universal covering space of SL(2,R)): Consider the topological group 
G = SL(2,R) defined by 


G= ( j)iabode R,ad — bc = i 
c ad 


with matrix multiplication as the operation of G. It has two subgroups 


1/t 
a=4(\ "):t> ouvert 
0 tft 
cosG —sin@ 
K= -GeER>, 
(ey a) “ 


all of them considered with the topology induced by R¥*. 
(i) (a) Show that the map yw: B x K — B, u(b,k) = bk, is byective and continuous. 
(b) Let L be a compact subset of G. Show there exist two constants a > 0, 
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§ > O such that 
max(|a|,{b|,[cl,|d|) < B 


e+d*>a 


a b 
for every (' ;) é L. Conclude that 4 is a homeomorphism from B x K 


onto G. 
(c) Show that G is connected and, using that the fundamental group of a 
product is the direct product of the fundamental groups, determine 7, (G). 
(ii) (a) Let P = {ze C:Imz > 0} and to g € G associate a Moebius transforma- 


b 
tion as follows: if g = (* ) then 
c 


— az+b 
g\2) = cz +d 
Recall that 
Im g(z) = _imz 
[cz + dl? 


and, hence, g maps P into P. 
(b) Consider the map J:G x P->C given by 


J(g,z)=cz+d. 


Show that J is continuous and never zero. 
(iii) As usual, denote by S' = {ze C:|z| = 1}. Let 9: G—S' defined by 


(9) = IG) 
|J(g, i)| 


and p: G > G the covering map which is the inverse image by @ of the covering 
map q:R— S', q(x) = e*. (See preceding exercise.) Then 


G = {(g,0)6€G x R: o(9)=4(9)}, pg, ®) =g. 


(a) Let A be a subset of B x S' x R of the triplets (b, z,@) such that z = (0). 
Show that the map y:B x S' x R-G x R induced by p determines a 
homeomorphism from A onto G. Conclude that G is homeomorphic to 
Bx R. 

(b) Find the fundamental group of z,(G). 

(iv) Consider the map 7: G x P > S' defined by 


J(g,z) 
|J(g.2)| 


(a) Show there is a unique continuous map w: G x PR such that 


xg, z) = 


tal y,Z) 


x(p(y), Zz) = e 


0 1 
(b) Find w(y,1) in terms of y = (g, 8). 


1 0 
satisfying w(é,i) = 0, where @ = ( ) 
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(v) Denoted by m: G x G > G the group multiplication (g,,92)>-9192- 
(a) Show that there is a unique continuous map m: G x G — G such that 


p(m(y1,¥2)) = m(ply1), Pla), 
and 
rin(é, &) = @. 
(b) Compare the two maps of G x G x Ginto G 
(V1.2. Y3)r> MUMMY, 72), 73) 
(1,725 ¥3)r> My, Mp2, 73). 


Compare also the maps from G into itself 


yro m(y, 2) 
yre m(é, y). 


(c) Do the same as in part (a) to lift to G the mapi: G > G, grog". 

(d) Prove that there is on G a unique structure of (topological) group such 
that p: GG becomes a group homomorphism and éis the group identity. 

(vi) Let V be an open connected neighborhood of éin Gand h: V > Racontinuous 

local homomorphism (ie., if y,, y, € V are such that y,, y, € V then h(y, 72) = 

h(y,) + h(y2)). . 

(a) Show there is an open neighborhood U of é in G such that U = U™', 
U? < V,and G = || U*. 


n> i 


(b) For y € G consider the map 
h,:U-y>R 
h,(6) = h(dy~*). 


Construct a cocycle (g, 5) for the covering (U -y),.g with values in R, R 
considered with the discrete topology. Use this cocycle to show there is a 
unique group homomorphism h: G > R which extends h. 
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of Jf (z), f a polynomial in C[z]. In the next section we will consider the 
general case of algebraic functions, 1.e., functions w = w(z) defined by equa- 
tions of the form P(z, w) = 0, with P e C[z, w]. The previous case corresponds 
to the equation w? — P(z) = 0. 

In the previous sections, by way of exercises at least, we have seen how to 
obtain a Riemann surface for / 2, ./2z(z — a), etc., Le., a covering surface of 
S*\ {00,0}, S*\ {c0, 0, a}, etc., where the function ./z, resp. ./z(z — a), is well 
defined. In order to “pluck the holes” we need the concept of branch point of 
a holomorphic map. 
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5.12.1. Definition. Let X, Y be two Riemann surfaces, p: X — Y a nonconstant 
holomorphic map. A point z € X is called a branch point (or ramification point) 
if, for every neighborhood V of z, p| V is not injective. It is easy to see that this 
is equivalent to the statement that there are charts (U,@) of X about z and 
(W,wW) of Y about p(z), and an integer k > 2 such that 


(i) p(z) = W(p(z)) = 0 
(i) p(U) SW 
(iii) (yo po @')(u) = u* for ue @(U). 
One says that z is a branch point of order k — |. 

When X and Y are connected Riemann surfaces and p:X > Y is a 
nonconstant holomorphic and proper map, then the set A of branch 
points of p is a closed discrete subset of X. Moreover, B = p(A) is also 
closed in Y. The latter assertion follows from the fact that pis proper, hence a 
closed transformation. It 1s clear that if A had an accumulation point z, the 
function yy o po p': @(U) > C would have u = 0 as an accumulation point 


d 
of zeros of rAd opog*). It follows that p would be constant on U, hence 


everywhere. 
The set B is called the set of critical values of p. 


5.12.2. Definition. Let X, Y be two Riemann surfaces. One says that a non- 
constant holomorphic map p: X — Y is a branched covering map if the three 
sets, A of branch points, B = p(A) of critical values, and p~'(B), are all closed 
discrete sets, and, furthermore, p: X \p~‘(B) > Y\B is a covering map. 


Remark. In case one also assumes p is proper and Y connected, then the 
number of sheets n of p: X\p '(B) > Y\B is a well-determined integer. One 
says then that p is an n-sheeted branched covering. 

We are going to study first the Riemann surface of ./ f(z), 


(2) = (2 — ay)... (2 — a), 


where the a; are distinct complex numbers. 


§.12.3. Proposition. There is a compact connected Riemann surface X and a 
two-sheeted branched covering map n: X — S? such that the set of critical values 
B & {a,,...,a,, ©}, the set of branch points A coincides with x~'(B), and there 
is a function F € M(X) such that F? = fox over X\A and for any z € S*\B, 
if m*(z) = {01,02}, then FC.) = —F(C,). 

Furthermore, if (X, 7, F) is another triple with the same properties, then there 
is a biholomorphic map o : X > X such that noo = and Foo = F. 


Proor. For every z €Q = S?\{a,,...,a,, 0}, the polynomial wr w* — f(z) 
has two distinct roots which determine two germs @,, w,¢ ©, such that 


=r = fr. 
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Let X, be the subset of the sheaf 0, of all the germs , € @,, z € Q, such 
that ~? = f,. Denote by z the restriction to X, of the canonical projection 
Og 7 Q(Le., 1(p,) = 2). 


5.12.4. Lemma. For every z €Q, let B(z,d) © Q. Then there exist two holo- 
morphic functions f,, f, € #(B(z, 6)) such that 


(i) w* — f(C) = (w — f,(0))(w — f2(0)) for every ¢ € Biz, 6); 

(ii) 27 (B(z, 6)) = N(B(z, 4), f,) O N(BC, 9), f,) (notation of §5.6); 
(iii) | N(B(z, 0), f;): NCB, z, 0), fj) > B(z, 0) is a biholomorphic map, j = 1, 2; 
(iv) 2:27 '(B(z,5)) > B(z, 6) is a two-sheeted covering map. 


Proor. There are exactly two determinations, f, and f, = —/f,, of Jf on the 
simply connected set B(z, 6). The rest is obvious. O 


This lemma ensures that X, is a Riemann surface and 1: X, ~Q is a 
two-sheeted covering map. 

Let now F: X, ~C be defined by F(g,) = 9,(z). The funtion F is holo- 
morphic (as already shown in §5.6) since locally, f = poz, with @ holo- 
morphic. Moreover, F(z)* = (9,(z))* = f(x(@,)) = f(z). To end the proof of 
the proposition we only need to pluck the holes lying over a,,..., a,, ©. 

(a) For every 1 <j < n, choose r, > 0 sufficiently small so that the closed 
disks B(a,,r;) are disjoint. 

The function g,(z) = |] (z — a,) does not vanish in B(a;,r;), hence there is 

Aj 
h; € #(B(a,,r;)) such that h? = g, in that disk. Hence 
f(2) = (z — a)(hf2))’, © B(a;, 75). 

If O<p<n, OER, let €=a,+ pe”. There is a unique ¢, € G such that 
gp; = f-and ¢,(¢) = J, pe’’*h(C). Performing the analytic continuation along 
the circle 0B(a,p) of the initial germ at 0 = 0, one obtains the opposite germ 
when 6 = 2x. Let U; = B(a;,r;)\{a;}, Vj = x *(U;), then 2: V, > U, is a covering 
map with two sheets. 

(b) Let r > max{la|:1 <j <n}. Then U = {zeC:|z|>r}U {oo} is an 
open neighborhood of 00 in S?, biholomorphic to a disk, and does not contain 
any a;, On U\{0o} one can write 


J (2) = 2"h(2), 


with h holomorphic in U and h does not vanish. 

If n is odd there is then a meromorphic function k in U such that f(z) = 
z(k(z))* for z e U\ {oo}, and the only possible pole of k is at z = oo. 

If n is even there is a meromorphic function k on U such that f(z) = (k(z))* 
in U\ {oo}, and the only pole of k occurs at k = oo. 

As before, we let V = x~*(U\{oo}) and obtain that 7: V+ U\{oo} is a 
two-sheeted covering map. If n is odd, V is connected, but, if n is even, it is 
not. The reason is that a germ 9, with g? = f,, € € U\{0o}, can be taken as 
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the germ k, (or —k,), and analytic continuation along the circle 0B(0,|C}|) 
returns to the same germ and not to its opposite. 

To construct X we are going to “glue” a disk V, over V; and one or two 
disks Vover V, depending on whether V is connected or not. As a set X shall 


be the union of X, and {a,,...,a,, ©} or {a,,...,a,, ©, 0'}. 
Assume first that n is odd. Consider the topological space X, which is the 
disjoint union of X,, V,, V2,..., V,, V, where V,is a copy of B(a,,7,), 1 <j <n, 


and V is a copy of U. We introduce in X, an equivalence relation # defined 
as follows: 


(i) For 1 <j <n, we consider the two coverings of U; = B(a;,r,)\{a;} 
nV, U, 
and 


2 
p;: U; > U;, pz) = a, + 29 
J 
and show these two covering maps are isomorphic. Namely, let us define 
¢;: V,— U,as follows: fix €g € V;and Cy € U; such that 2(¢)) = p,(¢o). For ¢ € V, 
there is a path y, in V, joining ¢€, to ¢. Let y, be the lifting, starting at Co, of 
the path no y,. Set 7,(¢) = y,(1) = endpoint of y,. It is easy to verify that 
¢;: V; + U; is a biholomorphic map such that p,; 0 ¢; = 7. 
(41) The same way one constructs an isomorphism of coverings f: V —- 
U\ {oo} between the connected two-sheeted covering maps 7: V + U\{o} 


2 
and p: U\ {00} > U\ {a0}, plz) = —. 


Now, the relation & consists in identifying the points in X, that correspond 
to each other by isomorphisms /,,..., 7,, ¢. We leave to the reader the easy 
task of verifying that X = X,/@ is a connected compact Riemann surface. 

X, is a dense open subset of X, X\X, = {G,,...,4,, ©}, where d,, resp. %, 
is the class of a;, resp. 00, modulo &. The original map 2: X, ~ C can be 
extended by continuity to X setting 2(@,) = a;, n(®) = oo, obtaining a map 
nm: X — S* which is a holomorphic, proper, branched covering map. The 
branch point set A = {4,,...,4,, ©}, the order of every branch point is exactly 
1, and 2(A) = B = (a,,...,a,, ©}. 

We already know that the function F defined on X, by F(g,) = ~,(z) 1s a 
holomorphic function satisfying F* = fo x. We define it at 4, by F(a,) = O and 
F() = oo. It is easy to verify that it is a continuous map X -> S?, hence 
F € “(X) with a pole at oo. 

In case n is even, the construction is the same, except for the fact we have 
two copies of U, say V and V’, in X,. The corresponding maps p, p’ are just 
the identity. The only difference is that X\X, = {4,,...,4,,0,0@’}, A= 
{d,,...,4,), and B = {a,,...,a,}, ie. the points at infinity are not branch 
points any longer. We let F(a,) = 0, F(%) = F(&’) = oo to obtain the corre- 
sponding meromorphic map. 
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Finally, let us verify the essential uniqueness of the construction. There is 
an isomorphism of two-sheeted covering maps a: X,—- X,, 


X, = X\#'({ay,...,4,,00}), 


defined as follows: For z € X,, let U, be an open neighborhood of z in X,, 
biholomorphic to a disk, such that | U, is injective. The function F o (#|U,)™ 
is holomorphic in the neighborhood z(U_) of the point 7(z), let @, denote the 
corresponding germ in O,,. We set o(z) = ¢,. It is now easy to verify that 
o:X,—-X, 1s a biholomorphism which extends to a biholomorphism in 
X — X with the required properties. CO 


5.12.5. Definition. The Riemann surface X just constructed is called the com- 
plete Riemann surface of the algebraic function ./ f(z), f(z) =(z—a,)... 
(Zz — a,), @,,..., G, distinct. 


EXERCISES 5.12 


1. Let a,, a, EC, a, #a,. Using the method of cocycles, construct a two-sheeted 
covering mapz: X, > C\{a,,a,} anda holomorphic function F : X, — C such that 
for every ze C\{a,,a,}, m *({z}) = {C,,0,} one has F(C,) = —F(C,) and F? = 
fox, with f(z) =(z — a,)(z — a,). We suggest using the following two simply 
connected open sets U,, U, that verify C\{a,,a,} = U,UU,, (D,, D,, A,, A, 
are parallel rays). 


Figure 5.11 


2. Same as in Exercise 5.12.1 with n distinct points. 


3. Let a,,..., a, be n distinct complex numbers. Let f(z) = (z — a,)...(z — a,), 
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X, = {(z,w)e(C\{a,,...,z,}) x Cw? — fiz) = 0}, 


and 7(z,w) = z. Show that 1: X, ~ C\{a,,...,z,} is a two-sheeted covering map 
and there is a holomorphic function F : X, — C such that for every z e C\ {a,,...,a,$, 
n-*({z}) = {01,02}, one has F(¢,) = —F(l,) and F? = fon. 


function such that F(a) = 0, F(oo) = o, and F(¢)? = n(¢) — a given in Proposition 
3.12.3. Show that F is a biholomorphic map. In other words, X is conformally 
equivalent to S?. 


5. Let f(z) =(z—a,)... (2 —a,), a,, ..., a, distinct. Let age C\{a,,...,a,} and 
the y, that appear in the Figure 5.12, the generators of 2,(C\{a,,....,a,},dp) 
(see Proposition 1.6.27). Let 9,,€©,, be a solution of pe, = f,,. For a loop 
y em, (C\{a,,...,Z,$,49) describe the action of y on g,, in terms of the expression 
of y in the basis y,,..., ),. 


Figure 5.12 


6. Let f(z) = (z — a,)...(z — a,), a,,..., a, distinct, 2: X — S* the complete Riemann 
surface of /f and X, = 2 '(S*\{a,,...,a,,00}). Show that 7: X, > C\{a,,...,a,} 
is a Galois covering. What can you conclude about the group G(x) of auto- 
morphisms of the covering? 


7. Let f and X be as in Exercise 5.12.6. Given g € .@(X) show there are two mero- 
morphic functions c,, c, in S? (i.e, two rational functions) such that g verifies the 
equation 


g? +(c,°on)g + (c,°7) =0. 


Conclude that the map .#(S*) > M(X), hi-ho n, is a field extension of degree 
2. (One can construct c,, c, on the open sets U,, (U;); open covering trivializing 
na: X,—+C\{a,,...,a,} by considering the two functions g, ,, j = 1, 2, defined by 
9:,; = (glV,,)° (nV), where 1"(U) = V,, U V,, and then defining c;,,, c;,. by 
the formula 


we + C.ywt+ecj 2g = (w — Gi. )(w — Ji,2)-) 


distinct. Prove that X cannot be biholomorphic to S*. (One can consider the loops 
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Figure 5.13 


V1>Y2in C\ {a,,a,,a,} suggested in Figure 5.13, and lift them to two nonhomotopic 
loops in X.) 
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We proceed to construct the complete Riemann surface of an algebraic func- 
tion along the same lines as was done for Jf in the last section. 


3.13.1. Definition. Let P(z,w) e C[z,w] be a nontrivial polynomial in two 
variables. The (unbranched) Riemann surface Xp of the equation P = 0 is the 
largest open subset of the sheaf 0, formed by the germs ¢~, of holomorphic 
functions satisfying the equation P(¢, p,(f)) = 0 in a neighborhood of z. 


Remark. One could define an analogous notion for an equation A = 0, with 
A a holomorphic function of two variables. For instance, A(z, w) = e” — z = 0. 
In this case, the holomorphicity in ¢ of A(¢, @,()) for any germ ¢, is clear. The 
surface X, can be cononically identified to the unbranched Riemann surface 
of the logarithm constructed in §5.5.7. 


Given a polynomial P € C[z, w] one can write it as 
P= P7}'... Py" 


with P; irreducible, i.e., prime in the factorial ring C[z, w]. We claim that the 
surface Xp is the disjoint union of the surfaces X p, It is clear that if p, € X P, 
then P(¢, 9,(¢)) = Oina neighborhood of z. On the other hand, the set of points 
in C* defined by P(z, w) = P(z,w) = 0, i #j, is finite. Therefore, a germ g, 
cannot belong to Xp VX p This shows that Xp 2 ) Xp, Finally, let 


1<j<N 
gy, € Xp be defined in B(z,r) and let zy € B(z,r) be such that there is no wy and 


a pair i Aj with P{29,Wo) = P(zo, wo) = 0. Since P(z9, 9,(Zo)) = 0, there is 
only one index, say ig, for which P, (zo, @,(Zo)) = 0. In a neighborhood of zy 
we have therefore P.(C, p,(¢)) # Oifj # ip. Hence P. (Cc, p.{C)) = 0 for all points 
in a neighborhood of z, and we can conclude P P.(¢, p.(C)) = 0 in B(z,r). In 
other words, @ € Xp, and, hence, Xp = =U Xp. 
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Therefore, we can assume from now on that P is irreducible and write 
P(z, w) = do(z)w" + a,(z)w") +--- + a,(2), 


with a; € C[z] having no common factor and ay # 0. 

Except for the values z which are zeros of dy, the equation (in w) P(z, w) = 0 
has n roots. Except for a finite number of additional values of z, these n roots 
are distinct. We denote by A(P) the set of those exceptional values of z; this 
is called the set of critical points of P. For simplicity we add oo to A(P). In 
this way, A(P) is the union of 00, the roots of ay, and the z e C such that the 

oP oP 
two polynomials in w, P(z, -) and 3 yy (2 -), have a common root. (P, Ay have 
only finitely many common zeros, thanks to the irreducibility of P.) 


§,13.2. Lemma. Let z, € S*\ A(P) and w,, ..., w, be the distinct roots of wr 
P(Z, w). There are germs @,, ..., P, € O,, such that p(Z 9) = w; and 


A(z) [| (w — p;{z)) = P(z,w) 
jz 
for every z in a neighborhood of zy and we C. 


PRooF. Let ¢ > 0 be such that the closed disks Bw, €) are disjoint. Let r > 0 
be such that P(z,w) # 0 when |z — z)| <r and |w — w| = « for some j. By 
Rouche’s theorem, for each fixed z, |z — zp| < r, there is only one zero of 
P(z, w) = 0 in B(w,, e), and it is given by 


(2) = l wee ”) dw 
DI | ope, OW PCW) 


The functions 9, €¢ #(B(w,,&)) and clearly satisfy the other conditions of the 
lemma. a 


Let us consider now the situation in a neighborhood of a point 
Zo € A(P)\{oo}. Let e > 0 be such that B(zo,e) 7 A(P) = {z)}, and define 
V,, = @ *(B(Zo,8)\{Zo}) 0 Xp, where 2:O--—C is the canonical projec- 
tion, x(g,) = z. For every open simply connected subset U of B(Zo, €)\{Zo} 
we can now construct, thanks to the lemma, n holomorphic function 
fl, ..., f," in U, such that for each ze U the distinct roots w,, ..., w, of 
P(z, w) = O are given by the values f"(z),..., f(z). Hence 

a *(U)VXp= VW N(U,F") 
i<j<n 
and x|N(U, f°): N(U, f,") > U is a biholomorphism for every j. This shows 
that 


1: Vz, > B(Zo5€)\ {Zo} 


is an n-sheeted covering map. 
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Let y be a generator of 2,(B(Zo, €)\ {Zo}, @) of index 1 with respect to Zo. 
The nelements f, ,,...,f,.2 € ©,, which are germs of distinct roots of P(z, w)=0 
near z = a, can be continued along y into a new system of roots which are a 
permutation o of the original ones. We denote them by fo,1) 4. ---> Sou,a- One 
can decompose o into disjoint cycles. For instance, up to renumbering, we 
could have o(1) = 2, o(2) = 3,..., o(g — 1) = gq and o(q) = 1 for some g < n. 
This means that if we start with f, , then continuing along y we obtain /, ,, 
continuing once more we obtain /; ,, and after q times we come back to f, ,. 
In this situation, the following property holds. 


5.13.3. Lemma. Let f, ¢ ©, be a germ admitting analytic continuation along any 
pathin U = B(Zo,&)\{z9} that starts at z = a. Let y be the generator of 1,(U, a) 
that has index 1 with respect to zy). Assume that the analytic continuation of f, 
along y‘ is equal to f,. Then there is a Laurent series convergent in B(0, e'/*)\ {03 
such that 


Si(Zo + (C — Z9)) = y C,(C — Zo)". 


ne Z 


Proor. We can assume without loss of generality that z) =0, ¢= Il, 
U = B(0,1)\{0}. Let be U be such that b’ =a. The map g:¢-—¢4 of U 
into U has the property that the germ g, of f,o @ at ¢ = 6, when con- 
tinued along y, returns to itself. By the monodromy theorem, g, determines 
a holomorphic function in U. This function can be expanded in a Laurent 
series ) a,¢" in U, hence 
neZz 
Jalo*) = d cn6", 


as we wanted to show. CT] 


Applying the lemma to f, , one finds 
fialZ0 + (C — 20)%) = d Cy(S — 2)" 


for a series f(t) = y c,t" convergent in B(0,«'/4)\ {0}. It is usual to write 


RE 


E = 2) + (€ — Zy)*, hence 
fi,alS) — » CalC ~ Zo)", 


eZ 


which is called a Puiseux series representation for f, ,. In terms of f we have 
fi (€) = f((E — z9)"4). With this notation the different branches f, ,,.... fo. 
can also be written as 


Fal) = f(E— 20)", I sis@, 


where one just takes into account the different choices of the root. If (é — z,)*4 
is the choice of f, ,, the others are e?"/")P/4(E — z9)"'%, Le., 
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FialE) = fe? NE — Zo)" = YD cgle?MO- VINE — zo) 4T" 


nE 


or 


Fi.alZo + (C —Z)) = J c,Le7™F-/9(C — Zo) ]". 
néeZ 
If q <n, then one can consider the different cycles of fo41.4,---> Sn.q» and find 
corresponding Puiseux series expansions for the different roots. 
If we are in the situation where a)(z,.) # 0, then the solutions w of P(z, w) = 0 
remain in a bounded set when z is near Z,. In fact, the functions a,(z)/ao(z) are 
bounded in a neighborhood of z,, and from the expression 


oe a, (z) n-1 tes a,,(Z) 
— Gan me ) 


we see that either |w| < 1 or 


ai(z)  ao(z)1 |, a(2) 


A(z) ao(z) w ay(z) w" 


a,(z)|__ |aa(z) a,(z) 
Ag(Z)| | @o(z) Ao (Zz) 
In other words, if « > 0 is sufficiently small so that a)(z) 4 0 in |z — Zp| < «, 
we have that any root w of P(z, w) = 0 satisfies 


ed ooe 
— 


Q,(Z) + -°° + |a,(Z 
pw) max 1 max |a,(z) +-** + 1a,{2)| 


<M <o. 
|z—-Zyp|<a |a9(z)| 


Therefore, the different branches f,, of the first cycle, or if one prefers, 
fi .a(Zo + (€ — Zo)*), remain bounded when ¢ > zy. This implies that f is holo- 
morphic even at t = 0, so that 

FialS) = d CE — 2)", Leja. 
The same happens for every cycle of the permutation o. What does this mean 
for the covering map 1: V,, + B(Zo,8)\ {Zo}? 

If g = 1, there is only one branch in the cycle, which is then the restriction 
to B(zg, €)\{z)} of a holomorphic function in B(Z,é). This corresponds to 
a connected component of V,,, which has only one sheet. 

If q > 2, the cycle corresponds to a connected component of V,, of exactly 
q sheets. 

If ag(Z,) = 0 with multiplicity k > 1, then, by the same reasoning as earlier, 
if w is a root of P(z, w) = 0, z € B(zo, z)\{z9}, we have 

\z _. Zo |* | w| < max i. ete + + Ieee < M < © 
|ao(z)I/12 — Zo! 
as long as 0 < |[z — Z| < a, & sufficiently small. In terms of the function f 
associated to the first cycle this means that 


Hy(y= Sc," O< ti <e4 
ne Zz 
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remains bounded as t > 0. So f has at most a pole of order k and 


fi, a(S) = QL Cyl ~ Zo)"4. 


n> 


The description of the connected components of the covering 
nm: V,,—> B(Zp,&)\{Zo} and their number of sheets remains the same. 

It remains to consider the point zy) = 00 € A(P). Let d= max {deg a,,0<j<n}. 
Then we can consider the polynomial equation 


l 
z?pP (! °) = 0 
z 


about z = 0 and the local situation is the same as earlier. 

Now we are ready to construct the complete Riemann surface of the 
irreducible equation P = 0, proceeding in the same fashion as we did for 
J f(z) in §5.12, Le, for P(z,w)=w? — [] (2-4). 

1<j<n 

For that purpose, let us denote z,, _ Zy the points in A(P). For each j, 
denote by i < k < m, the different connected components of the coverings 
mt: V,- U\{z;}, where the U, are open disks with disjoint closures in S* (for 
Zy = o© we mean Uy = {ze€C:|z| >r} vu {00}), and Vj = m1 (UA {z)}) 0 Xp. 


V, has connected components V,, of multiplicity g,. Wehave S° qy =n. 
lsk<cm, 


Consider now the topological space xX which 1s the disjoint union of X pand 


5m, disks Vi, . One glues V, to Vi, by introducing isomorphisms o, 
1<j<N 


between the covering maps 
| Vi: Vi > U;{2;} 
and 
Pj: - Va \ {Circ} + U\{2;}, 


where c,, is the center of Vi. and p, is a covering map with q,, sheets given by 
the q,,th power. 

To construct o,,, choose 9 € Xq%, fo € Va\ {Cj} such that 2(f9) = pj(Co), 
and if ¢ is the endpoint of a path y in V, starting at Co, let y, be the lifting to 
Via \ {Cj} Of mo y, starting at Co. We define «,,(€) = y,(1). One verifies without 
difficulty that Ke is a biholomorphic map from V, onto V,,\{c,,} such that 
Pix 0 Oy, = TV; 

Introduce 1 in xX the equivalence relation @ which identifies the points that 
correspond to each other via some o,,. The quotient space Xp = X/Ri is now 
a Riemann surface in which Xp appears as a dense open set. (In fact, Xp\ Xp 
is a finite collection of points.) 

The covering map 2: Xp->C can be extended to a holomorphic map 

:Xp— S? setting n(é jk) = 2Z;, Where ¢, is the class of c, modulo &. It is 
a a branched covering map. 
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The global holomorphic function F : Xp — C defined by F(g,) = @,(z) can 
be extended by continuity to the points ¢;, to a finite or oo value. According 
to whether the corresponding Laurent series ) a,t” is holomorphic or has 


neZ 


a pole at f = 0. The meromorphic function F : Xp > S? thus obtained verifies 
P(x(p), f(@)) = 0 for every gp € Xp. 


5.13.4. Definition. The triple (Xp, 2, F) associated by the preceding construc- 
tion to the irreducible polynomial P € C[z, w] is called the (complete) Riemann 
surface of the equation P = 0. The function F is the algebraic function associated 
to the equation P = 0. 

If P is not irreducible we denote X>» the (disjoint) union of the X p, for 
the different irreducible factors of P. 


5.13.5. Proposition. If P is irreducible then X p is connected. 


Proor. It is enough to prove that Xp is connected. For that, it is enough 
to show that for a fixed z7 ¢Q = S*\A(P), the n germs ¢,, ..., @, which 
are solutions of P(z,w) = 0 in a neighborhood of zy, are in the connected 
component of the germ ¢, in Og. We argue by contradiction. 

Let us assume that @,,..., @, are in the same component and 9,,,,..., Q, 
in other components. Consider the symmetric functions o; of the g,, 1 <j < k, 
defined by 


[I] @-@)=wt—awh? +--+ (- Iu. 
L<j<k 

If y is a loop in 7, (Q, Zg), the analytic continuation along y preserves the 
set {9,: | <j < k}. Hence the o; are well-defined holomorphic functions in Q. 
The only possible singularities of the o, are poles at the points of A(P). The 
reason is that, from the Puiseux series expansions of the solutions of P = 0 
near a point c € A(P), one sees that all of them are bounded by |z — c|~™ for 
some fixed power M ifc # o, and by |z|™ if c = oo. Therefore the 0g, € M(S?). 
Let Q(z) be the least-common multiple of the denominators of the rational 
function o;. Then 

Riz,w):= O@) TL w—@) 
i<ys 

is a polynomial in (z, w) of degree k in w. It follows that R and P are relatively 
prime, since P is irreducible and cannot divide R. Therefore, there are only 
finitely many common roots (z, w) € C? of the equations 


R(z, w) = P(z, w) = 0. 


This contradicts the fact that R(z,@,(z)) = 0 and P(z, g,(z)) = 0 in a neigh- 
borhood of Zp. _ 
We conclude that k < nis impossible, hence Xp is connected. a 


5.13.6. Proposition. Xp is compact. 
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PRroor. We can assume P is irreducible. Xp is the union of finitely many 
relatively compact regions. Namely, the images under the equivalence # of 


the V,, and of Xp (\ ‘n)) O 
dk 


Remark. It follows that 2: Xp > S? is surjective, since x is an open map and 
Xp is compact. 

One can prove that the converse of Proposition 5.13.6 is also true. Any 
compact Riemann surface can be defined as Xp for a convenient polynomial 
Pe C{[z, w] (see [Fo]). 

We have only scratched the surface of the subject of algebraic functions, or 
equivalently, compact Riemann surfaces. The reader should consult [Fo], 
[IS], (Gri2], [ACG], [Si], [FK ], and [Cl] for this beautiful and rich theory. 

Another interesting question is to decide in an effective way which are 
possible Puiseux expansions of algebraic function around the critical points. 
This can be done in terms of the Newton diagram (cf. [Hil ]). 


EXERCISES 5.13 

1. Describe the complete Riemann surfaces associated to the following algebraic 
equations. 
(a) P(z,w) = w" — z = 0 (Riemann surface of 2) 
(b) P(z,w) = wi — 3w + 2z=0 
(c) P(z,w) = we — 3w+ 2° =0 
(d) P(z,w) = wt —2w?+1-—z= 
Find exactly the ramification points and the behavior at those points of the algebraic 
function F defined by the equation. Study the action of 2,(S*\A(P)) on the fibers 
x” '({z}) for points z e S*\A(P). Find out, if possible, the subgroup of the group of 
permutations of x~'({z}) generated by the action of z,(S?\A(P)). 


2. Prove that if Pe C[z,w] is an irreducible polynomial and, if (X,,2,,F,) and 
(X,,7,, F,) are two triples satisfying the same conditions that satisfies the complete 
Riemann surfaces (X p, 2, F) of P = 0, then there is a biholomorphic map o : X, > X, 
such thata,oo=7, and F,og=F,. 


3. Study the Riemann surface Jf, for f(z) = (z — a,)"'...{z — a,)™, where a,, ..., 
a, € C are distinct and the «, are integers > 1. 


4. Construct the noncomplete Riemann surface X, associated to an irreducible 

PeC[z, w], using {(z, w) € C* : P(z, w) = 0}, as in Exercise 5.12.3. 

5. Let X, X be the noncomplete, resp. complete, Riemann surface of 

w* —2w? +1—z=0. 

(a) X is a four-sheeted covering space of C\ {0, 1} (cf. Exercise 5.13.1). 

(b) Let Zo = 5, nm *({z}) = {E,,63,63,E4}, with a = \ I + /4, €, = wv I ~ J4, 
€,=—-Vv i+ J, E,=—-Vv 1 — Jd. Show that the action on {€,,¢5,&3, 4} 
of a loop y, €2,(C\{0,1},5) with Ind, (0) = 1, Ind, (1)=0 is given by 
(notations from §5.10.6) 


ane = Co and one = C4 
Salm] =o GalYil = 63 
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(c) The same as (b) when y, €7,(C\{0,1},5) has Ind, (0) =0, Ind,,(1) = 1. 
(Answer: ¢,Ly2] = 61, G2l2] = Sa. S3L¥2] = C3, Cale] = 62). 

(d) Let yz, en, (C\{0,13,5) with Ind, (0)=Ind,(1)=1. Show _ that 
[v3] = fy, ][y.]7' and characterize the action on 271 ({zo}). 

(ec) Show that the covering map 2: X -» C\{0,1} is Galois and determine G(z). 


6. Redo Exercise 5.13.5 for the other Riemann surfaces of Exercise 5.13.1. 


7. Show that if F is an algebraic function which is single-valued on S*\ B, #(B) < ~, 
then F is a rational function. 


8. Either using Exercise 5.13.7 or directly, show that if F is an algebraic function 
then F’/F is a rational function. Compare with Exercise 2.8.19 for the case 


r 


,/(z — a,)...(z — a,). 


$14. The Periods of a Differential Form 


The purpose of this section is to conclude the proof of Proposition 1.7.9. The 
missing part was that given a set of periods one could find a closed 1-form 
with those periods. We need to develop a bit the calculus of differential forms 
in a Riemann surface. This is exactly analogous to what was done in §1.2. We 
recommend [We] for a thorough development of this subject and its relation 
to the geometry of complex manifolds (Riemann surfaces being manifolds of 
complex dimension 1). 

Let (U, @), op = u + iv, be a coordinate chart on a Riemann surface X (u, v 


a 6 6 
real-valued). One can define the differential operators —, —, , == from 
du dv dp O@ 
&(U) into itself by the formulas 
é C _ - 
o {)= (Sur: @ yen 
u OX 
of 4 , 
4, (5) = (Su ? )) oe, 
of ¥ ; ~ a 
=—(f)=(5-(f° e*) }(e()), 
Cp Oz 
é C -1\\, 
He =(Liroo (on 
CQ OZ 
where z = x + iy represents the coordinates in C, z = (f) = u(¢) + iv(), 


Ceu. 

Let ae X. The ring &, of germs at the point a of C~ functions is a local ring 
whose only maximal ideal ./, is the set of germs f such that f(a) = 0. We 
denote .V* its successive powers. One sees easily, using Taylor’s expansion, 
that for any chart (U, ~) about a the ideal .V7 can be characterized as the set 
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of f € &, such that 


of 0 
fa) = 2 (a) = F(a) =0. 


u 


5.14.1. Definition. The complex vector space T,*(X) defined as the quotient 
TMX) = No/No 


is called the cotangent space to X at the point a. If V is an open set containing 
aand f € &(V), its differential at ais the element df(a) € T,*(X) defined by 


df(a) = f — f(Q), 


where f(a) is the germ of the constant function and the notation g denotes the 
class of g € WV, modulo .%,”. 


5.14.2. Proposition. Let X be a Riemann surface, ae X,(U,@) a chart about a, 
o=ut+iv,z=xt+iy = oC) = u(C) + iv(f), for € € U. The differentials du(a) 
and dv(a) form a basis of T,*(X). The same is true for de(a) and do(a). We have 
the relations dep(a) = du(a) + idv(a) and d—(a) = du(a) — idv(a). Moreover, if f 
is C~ in a neighborhood of a, we can write 

of if 


7) 
df(a) = ~ (a) du(a) + ~ (a) dv(a) 


of 


(a) do(a) + 
(p 


ag 


30 (a) dp(a). 


Proor. Let us show first that du(a) and dv(a) span T,*(X). Let 6 € T,*(X) be 
represented by a € W,. Taylor’s formula gives 


7) 
a(f) — aa) = a(€) = (u(c) — way(2 (% 0 °)) (p(a)) 


0 
+ (0) - vay ( 2 (a0 °)) (ea) + WO) 


where  € V7. Passing to the quotient we have 


- Oa ales 
@=3=— * . 
Ol 5 (a) du(a) + a5 (a) dv(a) 
5 Oo Oa , 
Moreover, if @ = 0,a€.¥V," and 3, (a) = 3p (a) = 0. Therefore {du(a), dv(a)} is 


a basis for T,*(X). One verifies that 


eae 6 1/6 12 
6p 2\éu idv)’ 6@ 2\eu idv)’ 


which shows that {de(a), d@(a)} is another basis for T.*(X). 
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If f is smooth near a, we have 


. of 0 
f— fla =F (atu — ua) + Zao — (a) + v, 
v 
we V.*. Hence 
—  @ 0 0 0 
ifla) = i laddula) + Faydv(a) = TF aydo(a) + Ziadoa. 0 


Clearly we do not need feEC” near a to be able to define df(a). 
Differentiability is enough. 

We are now going to define the differential forms of type (1,0) and (0, 1). 
For that we need to find out the relations that appear when we change 
coordinate charts. Let (U, @) and (V, y) be two charts about a. Leth = go wl. 
If o(€) = z and w(C) = 2’, then 


Sw@)= a) and a a 

Hence, 
=(Steow)wia= Awa 40, Pa=o, 
do(a) = ©? (ayaa) + 9? apa) = 2? (ay ayia, 
Oy aw ow 
and 
dola) =<" (a) ava). 
ay 


These formulas allow us to decompose the space 7,*(X) as a direct sum 
T,*(X) = T}°°(X) ® T,2:'(X), of the two subspaces 


Ty °(X) = Cde(a), 
Ty '(X) = C dela), 


which do not depend on the chart considered. The elements of T):°(X) are 
called differential forms at a of type (1,0), those of T,°:'(X) are said to be of 
type (0, 1). If f is continuously differentiable in a neighborhood of a one can 
write, in a unique fashion, 


df (a) = Of(a) + af(a), 


with of(a) € T,'°(X) and 6f(a) € T,°’'(X). These formulas reveal that in terms 
of a coordinate chart (U, @) we have 


0 
afta) = 5" (a) dora), 
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and 


_ O 
af(a) = ata dp (a. 


5.14.3. Definition. Let U be an open subset of the Riemann surface X. We 

denote by T*(U) = |) T,*(X). A differential form @ of degree one is a map 
o:U—->T*(U) 

such that w(a) € T,*(X) for any a € U. If w(a) € T)'°(X) for every a € U we say 

w is of type (1,0), while if w(a) € T,°:'(X) for every ae U we say it is of type 

(0, 1). We sometimes abbreviate and say that w is 1-form, a (1,0)-form, or a 

(O, 1)-form. 


Example. If f e &(U), then df, of, 6f are differential forms of degree 1, the last 
two being, respectively, of type (1,0) and (0, 1). As it is easy to verify, f € &(U) 
is holomorphic in U if and only if 6f = 0. The usual Leibniz rule for derivatives 
of a product imply d( fg) = fdg + gdf and analogous relations for 6( fg) and 
6( fg) hold, where f, g € &(U). 


Remarks. (1) Let (U, m) be a chart in X, g = u + iv. A differential form w of 
degree 1 in U can be written as 


o=fdu+gdv=kdg+ldg, 


where f, g, k, | are well-defined complex-valued functions in U. 
(2) If (U, p) and (V,w) are two charts such that UN V # @, and if wisa 
differential form of degree 1 in U 1 V, then 


o= fdo + gdp = kdy + Idy. 


Op 
The formulas dg = ay and d@ = say imply the relations 


dp 
K= S55 and = 955° 


(3) If(U, p)isachartin X, o(€) = z,andw = fdo + gd@isa differentiable 
form of degree | in U, we introduce the “local version” w, of @ in the open 
subset U, = @(U) of the complex plane by 


wo, =(fo@')dz+ (gop "')dz. 


(4) When we are in the situation that we have two charts (U, 9), (V,), 
UV #4 @,z = p(¢),z' = w(C), and wa differential form of degree lin Ur V, 
o=fdpe+gdo=kdwy + ld, we have two local versions 


=(fog")dz+(gco@p')dzZ, in U,= (UNV), 
=(kow)dz'+(low )dz, in U,=W(UAV). 
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O@ 
ow 
x (x o *), if we leth = pow !: U, + U,, and consider the pullback of 
@, by h, h*(@,), we find 

h*(o,)=(fog*oh)dh + (goo ' ohjdh 


Since we know that kow! =(fo v( *) and low! =(gow"") 


— ~1 0p . -1 , oly) 0p . —4 f 
=(fo@ \(<8 W ) ae +(gow (8 1 )ae 


—_— (5. 


So that the two local versions of w are given by h*(w,) = w,, this allows 
us to talk about the continuity, smoothness, etc., of a differential form of degree 
| in a way that is independent of the coordinate chart. 


5.14.4. Definition. Let W be an open subset of the Riemann surface X, 
w a differential form of degree 1 in W. We say that o is of class C* in 
W (Ke Nv {0o}) if for any chart (U,o), US W, w = fd + gd@ with f, 
g€6&(U). We say w is a holomorphic differential form of degree 1 if, for 
any chart (U,9), U © W, w = hdg, withhe #(U). 

We will denote &(W) the family of all differential forms of degree 1 of class 
C* in W. Similarly, &}:°(W), 62: '(W), Q)(W) = Q(W), are those of type (1, 0) 
and class C*, type (0, 1) and class C*, and holomorphic forms in W. One can 
define in a natural way the associated sheaves of germs &, &)°°, &2:', Q. If 
k = 00, we will suppress the index k. 

In the same way as was done in §1.2, we can define the wedge product of 
vectors. If ¢, 47 € 7,*(X) we obtain an element € A y of a vector space denoted 
indistinctly A?7,*(X) or T,**(X). If (U, @) is a coordinate chart at the point a, 
~ =u + iv, we have that both dg(a) A d@(a) and du(a) A dv(a) form a basis 
for the one-dimensional complex vector space T,**(X). Moreover, 


do(a) A d@(a) = — 2idu(a) a dv(a). 
5.14.5. Definition. Let W be an open subset of X, a differential form of degree 
20nWisamapw:W- |) 7,**(X) = T**(X) such that w(a) € T,**(X) for 
acw 


every ae W. We also say @ is a 2-form in W. 
Let (U, @) be a chart in X, 9 = u + iv, a differential form w of degree 2 in 
U can be written as 


o=fdopndp=gdun dv, 


for some uniquely determined functions f, g: U ~ C. One can also introduce 
the local version w, of w in p(U) by 


wo, =(fco@g"')dz a dz, 
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where z = ¢(¢), ¢ € U. Different local versions of w are related by the pullback 
map. 


5.14.6. Definition. Let W be an open subset of the Riemann surface W, w a 
differential form of degree 2 in W. We say that 


(1) wis ofclass Céin W(k € N u {00}), if, for any chart (U, @) such that U ¢ W, 
w= fdo a d@ with f € &,(U); 

(2) wis holomorphic in W if, for any such chart (U, 0), o = hdg a do with 
he H(U). 

We will denote by &2(W) the set of differential forms of degree 2 and class 
C* in W (with k suppressed if k = 00). By Q?(W) we denote the set of all 
holomorphic differential forms of degree 2 in W. The corresponding sheaves 
shall be denoted & and 07. 

The wedge product induces a map 


&:(W) x &}(W) > &2(W), m = inf{k, 1} 


(a, B)roa a B, 


where (« A B)(a) = afa) A B{a). 
We shall now define the operator d: €!(W) —- &7(W). Locally (ie, in a 
chart) a C™ differential form w of degree 1 can be written as 


w= 2, fc Ae: 


tas In € C” (see, for instance, the alternative ways we write in terms of de, d@ 
or du, dv when the chart is (U, ~)). We define 


dw =) df, A dgy. 
k 


One can easily show this 2-form is independent of the particular representa- 
tion chosen for @. It is also immediate that if f € &,(X), then 


d(df) = 0. 


5.14.7. Definition. Let W be an open set in a Riemann surface. A differential 
form w € &; (W), k > 1, is said to be closed if dw = 0. The form is said to be 
exact in W if there is a continuously differentiable function f such that w = df 
in W. 


Remark. The previous remark implies that every exact form is closed, since 
d(df) = 9. 
5.14.8. Proposition. Let W be an open set in a Riemann surface. 


(a) Every w € O(W) is closed. 
(b) Every w € &':°(W) that is closed is holomorphic. 
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ProorF. Let (U, @) be a coordinate chart with U ¢ Wand w = fdg in W. Then 
é . 6 
dw =df ndo= - sd A dg. If f is holomorphic then a = 0 and, hence, 
Cp 


da = 0. The converse is equally clear. CO 


5.14.9. Definition. Let f: X > Y be a C® map between two Riemann sur- 
faces. For every open set W of Y, f induces C-linear maps, pullbacks, 
f*: &(W) > E(f -"'(W)) (j = 0, 1,2, €°(W) = &(W)), where the pullback is 
defined as follows: 


(1) Ifg ¢ &(W), then f*g = go f. 
(2) Ifa e &'(W)is written locally as « = > 5.49), then f*a =) (f*f)d(f*g,). 


(3) If Be &é?(W) is written locally as p= > 549; A dh, then f*B = 
dF * AAS *9;) 0 d(f*h,). 


j 
It is necessary to verify the independence of the definition of pullback with 
respect to the local representations. This is done easily; it depends only on the 
chain rule. For any g € &(W) one has 


f* dg = d(f*g). 
Similarly, for any wm € &'(W) one has 
f*dw = d(f*a). 


It is also immediate that if f: X + Y and g: ¥—Z are C” maps, then 
(gof)* = f*og*. 

We now note that the procedures explained in Chapter 1 to integrate 
1-forms of class C' along a piecewise-C’ path and closed 1-forms along 
continuous paths are valid in the case of forms defined in an open set W of a 
Riemann surface. We have therefore at our disposal the analogue of state- 
ments 1.7.6, 1.7.7, and 1.7.8. One can define B'(W), Z'(W), and H'(W) in a 
natural fashion and one arrives to §1.7.9 which remains valid, except that 
the surjectivity of the map j: Z'(W) ~ Hom(z,(W, a), C) remains still to be 
proven. [t is to this proof that we are consecrating the remainder of this 
section. Once this is done the consequences 1.7.10, 1.7.11, and 1.7.12 remain 
valid for Riemann surfaces. 

Let X be a connected Riemann surface and p: X — X its universal cover- 
ing space. Recall that the group G(p) isomorphic to 7,(X). If ¢ € G(p) and 
f:X —-C is any function we define ao-f:X oC by o f= foo. It is 
clear that if g is another function g : X - C we have 


o(f+g=aftog 
a°(f9) =(o-f)(o-g). 
Moreover, if o, t € G(p), (a 01): f =a-(t:f). 
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5.14.10. Definition. A function f: X > C is said to be additively automorphic 
if for every o € G(p) there is a constant a, € C such that 


f—a-f=a,. 


These constants a, are called the automorphic constants of f. 
The obvious example of such a function is one which is invariant under the 
action of G(p), that is, a, = 0 for every o € G(p). 


5.14.11. Proposition. Let f:X —-C be an additively automorphic function. 
Then the map o> a, from G(p) = 1,(X) into C is an element of Hom(z,(X), C). 


PROOF. 


Igor=f-o(ttfp=f—-aft+oa(f-—tfl=a,+o°a,=a, + a,. LJ 


5.14.12. Proposition. Let X be a connected Riemann surface and p: X — X its 
universal covering space. Then 


(a) If we Z'(X) and f is a primitive of p* a, then f is additively automorphic 
and its constants a,, 0 € %,(X), are precisely the periods of w. 

(b) Conversely, if f € &(X) is additively automorphic there is w@ € Z'(X) such 
that df = p*o. 


ProoF. (a) If o € G(p) = 2,(X), since po a' = p, then function a: f is also a 
primitive of p*w. Therefore f — o- f = constant = a,. Let x9 € X,2) € p ' (Xo). 
For o € G(p), the corresponding element ¢ € 1,(X,x,) can be represented by 
taking a curve y : [0, 1] - X such that y(0) = Vo = 0 '(Z9) and y(1) = z >. Then 
a = poyisa loop in X with base point x, such that é = [a]. The periods of 
@ are then computed by 


) O= | p*o = f(y(1)) — F090) = fo) — flo" Zo) = ae. 


(b) If f is additively automorphic with constants a,, o € G(p), we have 
o*(df) = d(o*f) = d(f + a,) = df. Since p is a local biholomorphism we 
always have locally we &'(X) such that p*w = df, but since df is invari- 
ant under G(p) we obtain that w is globally well defined. Furthermore, 
p*(dw) = dp*w = ddf = 0, but p* is injective, hence dw = 0. C 


Let now X, Y be two Riemann surfaces, p: Y + X a covering map. The 
group G(p) of automorphisms of p acts on &(Y) by of = foa!. The differ- 
ences a, = f — af € &(Y), o € G(p), are then called the automorphic factors 
associated to f. The map o € G(p) a, € &(Y) satisfies the following: 


Aagor = aA, tC'a,, 
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by the same argument of Proposition 5.14.2. Namely, a, ,, = f —(¢°1) f= 
f-o f+o(f—t f)=a,+60-a,. The only difference is that a, is not 
constant in general. 

If the covering map p is Galois and the factors a, are all identically zero 
then f € p*&(X) S &(Y), and one can identify it to a function on X. 

Let x e X, U an open connected neighborhood of x which trivializes p. Let 
p '(U) = U V,. Considering G(p) as usual with the discrete topology, one can 

iel 


construct a trivializing map 
p:p '(Y)-+U x G(p) 


by choosing i, € I since, in that case, for every i € I there is a unique a; € G(p) 
such that o,(V,,) = V;. We set o(y) = (p()), 9;) if y € V;. The diagram 


p\(U) ——> U x G(p) 


M7 


is then clearly commutative. Furthermore, g is compatible with the action of 
G(p): if o(y) = (x, o), we have e(t(y)) = (x,t o o) for every t € G(p). This triv- 
ialization of » can therefore be written g@ =(p,y) with 4: p '(U)—- G(p) 
satisfying 4(t(y)) = to n(y). Moreover, 7 is continuous, or what is the same, 
locally constant. 

This construction will be used in the following proposition. 


5.14.13. Proposition. Let X, Y be two Riemann surfaces and p: Y > X a Galois 
covering. For every map a: G(p)- &(Y), ot a,, satisfying a,,,=d, +o°4, 
for every a,t € G(p), there exist f € &(Y) having the functions a, as automorphic 
factors. 


Proor. [t consists of three steps: 

(i) Choose an open covering (U,);., of X by connected open sets trivializing 
p. On Y, = p-'(U,) let 9, : p-'(U,) > U, x G(p) be a trivialization like the one 
just constructed, g, = (p,y;). Define a function f,: Y; > C by 


fily) = Ay oy (¥), 
which is C™ in Y,. 
(ii) We verify that f, — o- f; = a, on Y, for every o € G(p). In fact, if ye Y, 
we have, by definition 
(a: fi)(y) = filo *(y)) = Anda- yl (y)) 
= A,-3 om oF (¥)). 


1 


The relation a,,, = @, + o°a,, with t = 0 * on,(y), becomes 
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a,(y) = dy oly) — Gg-1 ony (y)) = Ay (y)(¥) _ (o- fi)(y) 
= fily) — (of), 


which is the relation we wanted to verify. 
(iii) The differences g; ,; = f, — f,¢ €(¥%,- Y)) can be considered as being 
elements of &(U; > U,), since for any o € G(p) 


fi-Ofi=a,=fp-o fj 


leads to 
fi- =o Si — fi) 


Furthermore, it is clear that g; ; + 9,4 + 9; = Q0on U,;AU,O U,. 
Let now («,), be a partition of unity by elements of @(X) such that for every 
v there is j(v) eI with a, € AU,,,). Set g; = ¥ %,g;, )- It is easy to see that 


g, € €(U;) and g; ; = g; — g;. Hence, the functions 


Sead 


Si = Si — p* 9, € E(%), 
satisfy f, — of, = a, and, whenever Y,0 Y, # O, we have on ¥,- Y, 
fi-5, =f: — SG, —(0*9: — *9;) = 91,5 — 91,3 = 0. 


Therefore, the f, define a global function f € &(Y) satisfying f — o- f = a, for 
every o € G(p). a 


We are finally ready to prove the surjectivity missing in §1.7.9. 


5.14.14. Proposition. Let X be a connected Riemann surface. The map 
j: H'(X) > Hom(z,(X), C) which associates to every cohomology class of a 
closed 1-form its periods, is surjective. 


Proor. Let p:¥ > X be the universal covering space of X. We have 
G(p) = 7,(X). Let aa, be an element of Hom(z,(X), C) considered as a 
map from G(p) into &(X) (all its values being constant functions). It satisfies 
Qs or = Ag + O'A,, Since g-a, = a,ca7! =a,anda,,, = 4, + a,. The preced- 
ing proposition ensures the existence of f € &(X) with the a, as automorphic 
constants. Hence w = df induces on X a closed differential 1-form having 
periods a, by §5.14.12. Ol 


The reader will find in [Fo] the proof of the theorem of Behnke-Stein 
proving that there is a 1-form @ é€ Q(X) with given periods a, if X 1s not 
compact. 

We abandon now the theory of Riemann surfaces. For the reader who 
wants to delve more deeply into this wonderful subject, we recommend the 
beautiful book [Fo], which has inspired much of our exposition on the subject. 
For a more geometric point of view, we recommend [JS] and [Gri2]. 
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EXERCISES 5.14 


1. 
. Let X be the complete Riemann surface of Jz — a. Show that Q(X) = {0}. 
3. 


2 


Show that Q(S*) = {0}. 


Let X be a connected Riemann surface. Denote by .4':°(X) the 1-forms w in X 
whose expression in any local chart (U, @) is @ = hd, h e (UV). Show that .@'°(X) 
is an .@(X)-vector space. 

Find the dimension of .#':°(S) over .@(S*). Answer the same question when X 
is the complete Riemann surface of Jz - a. 


. Let X be a Riemann surface. Show that a differential form we &'(X), which is 


closed, has a primitive if and only if all its periods are zero. 


. Let P=a,Z2@a,Z be a lattice of rank two in C, X = C/T and p:C +X the 


canonical projection map. Show there is a differential form a € Q(X) such that 
p*(a) = dz. Find the periods of «. 

Let a,: [0,1] > C, a(t) = tw; and y,:= poa, j = 1, 2. Then [y,], [y2.] are the 
generators for 2,(X) (= 7,(X,0)). 

Let B € Q(X). Prove that there is a function g € #(C) such that g(0) = 0 and 
dg = p*B. 

Let R be the parallelogram suggested by Figure 5.14. Prove the identity 


0 = | g'(z)dz + | g (z)dz — | (g'(z) + @,)dz 


_ | (g'(z) — w,)dz = w,g(@2) — @2g(@). 


Conclude that there is a A € C such that B and Aa have the same periods. Prove that 
dim - Q(X) = 1. 


Oo O4 O1 + M2 


J O, W, 


Figure 5.14 


. Compute dim - Q(X), when X is the complete Riemann surface of J (z — a}(z — D), 


a # b. 


. Let x: X - S* be the branched covering map corresponding to complete Riemann 


surface of ./f, f(z) = (z — a,)...(Z ~ Ayn41), Where a, 4), ..., Ay_4, are all distinct 
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complex numbers. Show that the formula 


nian i<j< 
QQ. = 5 a. ] <x. 
J f On 
defines elements of Q(X). Moreover, they are C-linearly independent. (See [Fo] for 
a proof that {w,,...,@,,} forms a basis of Q(X).) 


KH 


§15. Linear 


ifferential Equations 


We are going to consider differential equations of the form 
y' = Ay + B, 


where y: Q — C"isa holomorphic map to be determined, A : 02 — M(n, C) and 
B:Q-—C" are holomorphic maps (1.e., each component of y, A, and B is 
holomorphic). The meaning of the derivative y’ is that each entry of the vector 
y is differentiated. Q is assumed to be a simply connected open set in C. In 
general, one imposes an initial condition y(z)) = x, € C" for some z, € Q. We 
shall show there is a unique solution to this problem. 

We start by solving the following problem: Given Q simply connected open 
subset of C, z5 €Q, and A:Q— M(n,C) holomorphic map, we look for a 
holomorphic map f:Q— M(n, C) such that 


Toye 


f(Zo) = iden = id. (*) 


We identify M(n, C) to #(C"), the algebra of linear endomorphisms of C’, 
which then carries a natural norm |-||. (For x eC", (xl = (|x,|7 +:°°° + 
\x,|?)47. For Ae M(n,C), ||Al] = max{|| Ax|| : [|x] = 1}, 

Ifn=1,Q=C,A=aeC,and zy, = 0,a solution to (*) is f(z) = e”, which 
can be represented by the power series 


One remarks that every term of this series can be obtained from the preceding 
one by multiplying it by a and then taking the primitive of the term thus 
obtained, normalized by the condition that it vanishes at the origin. We copy 
this procedure in the general case («). Introduce a sequence of functions in Q 
with values in M(n, C) by the recurrence formulas: 


Po(z) = id 


pi (2z) = | A(u)@o(u) du 
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(2(z) = | A(u)@,(u) du 


Pn+i(Z) = | A(u)e,(u) du, 


where y, is an arbitrary path joining Zz, to z in Q. The sequence (¢,),,>0 18 well 
defined since one can verify by induction that all the @, are holomorphic in 
Q. (Note that the integration takes place in each entry of the matrix Ag,.) 


5.15.1. Lemma. The series 2d gy, is absolutely and uniformly convergent on 
every compact subset of Q. it ts sum f(z) = 2 ~,(z) is a holomorphic function in 
Q solving the problem (*). The solution to (4) i is unique. Moreover, f takes values 


in GL(n, C). 


ProoF. (i) Let us prove the normal convergence of the series over any compact 
subset of Q. It is sufficient to do it for closed disks B(z,, R) S Q. Fix a piecewise 
C! path y joining z, to z, in Q, we will take y, = ya,, where a, is the line 
segment joining z, to z in B(z,,R). Let M be a majorant of | A(u)|| on 
B(z,, R) vy. Let M, be a majorant of M|y,(u)| when 0 <u < 1,zeé B(z,, R). 

For a fixed z € B(z,, R) we introduce now the auxiliary sequence of func- 
tions @, : [0, 1] + M(n, C) defined by 


P,(t) = id 


Pil) =t | A(y,(tS))Go(ts)y,(ts) ds 


Pro) = t | A(y-(ts))@,(ts)y-(ts) ds. 
0 


Using that s+ y,(ts) is a path joining Z, to y,(t), one proves by induction that 
P(t) = (y(t), Ostsl. 
We can estimate the norm of the @,(t) for 0 < t < 1 as follows: 
IPo(t)|| = 1 
IO, < tM, 


2RAf2 


t 
I@2.(O|| s | (ts)M? ds = ——— 
0 


Isl s ui | sds = 7 
0 
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and, by induction, 


M,Y 
iat) < 


Therefore, 


M; 

| p,(z)]| < yl?’ 
since ¢,(z) = @,(1). This implies that the series dX ~y, converges normally in 
B(z,, R). Hence, f(z) = >» ~, (Zz) iS a holomorphic { function i in Q with values in 


M(n, C). 
(11) We also have that the series A(z)f(z) = dX A(z)q,(z) converges nor- 


mally in every compact subset of Q. Therefore, it can be integrated term by 
term over any path )j,: 


| A(u)f(u) du = X | A(uje,(u) du = X Pn+1(Z) = f(Z) — Pol2). 


n> 


Hence 


F(z) = id + | A(u) f(u) du, 


which ensures that f solves the problem (*). 
(i11) The same reasoning shows that there are solutions in Q to the (adjoint) 
problem 


fe (2) = —g(2)A() (as) 
g{Zo) = 
(Just note that introducing h = g‘ = the transpose of g, and B = — A’, one 


turns (**) into the problem (*) for h and B instead of f and A.) 
Let now f be any solution of (#) and g any solution of (*«). Then 


(fy =9'f + af’ = —gAf + gAf =0. 


Therefore, the matrix-valued holomorphic function gf must be constant. 
Evaluating at z) we obtain 


gf = id. 


This implies that f takes values in GL(n, C). It also implies that the solution 
is unique. Namely, fix a solution g of (**), then any solution of (*) must be 
pointwise the inverse of g(z). CI 


3.15.2. Definition. The resolvent of the differential equation (*) is the func- 
tion R:Q x Q-> GL(n,C) defined as follows: for zy € Q fixed, the function 
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z++ R(z,Z,) is the unique holomorphic function in Q with values in M(n,C) 


d 
such that R(Z9,Z,)) = id and 7, RY Zo) = A(z)R(z, Zo). 
z 


5.15.3. Proposition. The resolvent satisfies the following properties: 


(1) R(Zo, 29) = id, (Zp € Q); 
(2) R(Z2,2,)R(21,29) = R(Z2, 20) (29,24,22 € Q); 
(3) (R(Z1,20))* = RlZo,21) —— (Z0, 21 € Q); 


d 
(4) 7, Re Z9)) = A(z)R(z, Zq) (Z,Z9 € Q). 


The function zy++ R(z,,Z 9) is holomorphic in Q for every z, fixed in Q. 
Furthermore R is a continuous function of both variables. 


PRooF. (1) and (4) are just the definition of R. (3) 1s an immediate consequence 
of (2) and (1) since R is invertible. To show (2), one only needs to verify that 
f(z) = R(z,z,) (R(zp.z,))* is a solution of (*), which is immediate. Hence 
f(z) = R(z, Z,) and (2) holds. 

It follows from (3) that for z, fixed the function zy++ R(z,,Z,)) 18 also 
holomorphic in Q. Namely, R(z,, 2.) = (R(Z9,2,))', R(Zo, Z,) is holomorphic 
in Z, by definition and its inverse is obtained by taking rational operations in 
the entries of R(Zg, Z,). 

Finally, the continuity in both variables is also a consequence of (2) and 
(3). Namely, fixed z) €¢ QO. Then 


R(2,,22) = R(Z1,Z0)(R(Z2,20)) > 


and both functions are continuous in their first variables. In fact, this argument 
shows that R is a holomorphic function in both variables simultaneously, 1.e., 
its entries can be given locally as power series in two variables. C] 


We are now ready to solve the original inhomogeneous differential equation. 


5.15.4. Theorem. Let Q be a simply connected open subset of C, A:Q —- M(n,C) 
a holomorphic matrix-valued function, B:Q— C’ a holomorphic vector-valued 
function, Z. € Q, and x, € C". Then, there exists a unique vector-valued holo- 
morphic function f :Q— C” solving the linear differential equation 
we = A(z)f(z) + B(z) (2 eQ) 
I (Zo) = Xo- 


This function is given by the Green-Lagrange formula 


(F) 


f(z) = R(z,Z9)Xo + | R(z, u) B(u) du, 


Vz 


where y, is a path joining Zp) to z in Q. 


$15. Linear Differential Equations 587 


Proor. Let us assume (ft) has a holomorphic solution f. Define an auxiliary 
vector-valued function g by 


g(z) = R(Zo,z)f (2), 


which is holomorphic in Q by the previous proposition. We also have 
g(Zo) = f(Z9) = Xo, and, using item 3 in Proposition 5.15.3, 


F(z) = R(z, 2)g(2). 


Hence 
f'(2) = (Re ay g(z) + R(z,Z9)g’(z) = A(z) R(z, Zo) g(z) + R(Z, 20) 9'(2) 


= A(z) f(z) + R(z,2Zo)g'(2). 
Therefore, 
g'(z) = (R(z,29))* B(z) = R(Zo, 2) B(z). 


Integrating this equation, we obtain 


g(z) = Xo + | R(Zp, u) B(u) du. 


Vz 


Conversely, if we define g by the last integral, then the reasoning can be 
reversed and f(z) = R(z, Z,.)g(z) solves (t). Moreover, it is now immediate that 
f is represented by the Green-Lagrange formula. a 


Remarks. (1) If B = 0, we say that the equation (+) is homogeneous. The 
solution f such that f(z)) = Xp is then simply given by f(z) = R(x, z9)Xo. 

Finding all solutions of the homogeneous equation now becomes the 
question of finding the resolvent R(z,z,) as a function of z for a fixed-value 
Z5 € Q. For z, € Q, we have 


R(z, 21) = R(z, Zo) (R(Z,, Zo)’. 


(2) The function | R(z, u)B(u) du is just the solution of (+) for the case 


Vz 
Xq = 0. In this form, the solution f of (+) appears as a sum of a particular 
solution with initial condition zero and a solution of the homogeneous equa- 
tion. If we have another particular solution, we reduce the problem (+) to 
a different homogeneous problem. 

(3) A system of solutions f,,..., f, of the equation f’ = Af whose initial 
conditions f,(Zo) = Xo.1,---, f,(Z0) = Xo., form a vector space basis of C’, is 
said to be a fundamental system of solutions. The matrix W(z) = (/,(z),...,f,(z)) 
whose columns are the f; is called a fundamental matrix. 

Since for any z € D we have 


W(z) = (fi (2), -- «5 fn(2)) = RZ, 20) (fi (Zo), --- falZ0)) 
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we conclude that the matrix W is invertible everywhere in ©. It follows that 
the vector space of solutions of f’ = Af has dimension exactly n. Furthermore, 
for any fundamental matrix we have 


R(z,Z9) = W(z) W(Z9). 
Hence, the Green-Lagrange formula for the solution f of (+) can be written 


f(z) = W2)W2o) Xo + wee | (W(u))* Blu) du. 


Yz 


(4) If we let A(z, z,) = det(R(z, 2))) we have the relation 


A(z, Zo) = exp( | (T(Atw)) du), 


In fact, let o(z) = R(z,z,.) and 6(z) = A(z, Z,). For z € Qand |h| smail we have 
d(z + h) = d(z)det(p(z + h)e(z)™"), 
and 
p(z + h) = oz) + he'(z) + o(h) = g(z) + hA(z)(z) + off). 

Hence 

det(@(z + h)p(z)') = det(id + hA(z) + o(h)) = 1 + ATr(A(z)) + o(h), 
the last formula just follows from the properties of the determinant. Therefore, 

O(z + h) = d(z) + ATr(A(z))6(z) + o(f). 
Letting h — 0 we conclude that 6 satisfies the scalar differential equation 
ve = Tr(A(z))d(z) 
O(Zy) = I. 


It follows that 


A(z, Z.) = 0(z) = exp( | Tr(Atu))du), 


Yz 
In terms of a fundamental matrix W this can be rewritten as 


det(W(z)) = det(V (coher | Tr(Atw)du), 


Ye 


We can now show some elementary consequences of these remarks for 
scalar linear differential equations of order n in a simply connected open set 
Q <¢ C. This means an equation of the form 


FO HaGSOV +e +a fl + af = b, (>) 


where a,, ..., ad,, b are holomorphic functions in Q, and the holomorphic 
function f is the unknown we are looking for. 
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To such a function f one associates the vector-valued function F := (f, f’, 
...,f""»), where we consider F as a column vector, F:Q—>C". Clearly 
F'=(f',f",...,f'™), hence the equation (c) is equivalent to 


F’ = AF + B, (cc) 
with A € M(n, C), 


1 0 
0 l 
0 
—~ Ay 
and Be C", 
0 
B:= 
0 
b 


It is easy to see that if ® = (u,,...,u,) is a solution of (mc), then u, is a 
solution of (>) and u, = uj,...,u, =u"). 

Hence, every solution f of (c) is completely determined by its initial 
conditions 


(f(Zo),f'(Zo)s 5 FY Zo) EC", 


which can be chosen arbitrarily. Therefore, as in the real case, we have that 
the space of solutions of the corresponding homogeneous equation (i.e., (>) 
with b = 0) has dimension n. As earlier, the problem of solving (c=) reduces to 
the study of the resolvent R(z, z,), or what is the same, to a fundamental matrix 
W for the solutions of the homogeneous equation. In this case we have that 


fi rf 


wilt hh 


> 


ford por 
see n 


for a system of solutions f,, ..., f, of (tc) whose initial conditions at a 
point z, form a basis of C". Its determinant, w = det W, is usually called the 
Wronskian of the functions f,,..., f,. From part (4) of the previous remark, 
we have the relation 


w(z) = wico)exp(—| a,(u) iu), 


since Tr(A) = —a, in this case. 
The formula of Green-Lagrange specializes to the following: a solution @ 
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of (~) with given initial conditions can be written as 


| 1 
o(z) = poz) + —— > fz) | bismisdexp | a, (udu ds, 
w(Z) l<j<n Ye Vs 
where: 


(i) @o is the solution of the homogeneous equation satisfying the given initial 
conditions; 
(ii) f,,..., f, is a fundamental system of solutions and w is its Wronskian; 
(iii) w,(s) is the determinant of the matrix obtained replacing the jth column 
of W by the vector (0,...,0, 1). 


This formula can be derived very simply by specializing the discussion in 
(1), (2), and (3) of the previous remark. In fact, from (2) we know that the 
solution F of (cc) with zero initial conditions is given by 


| R(z, s)B(s)ds = wee | (W(s))7' B(s) ds. 


Vz 
To compute (W(s))"! B(s) we observe that B(s) = b(s)(0,...,0, 1) = D(s)E. We 
can apply Cramer’s rule to compute (W(s))"'E which is precisely the solu- 
tion C of the equation WC = E. This observation yields C,(s) = w,(s)/w(s) = 


w,(s) exp (| a,(u) iu) | vt), Finally, we recall that we only need to compute 
¥s 
the first component of F to obtain the term in @ involving the f;. In practice 


one just writes p = y + g, with 
y2v= d, C2)filz), 
i<k<n 


and ~, a convenient solution of the homogeneous equation. The unknown 
functions C, are such that 


C;(s) 


Wis) |: = 
C,(s) 


One solves this linear system of equations in the unknowns C;,..., C, and then 
integrates. This is usually called Euler’s method of variation of parameters. 

We will say now a few words about linear differential equations of first 
order on a Riemann surface. 


5.15.5. Definition. On a Riemann surface X we call a linear differential homo- 
geneous equation of first order a relation of the form 


df = Af, 


where Ae M(n,Q(X)) is a matrix of holomorphic 1-forms, A = (a;)),,, 
a, € Q(X) and f: X — C" is the holomorphic solution of this equation. 
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Remark. In a local chart (U, ) this equation becomes 


df _ 
dg PP 


where A = Bdg, B is a holomorphic matrix. 


5.15.6. Proposition. Let X be a simply connected Riemann surface, 
Aé M(n, Q(X)), 29 € X. For every xX, € C” there is a unique holomorphic map 
ff: X — C" such that 


4 = Af 
f (Zo) = Xo. 


The family S, of all holomorphic solutions of the equation df = Af is a complex 
vector space of dimension n. 


Proor. By the previous remark and Theorem 5.15.4 there is a simply con- 
nected U, open neighborhood of z) and a unique holomorphic solution 
f:U,-C* of df = Af with f(z.) = x9. This already shows that if there is a 
solution in X to our equation, it must be unique. We need only to show that 
the solution f defined in U, can be analytically continued along any path y 
in X starting at z,. Once this is done, the corresponding global function, still 
denoted f, will satisfy df = Af everywhere by the principle of preservation 
identities under analytic continuation. 

We can find simply connected coordinate patches U; and a partition 
O= fo <ty <-°+ <4, = 1 suchthat y((t,_,,t,]) S U,_, for j = 1,...,n. Insuch 
U;, for every x;€ C” there is a unique solution f, of df = Af in U, such that 
f (y(t) = x;. Therefore, starting with fg = ( we can construct the f; by recur- 
rence in such a way that fi(y(¢;)) = f-,(y(t,)). Therefore f, and f;_, coincide in 
the connected component of U;n U;_, containing y(t;). This shows the exis- 
tence of the analytic continuation of f along y. 

The map f € S,+ f(z) is linear and bijective by the preceding part, hence 
dim S, =n. a 


§,15.7. Corollary. Let p: X > X be the universal covering space of a Riemann 
surface X. Let AE M(n, Q(X )), 29 EX, Yo p *(Z9), Xp € C". There exists a 
unique holomorphic solution f: X — C" of the equation df = (p*A)f such that 
f(VYo) = Xo- 


Let X be a Riemann surface. A € M(n,Q(X)) and p: X > X the universal 
covering space of X. Let S,,, be the space of solutions of df = (p*A)f in Xx. 
Let f,, ..., f, be a basis of S,.,. The fundamental matrix ® = (f,,..., f,) 
satisfies the differential equation d® = (p* A)®. For o € G(p) = 1,(X) we set 
a°®:= ®og'. Then d(a:®) = (p*A)(o-®) and it is also a fundamental 
matrix. Hence, there is a matrix T(o)¢ GL(n,C) such that o-® = OT(o) 
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(product of matrices on the right-hand side of this equation). Now, let oa, 
t € G(p), then 


OT(o ot) =(0071)O=a-(t-O) = a -(OT(t)) = (6 ‘OT (t) = OT (a) T(r), 


hence o+> T(c) is a group homomorphism from G(p) into GL(n, C). 
Conversely, if T:G(p)>GL(n,C) is a group homomorphism and 
® : X — GL(n, C) is a holomorphic map such that 


aD = O7T(o) (T7) 
for every o € G(p), then the matrix (d®)®™ is invariant under G(p), since 
ao: (d®)D"! = (dOT(c))(PT(c))* = (dD)o", 


hence it is of the form p* A, with A € M(n, Q(X)). Therefore, © is a fundamental 
solution for the differential equation df = (p*A)/. 

A matrix satisfying the equation (tT) for the representation T of G(p) into 
GL(n, C) is called an automorphic matrix. 

Let us consider now the special case 


X = {zEeC€:0<|z| < R}, 
where 0< R < 0. We take X = {we C:Rew < log R} and p(w) = exp(w) 
as a concrete realization of the universal covering space of X. The group 
G(p) = m,(X) is isomorphic to Z. On X the function L(w) = w is such that 


exp o L = p. We choose the isomorphism between G(p) and Z in such a way 
that o, = 1 € Z acts by 


69°L = Logg! =L + 2ni, 


so that og‘ arises out of a loop going once counterclockwise in X around the 
origin. 

Let now A € M(n, Q(X)) and ® a fundamental matrix of solutions of df = 
(p* A) f in X. The behavior of ® as an automorphic matrix is determined by 
the matrix T € GL(n, C) such that 


65°D = OT 


In this case, T is called the automorphic factor. If ‘¥ is another fundamental 
matrix there is S € GL(n, C) such that ‘¥ = ®S, Hence 


69° = 69: (MS) = (69: D)S = OTS = V(S TS). 
Therefore, by a convenient change of fundamental matrix we can assume that 
the automorphic factor T has the Jordan canonical form. 
5.15.8. Proposition. Let T ¢ GL(n, C) be given and B € M(n,C) such that 
exp(27iB) = T.: 


Then the matrix-valued function @) = exp(BL) is a fundamental matrix in 
X = {we C: Rew < log R} for the equation 
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df = p* (2 dz) 


associated to the differential equation 
, B 
fi="f 
Z 


on X = {zEC:0<|z/<R< ao}. 
The matrix ®) has T as automorphic factor 
59° Dy = OT, 
with dg = le Z = G(p),o9.L = L + 2ni, L(w) = w. 


Proor. It is very simple. In the coordinates w, the differential equation in X¥ 
is just f’(w) = Bf(w). We have ®)(w) = exp(Bw), hence ©, = B®,, which 
shows that ®, is a fundamental matrix. Furthermore, 


(o-@y)(w) = exp((w + 27i)B) = exp(wB) exp(2z2iB) = ®,(w)T. a 


Remark. If T 4 id¢., there is no holomorphic function f: X > C, f # 0 such 


B 
that f’ = —f. If not, we would have 
Z 


p* df = d(f ° p) = p* (2 dz) (n't ) = (Bdw)(p*f), 


hence the function g = p*/f is 2xi-periodic, invariant under o,, and would solve 
g’ = Bg. This is impossible since it implies exp(27iB) = iden. 


5.15.9. Proposition. Let X = {zeC:0<|z|<R} (0<R< 0), p:X>X 
its universal covering space, X = {we C: Rew < log R}, p(w) = exp(w), and 
A: X — M(n,C) a holomorphic map. The differential equation in X 


f' = Af 


has a fundamental matrix ® in X of the form ® = PO,, with O,(w) = exp(wB) 
for some B € M(n,C) and ¥ : X — GL(n, C) holomorphic. 


Proor. Let ® be a fundamental matrix for the solutions in X of df = 
(p*(A dz))f. (That is, df(w) = A(e”)e”f(w) dw.) We have o, °® = OT for some 
T € GL(n, C) and oy = 1 € Z the generator of G(p). We can find B € M(n,C) 
such that T = exp(27iB) and hence, the function ®,(w) = exp(wB) satisfies 
do'D) = OT. Let ¥ = O@,', then o-'¥ = Y. This proves the proposition. 
CJ 


Remark. In other words, any fundamental matrix ® of the preceding equation 
can be written as a product of a very simple matrix, ®)(w) = exp(wB), and a 
matrix ‘Y that can be developed in a Laurent series in X about z = 0. 
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5.15.10. Definition. The origin is said to be a regular singular point or a 
Fuchsian type singularity for the differential equation f’ = Af in X, 
Aé M(n, #(X)), if the matrix Y from Proposition 5.15.9 has at most a pole 
atz = 0. 


5.15.11. Proposition. Let X = {zeC:0<|zj)<R} (0<R< oo). If the 
matrix A € M(n, #(X)) has at most a pole of order 1 at z = 0, then the origin 
is aregular singular point for the differential equation 


J’ = Af. 
Proor. The proof needs two lemmas. 


5.15.12. Lemma. Let k > 0, F : ]0,r9] > ]0, oo[ be a function of class C' such 
that 
kF(r) 


F< —— O<r<7np. 


Then 
F(r) < Fo \V(r/roy*, O<r<7ro. 


Proor. By hypothesis 


F'(r) 5 k 
Fn or 


d . — 
7, toB Ft) = 


Integrating in [r, rp ] we obtain 


which is equivalent to the conclusion of the lemma. C 


5.15.13. Lemma. Let f ¢ #(X). Then 


< 2| f(re*)||f'(re)|. 


0 , 
pa *)\? 


, df _ of —i¢ of _ ' Of _ of 
PROOF. We have f' = a5 ane and 2 = |f'|. Furthermore, ap ap 
of . 
hence a| = | f’| also. This gives 
Oa Of of 
—— aa | Ff _ —— < . 
a | roa sF) s2nis 0 


We can now return to the proof of Proposition 5.15.11. 
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We already know there is a fundamental matrix ® in X for the equation 
f" = Af in X, and that this fundamental matrix has the form ® = PQ,, 
®o(w) = exp(wB) for some Be M(n,C) and YP : X > GL(n,C) holomorphic. 
We have that the matrix © satisfies the equation 


* ow) = ZA(z)®(w) (z =e”). 
dw 


That is, 


d a’? 
2A(2)¥(2) (Ww) = 5 (F(2)p(w)) = 2 a(w) + Y2)BO(w). 


Dividing by ®) we obtain a differential equation in X for the matrix-valued 
holomorphic function VY 


Y 
Y= AV — —B. 
Z 


Since the matrix A has at most a pole of order 1 at z = 0, there is a matrix- 
, 1 

valued holomorphic function A, : B(O, R) > M(n,C) such that A = — A,. That 
Z 


is, we have 


Y (2) = (Ay (@)¥(2) — ¥(2)B) 


1/2 
Let, for the moment, the norm of a matrix (C,;) be ||C|| = (5 | ci) . With 
ij 
this definition of norm, there is an ry > 0 and M > 0 such that 


M 


P'(z)| < i IP(z)| for 0 < |z| <7. 


|z 
i 


F(r) = |'P(re) I? = bo ilre®)/?, 


i,j 


If we now let 6 € R be fixed, r € ]0,r)], ¥ = (Y;,;) and 


we conclude from Lemma 5.15.13 that 
IF) <2 d |'F,Are’)| | Fi (re’)| 
< 2||'P(re™)|| ||P’ (re’*)| 
<< Myw(re™)? = ™ Fi), 


Applying Lemma 5.15.12 we obtain 


r —-2M 
F(r) < F(ro) (=) 
0 
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That is, 


which implies that ‘’ has a pole of order at most M at the origin. In other 
words, the origin is a regular singular point for f’ = Af in X. CO 


Propositions 5.15.9 and 5.15.11 have the following consequence. 


5.15.14. Proposition. Let A, ¢ M(n,C), A,: B(O,R)- M(n,C) holomorphic, 
X = B(O, R)\{0}. Then the differential equation 


A; 
I'(2 = (4 + Ax(2) fe (z€ X) 


has n vector-valued linearly independent solutions of the form f, = (fi,1.--+> fan) 


f(z) = ¥° P,(log z)z***, 
k>0 


where A is an eigenvalue of the matrix A, and P, is a vector-valued polynomial 
of degree <n — 1, which is not identically zero. The series is absolutely and 
uniformly convergent in every closed disk in X, for every determination of the 
logarithm (and corresponding determination of z* = e*'°8?). 


Proor. The singular point z = 0 is a regular point by §5.15.11. Hence the 
equation in X 


dg = p* (4 + 4,() iz) ¢ = (A, + A,(e”)e”)g dw 


has a fundamental matrix ® of the form 
O(w) = Ple”)e”?, Be M(n,C) 


where is holomorphic in X. From §5.15.3 we know that ‘W has a Laurent 
expansion of the form 


Piz) = YB = 2 P(z) 


k>m 
where ’(z) is holomorphic at z = 0 and me N. In other words we have 
O(w) = Ple”)erB-m™), 
We can change the fundamental matrix in such a way that B is in Jordan 
canonical form. Then, for each Jordan block of size d x d of the Jordan 


canonical form, there are d columns of the fundamental matrix which will be 
of the form (Pp; — (Pi 15+--s Pins 0 < ] < d — 1, 
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ie-@) 
QD, (w) = em » P, (we™, 


where v is an eigenvalue of B. In the z-plane (using the same symbol @, , by 
abuse of language) 


Qy, (Zz) = 2°" dX P, , (log z)z*. 


The coefficients P, ; , are polynomials of degree <1 <d—1<n— 1. Let us 
consider first the case 1 = 0. We have that the vector g(z) has the form 
o(z) = z*-"h(z), his a holomorphic vector at z = 0, h £0. Assume h(0) # 0 
and set 4 = v — m. Replacing into the differential equation we obtain 


2-141 — Ay)h + 24(h’ — A,h) = 
Dividing by z* and letting z > 0 we obtain 
(AI — A,)h(O) = 0, 


so that A is an eigenvalue of A,. If h(0) = 0, h’'(0) # 0, then we can write 
o(z) = z**'h(z) and the same reasoning indicates that A + 1 is definitively an 
eigenvalue of A,. In any case, @ can be written in such a way that the leading 
power is z’*’, s € Z, v eigenvalue of B, v + s eigenvalue of A,. Note also that, 
if above A + | was not an eigenvalue of A,, then h(0) # 0. The general case 
~,, | # 0, follows the same lines. a 


3.15.15. Remarks. (1) A slightly more careful analysis of the proof of the last 
proposition leads to the following: for every g,, 0 < 1 < d — 1, corresponding 
to the same Jordan block of B one has 


oie) = 2* Y Pr(log.z)z*, 


with the same eigenvalue / of A, and degree P, . = |. 
In fact, let us say that we are considering the Jordan block J, of B corre- 
sponding to the eigenvalue v,, i.e. 


J, 0 
B= J, ’ 
0 
1 0 0 0 1 0 0 
11 
0 0 


J,isad x d matrix. Then 
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w? 
"9 
lt ow 
0 | 

0 


Therefore, in the computation of @ we see that it is the order of the origin as 
a zero of the entry w, ,(z) of the matrix y(z) that counts. If this were k, then 
W, (Zz) = agz*(1 +°--), ay # O, and 


aol +:"*) 


Do — zvivmtk 0 


The first entry of ~,, g,., will now have the form 
@,.4(z) = 2""~"**T (ay log z(1 + °--)) + holomorphic function of z] 
= ZI ™**F(q logz + bo) + (a, logz + b,)z+°°°]. 
The entry @, » is given as 
@,.>(2) =z” ™**(holomorphic function of z) 


and the following ones are zero. 

The same reasoning holds for @,,..., @ ;_, and for the other Jordan blocks. 

It also follows that once we know the form of the solution we can determine 
the shape of the Jordan blocks of B. The eigenvalues v of B are then given as 
A+m—k, with eigenvalue of A, andsomek e€ N. Since Bis only determined 
up to a matrix C such that exp(2ziC) = id, we see that we can take B with 
eigenvalues 1 + m, J eigenvalue of A,, and the Jordan structure of B obtained 
from the solutions. In the example of the second-order equations which 1s 
discussed at the end of this section, there 1s a case where this is not the most 
convenient choice of B. What is much harder 1s to determine m and the Jordan 
structure of B a priori (see [Ju] and [CoL ]). 

(2) One can also prove that if a formal series 


f(z) = 2" x P,(log z)z" 


is a solution of the equation from Proposition 5.15.14, then it is convergent 
in every closed disk in 0 < |z| <r, for r sufficiently small. (See, e.g., [H12], 
| Hen], and [In].) 
we | A, | 
3.15.16. Proposition. Let A=-—-+A,, where A,eM(n,C)~ and 
Z 


A, : B(O, p) ~ M(u,C) is a holomorphic map. Assume that the endomorphism 
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of M(n,C) given by Z+-+A,Z — ZA, does not have any eigenvalue which is a 
positive integer. Then, there is a unique holomorphic map H : B(O, p) > GL(n, C) 
such that 


I 
H(z) = (A, H(z) — H(2)A1) + A2(Z)H(2), 2 € BO, p)\ {0}, 


H(0) = iden = I. 
Moreover, if a formal proven series )' H,z* satisfies the differential equation 
and the initial condition, then it is automaticall y convergent and it is the Taylor 
series of H. 
Proor. Let us assume that a formal power series )’ H,z* with H, € M(n, C), 
verifies the preceding equation and the initial condition, Then H, = I and 


H’ — » kH,2*"", 


koi 


while 
i 
7(Ai —_ HA,) = y (A, A, — H,A,)z*71. 
k>1 


Let us write A,(z) = ) B,z*, with B, € M(n,C), convergent in B(0, p). Then 
k>0 
we must have for k > 1 


A, H, — H,A, — KH, = —(B,-; + By-2Hy + +++ + BoHy-;). 


The hypothesis made earlier on A, implies that this recurrence relation 
determines uniquely the matrices H,, H,,.... 

We want to show that the formal power series that are obtained from the 
recurrence relations converges in B(0, p) to a holomorphic map with values 
in GL(n, C). From the recurrence we obtain the inequality (with the operator 
norm, so that ||H)|| = 1) 


(kK — 2|A, I) Ss | Beall + 1B.-2ll Hall +++ + (Boll Hy-all. 


From the Cauchy inequalities for A,, we know that there is a positive function 
M(r), 0 <r < p, such that 


1 M(r) 
B,|| < — . 
Il <3 — 


Therefore, for any k > 3||A,|| we have 


Mir) f 1 A, | || A,-2| 
A, || < k (str + “E=2 tot + =" + | Aa il J. 


Let us fix now r, let 0 < t <r. From this inequality we can easily derive 
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| H,|| + 2¢||H,]) +++: + kt**||H, || 


M(r) k 
Say ir 7 Hol + ty) + 0+ + Oh, |). 


Introducing the auxiliary function 
I(t) = ||Holl + t]Hi ll +7 + gl, 


then we have 


M(r 
[(t) < ——--~ 1, (0), O<t<r. 


~ (L — t/r) 
Integrating in t, this leads to 
L(t) < M(r)log(. — t/r). 
This inequality clearly implies that dX H,z* converges uniformly for 


lz} <t<r. Hence it is a holomorphic function in B(O, p). This proves the 
existence of a holomorphic solution to the differential equation with the initial 
value H(0) = I. It also proves its uniqueness. What we still need to show is 
that H takes values in GL(n, C). 

Consider the system 


1 
= —-(A,K — KA,)— KA, 
Z 
K(0) = I. 
The same argument shows this system has a holomorphic solution 


K:B(O,p)— M(n,C). Also note that the uniqueness part implies that if 
A, = 0, then X = / is the unique solution to 


l | 
= ~(A,X _ XA;) 
Z 


X (0) = I. 


Consider now the matrix-valued holomorphic function KH. It satisfies 
KH(0) = I, and 


(KH) = K'H + KH’ 


l i 


= “(A,(KH) — (KH) Ay) 


From the previous observation it follows that KH = I. Hence H(z) e GL(n, C) 
for every z € B(0, p). Cc 
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5.15.17. Remarks. (1) Consider now the equation 
A 
R'=AR= (4 + 42), 
z 


with A, € M(n,C), A, : B(O, p) - M(n, C) holomorphic. We assume A, is such 
that Zt+> A,Z — ZA, has no eigenvalues in N*. 

Let us write R = HT, where H is the unique holomorphic function in B(0, p) 
with values in GL(n,C) that solves the equation from Proposition 5.15.16. 
Therefore we have 


1 i 
R= HT’ + ~(A,H —HA,)V + A,HT = AR + HT’ —-HALT, 
zZ 


which imposes on I the differential equation 


1 
HY’ =—HA,I, 
a 


and, since H is invertible, this is equivalent to 


pad 
aT 


From §5.15.9, we know that [ is of the following form. Fix some 
Zo EX = B(0, p)\{0}, then 
D(z) = exp(log(z/z)A1)I (Zo) 


and has T = exp(2ziA,) as automorphic factor. 
If we cut X along a ray which does not contain z,, we obtain a simply 
connected domain where the resolvent R(z, z,.) must be 


R(Z, Zo) = H(z)T(2), 


with 
R(Z9,20) = H(Zo)P (Zo) = 1, 
that is, 
P'(Zo) = H(z)”. 
Hence 


R(Z, Zo) = H(z)exp(log(z/zo)A,)H(Zo) ©. 
Let X = {weC:Rew <logp}, p:X > X, p(w)=e”. The differential 


equation in X 
A 
df = p* (4 + Az) iz) 


admits as a fundamental matrix 
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® = p*(R(z, 20) H Zo)e#"), 
which is of the form 
@(w) = H(e”)e4:” = P(w)e4™. 
Moreover, for g) = 1 €¢ Z = G(p) we have 
(65° ®)(w) = (® © a5")(») = B(wyennn 
= O(w)e?"41 = O(w)T, 


where T is the automorphic factor. 
A fundamental matrix in X is 


W(z) = H(z)e4: 987, 


(2) We refer the reader to the classical literature [Hi2], [CoL], and [In] 
for the study of systems with regular singular points of the form f’ = Af, 


A , ; 
A = — + A,, where A, is such that Z'++ A, Z — ZA, has eigenvalues in N*. 
Z 


We take the opportunity to mention here how the eigenvalues of A, as a 
linear transformation in C” and those of the map ad(A,): Zt» A,Z — ZA, as 
a linear transformation in M(n,C) x C” are related. Let /,, ..., 4, be the 
eigenvalues of A, (counted with multiplicities), then for the map ad(A,) the 
eigenvalues are all the possible differences A; — 4,, 1 < k, j <n. The proof is 
very simple and relegated to the exercises. 

We end this section with a glance into the theory of scalar equations of 
order n with a singularity of Fuchsian type at the origin. 

Let a,,a,,...,a, be holomorphic functions in the disk B(0, p). A differential 
equation of order n is said to be of Fuchsian type if it has the form 
FON) + BE pera) gong MAE) p(y 4 MG =O. 


a,(z) 
z 2° 


f(z) + 


Note that it could happen that z = 01s a regular point for this equation if the 
a; vanish to sufficiently high order. Its associated first-order system can be 
written as 


1 
F’ = —AF, 


vA 


with F=(f,f',...,f@-») and 
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The equation for the resolvent is 


1 
R’ = —AR. 
Z 
A priori this system does not seem to fall into the case previously considered, 


but one can reduce it to that case introducing matrices A and I such that 
R= AT and 


0 
yn-2 
0 
Z 
0 0 


One has det A(z) # Oif z 4 0. We obtain 
R’=AT+AP = SAAN, 
and hence [I satisfies the differential equation 
J’ = TAA — Z"AYT 


in B(O, p)\ {0}. Now 


0 
zion 
gl 
and 
{ (n — 1)z"~? 0 
, 0 (n — 2)z"-3 
A'= : 
0 
Hence 
(n — 1) 0 
0 (n — 2) 
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and 
zi 9 0 
QO 2" 0 
AAA =| 
nol 
—a,z"~ 


Hence, I verifies the differential equation 


(n — 1) { 0 .. 0 
if 0 —(n—2) (OO 
= 
z 0 | 1 I 
— a, —~ GA, aoe — G5 —a, 


which is of the preceding type 


i 
i = (ha, fe 4) I, 
Z 


with A, holomorphic in B(O, p) and 


—1 i | 
—a,(0) —a,(0)/ 


The characteristic polynomial of A, is 
det(A — Ay) =(At+n— I(Atn— 2)...4 
+At+n—1(A+n—2)...44+ Da,O4+-°: 
+(A+n— lja,_,(0) + a,(0). 


Therefore, if none of the differences 4; — A, between the eigenvalues (A, );_, of 
A, is in N*, we can apply the preceding study. Letting 4 = r —n + 1 allows 
us to rewrite the characteristic equation of A, in the more classical form of 
the indicial equation 


ry —1)...0 —n+ 1) 4+ 4,(0)r(r — 1)...7@ —n4+2)4+-:'+4,_,(0)r + a,() 
= 0, 


What we need then is that none of the differences r, — r, of the roots (7, )-, of 
the indicial equation belongs to N*. 

The reader will easily find that the indicial equation is the equation that 
has to be satisfied by re C in order for the original Fuchsian differential 
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equation to have a solution of the form f(z) = z’¢(z), gp holomorphic in B(0, p), 
p(0) # 0, z” = exp(r log z). 

If certain differences between roots of the indicial equation are integers 
(zero or not) one looks for solutions oftheform )° P,(logz)z***,A=r—n-+t1, 


k=O 
where P, is a polynomial of degree < n — 1 (cf. §5.15.14 and §5.15.15). 

As an example, let us study in more detail the extremely important case of 
Fuchsian type differential equations of second order. 

Let a,, a, be two holomorphic functions in B(O, p), X = B(0, p)\ {0}. The 
differential equation in X 


a, (2) , , 42(2) 


y" + yt+—zy=0 


has a fundamental system of solutions (g,,@,) of one of the two following 
forms (where ,, ‘?, are holomorphic in B(0, p)): 
In the first case 


ae = 271M (z) (1) 


p2(z) = 2”, (z). 


This case occurs, for instance, if the matrix 


— | 0 
AL= (0 oo) 


is diagonalizable with eigenvalues 4,, 4,, which do not differ by a non- 
zero integer. The values r,, r, are the roots of the indicial equation 
r? + r(a,(0) — 1) + a,(0) = 0. 

In the other case 


foc = 2" (2) 0) 


@2(z) = 2"(¥,(z)logz + F(z), 


. with at most a pole at 0. This case occurs, for instance, if the matrix A, is 
not diagonalizable and r is the (double) root of the indicial equation. 
In order to see this, one writes the associated first-order system 


0 I 


Wi _ Wi 
wi) 2 41 W3 
Z z 
_1/ 0 2? w,\ A(z) (wy 
~ 227\ a, —a,z/\w,/ 2? \wy/” 


According to the previous remark we look for a solution (w,, w,) of the form 


(M)=(6 (i) =aer(%) 
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This leads to the new system 

ui\ 1/z 0\"// 0 z? z O ofl 0\\/u, 

ui) 2\0 1 —~a, —a,z/\0 1) 7 \o o}/\u, 


a 
=—A7(AA — 24)("") 
Zz u 


2 


Now 
_ I/z O\/1 O I/z 0 
LA’ — en 
wwe=() ilo oa (0 1): 
2 
aad = ( o 2 ) 
— a> —~GAyZ 
and hence, 


u;\ 1/ -1 1 uy _A uy 
ui} z\—a, —a,/\u,J) z\u,/’ 


which shows that this system has z = 0 as a regular singular point. Let 


whose characteristic polynomial is 
det(AI — A,) = 1? + (a,(0) + 1) + (a,(0) + a, (0)), 
and the corresponding indicial equation is obtained by letting r = /4 + 1, 
r? + r(a,(0) — 1) + a,(0) = 0. 


We consider now the two possible cases. 
First case: The roots r,,r, of the indicial equation do not differ by a nonzero 


integer. 
Then a fundamental matrix of solutions of 
i ~ 
U'=-~—AU 
Zz 


is of the form 
U(z) = H(z)e4: 87, 
which leads to a fundamental matrix W of the original system 


1 
W' =—,AW 
2 
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by setting 


Z 


0 A, logz 
0 )) Hie , 


W(z) = ( 


Subcase 1(a): If A, is diagonalizable, with 4, =r, — 1, 4, =r, —1 as 
eigenvalues, up to a similarity, we have 


Ay 
egArlogz _ é 0 
0 zr} 


Since a similarity corresponds to a different choice of basis of solutions, we 
find that we have a fundamental system (@,, @,) of the type (1) for the original 
second-order scalar equation. 

Subcase 1(b): If A, 1s not diagonalizable we must have r, =r, =r, 
A, = A, =r -— 1. Always up to a change of basis we have 


A 1 A 0 0 1 
A = = 
exp(A, log z) = exp ((; ) log :) exp ((; ") log :) exp ((( ) log :) 
_{2* O\/1 logz\  [(2* z*logz 
~\o ztslo 1 J XO zee 


This leads to a fundamental system of the form (2). 

Second case: The two roots of the indicial equation differ by a nonzero 
integer. 

In this case A, is diagonalizable but all we can assert from §5.15.4(1) is that 
there is a matrix B with a double eigenvalue being one of the eigenvalues of 
A, and such that 


U(z) = H(z)e?'8?. 


Then we have a fundamental system as in (1) or (2) according to B being 
diagonalizable or not. 
As an example of application, let us consider in X = C\ {0}, the Bessel 


equations of order p € C, 
f 2 
wate (t -" y= 
Z Z 
The indicial equation in this case 1s 
yr? _ p? — 0 


with roots r = +p. The matrix A, is 


—1 -l 
A =( 2 ) 
P 


If 2p ¢ Z, then we are in subcase 1(a) since the matrix A, is diagonalizable 
and we have two independent solutions of the form z?‘P ,(z), z ?,(z), with 
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Y,, ‘, entire functions. In the other case, p integer or p half-integer differ in 
the existence of a logarithmic term in the first case and not in the second. To 
show this in detail we use the fact that even if 2p e Z, there is definitely a 
solution of the form (cf. Remark 5.15.15) 


p(2z)=z? di c,z", Cg #0,~ 
6 


and we can find the coefficients by substitution into the equation. The equa- 
tions for the coefficients are 


(r? — p*)cg = 0 
(7 + 1)’ — p*)c, = 0 
((r +n)? — p*)e, + Cy-2 = 0,n > 2. 


The first equation is simply the indicial equation since cy # 0. The second 
leads to c, = 0, and hence to c,,,, = 0 for every ne N by the third equation. 
With n = 2k, the third equation becomes 


4k + (r + k)ca, + Cy-2 = 9, k 21, 


Or 


Cy, = (— 1) (3) es ee 
*k 2/) ktr+i)..@¢th 


This procedure could only break down if r + k = 0 for some k € N*. Hence, 
if pé Z we can take either choice r= +p; if pe Z we can only take the 
choice r = p > 0. With this proviso, we normalize the coefficients by choosing 
Co = 1/1 (r + 1). We obtain the functions, called Bessel functions of order p, 


(ze (-1 
0=(3) Soares 


It is immediate that the series represents an entire function, and when p ¢ N 
we have two linearly independent solutions of the Bessel equation. (The linear 
independence is an immediate corollary of the obvious linear independence 
of z?,z ? for p € Z. What happens when p € N? The relation 


4k(—p + k)ca, + Cox-2 = 9, 


leads to c,, # 0 for k < p, but for k = p, it yields 0. c,, + C2,-2. = 0, which is 
a contradiction. Therefore, there can only be one independent solution of the 
form z?h(z), h entire. It must be a multiple of J,(z) defined earlier. The other 
one will be of the form ¢(z) = J,(z)logz + g(z), g with at most a pole at 0. 
Replacing into the Bessel equation we have 


, 2, 
g"(2) + _9'(2) + ( - Pda = —2Jj(2), 


3 
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which admits a solution 
gizjy=z? ¥ a,z*. 
k=0 


For the case of the Bessel equation of order 1/2 we have that the independent 
solutions of 


zy" + zy + (27 —-Z)y=0 


are 


COS Z 
J4/2(2) = Sie 


and 


sin Z 
J_32(2) = ik’ 


We have not touched at all the relations between solutions of differential 
equations in the complex domain and analytic continuation, asymptotic 
developments, special functions, and group representations, Nevanlinna 
theory. Many of these questions are currently being studied in a completely 
different way than what the reader will find in classical textbooks [Hi2], 
[CoL], [In], and [Hen], we return to this subject in the next and last section 
of this book, as well as in the next volume. For the moment, we offer a few 
other references of interest: [Ju], [Del], [O1], [Wa], [Vil], [Fi], and [Rub2]. 


EXERCISES 5.15 
1. Given A € M(n,C) we denote ad(A): M(n, C) ~ M(n, C) the map defined by 


ad(A)M = AM — MA. 


We want to show that if 4,, ..., 4, are the eigenvalues of A, counted with 

multiplicities, then 4; — A,, 1 < k,j <n, are all the eigenvalues of ad(A). 

Denote by x a column vector in C”. Then x’, its transpose, is a row vector. We 
let e; be the column vector representing the jth element of the canonical basis of 
C". The matrices M,, = e;: e;, form a basis of M(n, C). 

(a) Show that if A is a diagonal matrix, then the matrices Mj, are eigenvectors 
of ad(A) with eigenvalues A, — 4,. Hence ad(A) is a diagonal matrix with 
respect to the basis (M;,); ,. 

(b) Recall that A is diagonalizable if there is a diagonal matrix D and an invertible 
matrix P such that A = PDP™' (D,P € M(n,C)). Show that in case A is 
diagonalizable, ad(A) is also diagonalizable. 

(c) Let x, y be eigenvectors of A with eigenvalues 4, pu, respectively. Show that 
(i) xy‘ is a nonzero matrix. (Hint: apply this matrix to the column vector j, 

conjugate to y.) 

(it) ad(A)xy! = (A ~ yxy". 

(d) Let P be an invertible matrix such that A = PTP™', T = (t;,) an upper 
triangular matrix. 
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(i) If Me M(n,C) is an eigenvector of ad(A) with eigenvalue «, show that 
N = P“'MP is an eigenvector of ad(T) with eigenvalue a. 
(ii) Let k be the smallest index such that Ne, #0. Show that Ne, is an 
eigenvector of T with eigenvalue (t,, + a). 
(ii) Use (ii) to conclude that « = A; — 4,, for some pair of eigenvalues 4,, A; 
of A. 
(e) What are the eigenvalues of the map S(A): M(n,C) > M(n,C), 


S(A)M = AM + MA? 


2. Let Q be an open set in C,a€Q, f,,..., f, € ©,, which are linearly independent. 
Assume further that 
(i) for each y € 2, (Q, a), and each j, the germ jf, admits an analytic continuation 
along the loop » to a germ yf, € @,; 
(11) for every y, j as in (i), we have that 


Wie=wh +o +n, in @, 


for some constants ,,..., U,- 
Let W be the n x (n + 1) matrix 
fi ti vs FY? 
Wels: : 
Sn Sn ee Sy” 


and denote by w, then x n minors obtained by deleting the jth column of W. 
Clearly we ©, fort <j<nt+l. 

(a) Show that w,,, is not identically zero; 

(b) Show that property (i) still holds for every y and every w,; 


fy 
(c) LetF =| : |. Show that for y € 2,(Q, a) there is a nonsingular matrix T, 


Si 
such that 


yh = T)F. 


(d) Show that if we denote by wW,,,, the multivalued holomorphic function in 
Q defined by analytic continuation of w,.,, then the zeros of w,,, and its 
multiplicities are independent of the branch of W,,, lying above a point 
2, € Q. Let V be multiplicity variety of the zeros of W,,,. 

(ec) Show that a; = w,/w,4,, 1 <j <n, are germs in .#, and admit analytic 
continuation to a (single-valued) meromorphic function in Q. 

(f) Let g € #(Q) define the multiplicity variety V and denote 


b, := ga, (1 <j <n). 


Show that if D denotes the following differential operator with holo- 
morphic coefficients in Q: 


with by = g, then every f, is a solution of the homogeneous equation 
Du = 0. 
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3. Find the automorphic factor for the fundamental matrix of the system 


re=|2(5 ‘D+ 5) [fe 0 <|z| < 0. 


0 0 
Show it is not similar to exp (22i(§ ')) as predicted by Remark 5.15.7(1) 
Why? 


4. Let r,, r, be the roots of the indicial equation of the Fuchsian type differential 

equation (with singularity at z = 0) 

a,(z) 
z 


a2(z) 
z* ° 


f"(2) + f'(2+ f(z) = 0. 


(a) Introduce a change of variable z = (",k e N, g(C) = f(C*). Show that g satisfies 
a Fuchsian type equation with corresponding roots kr,, kr, for the indicial 
equation. 

(b) What happens when the change of variable is of the form z = (¢), o(0) = 9, 
g'(0) 4 0? 

(c) What happens in the case of an equation of order n? 


5. For asystem f’ = Af, A ann x n matrix holomorphic in the region 0 < R < |z| 
< 00, we say that the system is regular or it has a Fuchsian type singularity at 


i 
z= 00 if the system g’ = Bg obtained by the change of variables z+» — has z = 0 
Zz 


as a regular point or, respectively, it has a Fuchsian type singularity. 
Show for either of these two possibilities to occur it is necessary and sufficient 
that z = o is a removable singularity for A and A(oo) = 0. 


6. Consider the differential equation 
FO + Pf O +o + Df = 9, 
where z = 00 is anisolated singularity for all the coefficients p;. We say that z = 00 
is a singular point of the Fuchsian type if the system obtained by the substitution 
1 ; , , , ; 
z = — has a Fuchsian type singularity at w = 0. Show that this can happen if and 
Ww 
only if each coefficient p, is holomorphic at z = oo and vanishes at least to the 
order j at that point. (Hint: it is easier to first write p{z) = qj(z)/z’.) 


7. Use the definition and criteria given in the text and in Exercise 5.15.6 to classify 
all the singularities of the following equations: 
(a) (1 — 27) f"(z) — 2zf'(z) + viv + 1) f(z) =0 (Legendre equation) 
2 
(b) (1 — 22) "(z) — 22f (z) + +1—-"_, | f(z) = 0 (associated Legendre 
equation) 
y’ pe 
(c) yo +--+ ( _ 4 y=0 (Bessel equation) 


2 


b 
(d) u” + (: + 74] ul + en" =Q (hypergeometric equation) 


(v, 4, p, a, b,c are complex parameters). 


612 


10. 


*11. 


*12. 


13. 
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. Let A be ann x n matrix holomorphic except for a finite number of singularities 


at Z,,...,Z,€C, and, possibly z = oo. Show that the system f’ = Af has only 
Fuchsian type singularities if and only if there are constant nonzero matrices A,, 
..., A,, such that 


Moreover, the point z = oo is not a singular point if and only if A, +-:-4+ 
A, = 0. Could there be a system with precisely one singular point? 


. For a differential equation 


FOP + FEY +o + Daf =O, 


where the coefficients have singularities only at z,,..., z,,, and possibly, z = 00, 
show that all the singularities are of Fuchsian type if and only if the p, are rational 
functions of the form 


q;(z) 


(ii (z — a) 
k=1 


(a) Can there be a second-order equation f” + p, f’ + p,f = 0 without singular 
points? 

(b) Show that if there is precisely one Fuchsian type singular point at z = z, # 00, 
then the equation is 


p,{z) = 


q; a polynomial, deg q,; < (m — 1)j. 


a 


f’ + f' = O. 


Z— 2; 


Find a fundamental system. 
(c) Which is the only equation satisfying (b) when the only singular point is 
z= 0? 


Write down all the differential equations of second order which have exactly two 
singular points of the Fuchsian type at z = z, and z = z,, and z= © is nota 


2 
ara f=0, with a, b 


singularity. (Ans: f” + —————___ f + ——_—_-—__—_. 
gulanty. (Ans: I" + Cem) *@ 22) 2 


arbitrary constants.) 


Show that every second-order differential equation all whose singularities are of 
Fuchsian type and lie at z = 0, 1, oo are of the form 


"+ a, PL (4 _y=0 
— u = 

nn Cre 2(z — 1) 

(see Exercise 5.15.7(d)). 


What are the conditions on the parameters a, b, c of the hypergeometric equation 
in order that there is a solution which is a polynomial? 
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(Remark: There are only seven choices of triplets (a,b,c) such that all the 
solutions of the hypergeometric equation are algebraic (see [Hi2]).) 


14. Recall that the Schwarzian derivative {w,z} of a holomorphic function w with 


yw" ' 1 w”" 2 
respect to the variable z is given by {w, z} = ( — ( o— | . Show that if u,, 
w 


, } 


u, are two linearly independent solutions of the differential equation 
u" + qu=0 
in a simply connected region Q, and w = u, /u,, then 
{w,z} = zq(z) 
(whenever u,(z) 4 0). 
15. A method, due to Laplace, to solve the differential equation with linear coefficients 
(agz + by)u”(z) + (a,z + b,)u'(z) + (a,z + b,)u = 0, 


is to assume u is of the form 


uc)= | e*' v(t) dt 
c 


for a convenient holomorphic function v and contour C. Show that formally v 
must satisfy the first-order equation 


d 
PW) — O(t)v(t) = 0. 


Find P, QO in terms of ap, bp, ..., b. Rewrite this equation as 
1 dv Ay hy 
v dt 7 f _— ay t — a> 


In case A,, A, satisfy Re A; > — 1, show that if we take C to be any finite segment, 
then one can define a solution u, of the original equation by this method. Use 
Euler’s trick of writing u, = wu, to find a second linearly independent solution 
(cf. [In] for generalizations). 
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We conclude this volume proving some index theorems for linear differential 
equations with holomorphic coefficients in several spaces of holomorphic 
functions and of germs of holomorphic functions. Surprisingly these results 
seem to have escaped the classical textbooks [Hi2], [CoL], [Ha], and [In], 
and only some of the corollaries have found their way there ([In] has the most 
complete account). We follow the article of [Mal]. A slightly different account 
appears in [Schm]. One should consider this section only as an introduction 
to the present renewal of interest on the theory of singular points by authors 
with very different perspectives on the subject, e.g., [Del], [BV], and [Be]. 
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In order not to make this section too long we will assume known the main 
facts about the index of.operators [Ka] and sheaf cohomology [Bre] and 
[God]. We will recall here some definitions and basic results. 


5.16.1. Definition. Let FE, F be two C-vector spaces and u: E — F a linear map. 
We say that u is an operator with index if keru and cokeru have finite 
dimension. The index y(u) is the integer defined by 


y(u) = dim ker u — dim coker wu. 


If u: E- F and v:F >G are operators with index, then vou also is an 
operator with index and 


x(v ou) = x(v) + x(u). 


If E and F are Banach spaces, u: E > F is an operator with index and 
v: E > F is a compact operator, then u + v is an operator with index and 


x(u + v) = x(u). 


Finally, if we have a commutative diagram of C-vector spaces and linear 
applications 


0 


E 


| 


F, ad E 


ae 
|: 
) 


where the i, are injective, 2, the canonical projections, and u, v are operators 
with index, then the unique linear map w that makes the diagram commutative 
is also an operator with index 


x(w) = x(v) — x(u). 


Since we are going to use several times this type of diagram, let us indicate 
here how to prove the last identity. 
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One completes the diagram to the following one 


0 0 0 
0 ———+ keru ——> E, —“> E, ——— cokeru ——> 0 
0 ———> kerv ——> FF, ——— F, ——— cokerv ——— 0 


| ot 


0 ——> kerw ——— F,/E, ——— F,/E, ——— cokerw ——— 0 


| ot 


0 0 0 


In this diagram all the rows and all the columns are exact. A classical lemma 
of homological algebra (the five lemma) allows us to construct in this situation 
a linear map 6: ker w > coker u in such a way that the sequence 


0 > keru > kerv > ker w > coker u — coker v > coker w > 0 
is exact. All these vector spaces are finite dimensional, hence one knows that 
dim keru — dim kerv + dim ker w 
— dim coker u + dimcoker v — dim coker w = 0, 


which yields immediately the equality y(w) = y(v) — x(u). 
In this section we denote by © the ring of germs of holomorphic functions 
at the origin of C, and © the ring of C[[z]] of formal power series. That is, 


6=C{[z]] = >: J. nZ" 1 Ay E cf 


This is a local ring with the usual sum and multiplication of power series. Let 
M denote the maximal ideal of © consisting of all the formal power series such 
that a) = 0. Its kth power .#* is therefore the principal ideal 


M* = 2*6, 
The corresponding maximal ideal in © is denoted “ = M vO, 
Iff = > a,z" € ©, we denote by v( f) the smallest integer n such that a, ¥ 0. 
That is, m= 
f= ¥ a,z", Ay sy #9. 
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It certainly exists if f 4 0. The integer v(/) is called the valuation of f. We set 
v(0) = oo. Since we can identify © with C{z}, the subring of @ of power series 
with nonzero radius of convergent, every element of © has also a valuation. 
Clearly, v( f) = 0, f € © (resp. () if and only if it is an invertible element of 
(resp. ©). In fact, p = v(f) is the smallest integer such that f € .#? (resp M”), 
the pth power of the maximal ideal. 

In what follows D will denote a linear differential operator 


D a" + a + + d + 
= Ape + Og pee Ha + Ag, 
dz™ Mdm} dz ° 


aeQWVcjcm,a,, #9. 


5.16.2. Proposition. The linear map D: © — © is an operator with index, its 
index y(D, ©) is given by 


x(D, 0) = Mm — v(a,,)- 
PROOF. We will need first several lemmas. 


5.16.3. Lemma. For 0 < r < 0 and pe N, the complex vector space 
E,(r):= {f € #(BO,n) 9 6,(Blwo,7))} 
can be given the norm 


Ifl= dD) max |f%), 


O<j<p jz|<r 


which turns it into a Banach space. 


(Here E,(B(Wo, r)) is the space of functions whose partial derivatives with 
respect to z and Z exist up to order p and are continuous in the closed disk. 
It coincides with those functions which are restrictions to the closed disk of 
functions of class C? in a larger open disk. The subspace E,(r) consists of those 
holomorphic functions f in B(O,r) whose derivatives f, 0 < j < p have a 
continuous extension to the closed disk.) 


Proor. If (f,),>0 is a Cauchy sequence in E,(r), then for O<k < p, the 
sequence (f,),.,. clearly converges uniformly in B(0,r) to a function 
g, € Eq(r), ie. a function continuous in the closed disk and holomorphic 
inside. Furthermore, it is clear that for ze B(O,r) we have g; = 9,4, if 
0O<k<p-—1. This implies that gy ¢ E,(r) and that (f,),>0 converges to- 
wards gy in E,(r). CO 


5.16.4. Lemma. Let m > 1, D’ = 3 


O<j<sm-1 


D': E,,(r) > Eo(r) 


qj 77° a,;€ E,(r). Then 


is a compact operator. 
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Proor. Let (f,)az0 be a sequence of elements in the unit ball of E,,(r). Let 
g, = D’f,, z,¢ € B(O,r), then 


9n(Z) — GalS) = (z — ¢) \ Glo + t(z — ¢))dt, 


hence 
l9n(Z) ~ g,(¢)| s Miz ~~ Cl, 


where M is a positive constant independent of n, due to the hypothesis on D’ 
and (f,)n>o- Hence the sequence (g,),>9 is bounded in B(0,r) and equicon- 
tinuous. Therefore, by Ascoli’s theorem, it has a convergent subsequence in 


EQ (r). C 
From the remarks at the beginning of this section we can now conclude 
that, when a; € E,(r), to show that D: E,,(r) - E,(r) is an operator with index, 


m aan Furthermore, 7(D: E,,(r) ~ E,(r)) = 


a™ wae or 
x (<, a : E,,(") > Eat) (here we assume a,, € E,(r)). Using the factorization 


it is enough to show this holds for a 


Wr 


fa,,.——: 
O Om Fi 


a a a 
E, (1) ——> Ep.4() ——> *** E, (r) ——> Eo(r) —> Et), 


where the last operator is just multiplication by a,,, we have reduced the 
question to prove the following lemma. 


5.16.5. Lemma. 


d 
(1) The operator rp > E4i(r) > E,(r) has an index equal to 1. 


(2) The operator a,,: E(r)—> Eo(r) has an index if a,, does not vanish in 
B(O,r)\ {0}, its index is — v(a,,). 
(3) The operator D: E,,(r) > Eo(r) has index m — v(a,,). 


; , d , = , 
Proor. (1) It is clear that dim ker (<) = 1 since B(O,r) is connected. On the 


other hand, 5 is surjective. Namely, if f € E,(r), let 


g(2) = 2 \ f(tz)dt = | “(Ode 


d 
Then g € E,,,(r) and 79 = f. 
2 
(2) If a,,(z) = z*b(z), k = v(a,,), and b(z) ¥ 0 in B(O,r), then it is clear that 
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the operator of multiplication by a,, is injective, and that its cokernel is 
generated by 1, z,...,2*7'. 
(3) This is just a consequence of the preceding two parts. CJ 


To end the proof of Proposition 5.16.2 we will exploit the fact that for any 
fixed p > O and 0 < rpg < & one has 


O= lim E,(r) 


O<r<ro 


The symbol lim E,(r) represents the vector space “inductive limit” of 
—>p 


O<r<ro 


the E,(r). This space is the union ) E,(r), modulo the equivalence rela- 


O<r<r 

tion: f € E,(r2), g € E,(r2) are equivalent if f = g in B(O, inf(r,,r,)). With this 
definition, the fact that O coincides with the inductive limit is obvious. 

Given the original operator D, its coefficients were only assumed to be 
holomorphic in a neighborhood of the origin. Let us choose ry > 0 such that 
all the a, are holomorphic in a neighborhood of B(O, rp) and a,, does not vanish 
in B(0,r,)\ {0}. This is possible since a,, is not identically zero. 

For any r, 0 < r < rp we denote 


D,: E,,{r) > Eo(r) 


the operator D acting on E,,(r). We must have dim ker D, < m; if not in every 
simply connected open subset of B(0,r)\ {0} we will have more than m inde- 
pendent solutions of the homogeneous equation 


fM4 m=1 pom) pee ob fo ¢ = 0), 
On Om 
which is impossible by the results of the previous section. It follows that, after 
taking rp smaller if necesssary, we can assume that dim ker D, = N = constant 
for 0 <r < fo. In fact, we can even assume we have a basis of N functions in 
E,,(fo). Under these conditions the dim coker D, is also stationary, namely, 
dim coker D, = N — x(D,) = N — m+ v{a,,). 
Consider now the diagram 


0 0 0 

0 ——+ kerD, ———> E,(r) —>E,(r) — coker D, ——> 0 
\ f : } 

0 —— kerD—— -@ —“»+» © —*= cokerD ———> 0 


passing to the quotient. The restriction maps p are clearly injective. 


§16. The Index of Differential Operators 619 


We must have dim ker D = dim ker D, = N for all sufficiently small r. If not, 
let u,,...,y4, € ker D which are linearly independent. Then for 0 < r « Il we 
have that all u;e¢ E,,(r) and D,u; = Du; = 0, hence dimker D, > N + 1. This 
is impossible, hence dim ker D < N. On the other hand the injectivity of p 
implies the reverse inequality. 

We also know that dim coker D, = M is constant for r small. We would like 
to show that dimcoker D = M. Let us show first of all that dim coker D < M. 
Suppose there are u,,..., uy, € © such that m(u,),..., m(uy4,) are linearly 


independent. This means that for any choice /,,...,Ay+, € C, not all zero, we 
M+1 


have ) A,u,;¢ImD. On the other hand for 0 < r sufficiently small, all the 
j=1 


u, € E(r), hence the set {7,(u,),...,7,(Uyy+,)} S coker D, and it is necessarily 
linearly dependent. Hence there are scalars 4,, ..., Ay4,, not all zero, 


M+t1 
and fe E,(r) such that D,f = > d,u; in Eo(r). This clearly implies that 
j=1 


M+1 


s A,ju; € Im D, a contradiction. To obtain dimcoker D > M we will show 
j=l 


means that there is f € © such that u = Df in some disk B(0,r'), O<r' <r. 
Let us cover B(O,r)\ {0} with three open angular sectors such that the inter- 
section of any two of them is nonempty and connected. If S is one of those 
sectors, then it is simply connected and, taking initial conditions at a point 
Zo € SO B(O,r’) which coincide with f(zy), ..., f°? (zo), we have a unique 
holomorphic function f; in S solving Df; =u and satisfying those initial 
conditions. Therefore, f; = f in So B(0,r’), hence f§ is an analytic con- 
tinuation of f to the sector. If S’ is another sector, we have a corresponding 
function fs, fy = f = fs in SS’ B(O,r’). This shows that f has an ana- 
lytic continuation (still called f) to B(0,r), solving Df = u. If we can prove that 
fecC™ in B(O,r) then we will have 2,(u) = 0, as we wanted to show. Let 
z, € OB(0,r), take z) € B(O,r) very close to z, so that for some p > 0 we 
have z, € B(zo,p) and a,, has no zeros in B(Zpo, p) (it is enough to take z, 
and p so that |z)| + p < rp and |z,)| — p > 0). Then the linear system asso- 
ciated to the equation 


pf = fm 4 mi porn yg Mp 
has a resolvent R(z,z,), and if we call F (respectively, B) the vector corre- 
sponding to f (resp. u/a,,), the Green-Lagrange formula can be written as 
1 
F(z) = R(z,2Z9)F (Zo) + (2 — Zg) | R(z, Zo + t(Z — Z9))B(Zo + t(Z — 2Z,)) dt. 
0 
Since u is continuous in B(zy, p) 7 B(0,7r), the same holds for the vector-valued 
function B, hence for F. It we start with F(z)) = (f(zo),..., f(z), this 
shows that f,..., f°") are continuous up to 6B(0, r). The equation itself shows 
the same holds for f*”. Hence f € E,,(r). 
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Now that we know that dim coker D = dimcoker D,, we can conclude that 


x(D, O) = x(D, + E, (1) > Eo{r)) = m — v(4m). O 


The differential operator D also operates in the space of formal power series 
© It will be denoted by the same symbol D. This operator D still has an index 
but it is not necessarily the same as in ©. 


5,16.6. Proposition. The map D: @ -» © is an operator with index and 


y(D, () = max (k — v(a,)). 


O<k<m 


Proor. Letn = max{k — v(a,):0 <k < m}, P = {p: p — v(a,) = n}. For every 
pe Pwehavea,(z) = z’ "b,(z), b, € and b,(0) # 0. Ifp ¢ P, we can still write 
a,(z) = z’~"b,(z), but then b,(0) = 0. Let k be an integer > q = max{p:pe P}, 
then we have 


ale) 5-5 (2") = k(k — 1l)...(k —pt+ 1)b,(0)z*™" + O(2*-"*4), 
Hence 
D(z") = ( \ k(k — 1)...(kK — pt 1x0) zen 4 O( zk BF), 


The coefficient of z*~" is a polynomial Q(k) of degree q in k with leading term 
b,(0) # 0. It follows that there is ky e N* such that this coefficient is # 0 
whenever k > ky. 

To continue the proof we need the following lemma. 


5.16.7. Lemma. Let k > ky and let ge © be such that v(g) > k —n. There is a 
unique f € © such that v(f) = k and Df = g. Inother words, D induces a bijection 
D: M* + M* for every k > ko. 

Proor. Let us write g = ¢,_,28" + Cypa Ze! ++ © M*™ and assume 
there is f = d,z* + d,4,2"*! + ---e.@* such that Df = g. From the previous 
discussion we conclude that 


Df = QO(k)dyz*" + O(z*-"*). 


Hence, d, is uniquely determined by the equation d, = c,_,Q(k), since Q(k) # 0 
whenever k > ky. Writing now 


f=dyz* + fas with fest = Aa Zh te a, 
we have 
D( fert) = DU — dyz*) = 9 — (Ce-nZ6™" + OF") 


vf k-n4+1 — jak—-n+1 
= Cy pt iz +: EM ; 
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The previous reasoning implies that d,,, = cy,_,+,/Q(k + 1). In this way, we 
can determine uniquely all the coefficients of f, Moreover, it is clear that with 
this choice of coefficients we can define an element f € © such that D(f) = g. 
Hence, the lemma is correct. ‘eo 


To conclude the proof of Proposition 5.16.6 let us consider the diagram 


0 0 0 0 


| ot] 


0 —— kerD=0——> .#* — 2. #*" ——, cokerDb =0 ———> 0 


roto tl 


a 


0—— kerD —— > 6 ———4 O -—— cokerD —— » 0 


a ee 


O0O—— kerD —— 6/M —-— O/ mM" —— cokerD —— 0 


Pf 


0 0 0 0 


where D is obtained by passing to the quotient. The columns and rows being 
exact, we conclude, with the help of the five lemma, that the sequence 


0 > ker D > ker D > ker D > coker D > coker D > coker D > 0 


is also exact. This one breaks into two short exact sequences (isomorphisms) 
0—-kerD—kerD—0 


0 — coker D > coker D > 0. 


The spaces ©/.#* and O/ M* are finite dimensional, of respective dimensions 
k and k — n. Hence D has an index and, by the last two isomorphisms, D also 
has an index and y(D) = y(D). To compute y(D) we use that 


dim ker D + dimIm D = k, 
and 
dim coker D = k — n — dimIm D. 
Therefore, 


y(D) = x(D) = dimker D — dimcoker D =n = max (p — v(a,)). 
O<psm 


This concludes the proof of Proposition 5.16.6. CO 
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Let us consider now the exact sequence 
0-0-6 +6/0 +0, 
from which we obtain the following diagram. The last row was obtained by 
passing to the quotient, and the notation is, we hope, clear. 
0 0 0 


| | 


0—— ker(D,0) ——> © ———> © —— ocoker(D,0) ———> 0 


Pot 


0 —— ker(D,0) ——> G6 ——+ §@ ——-+ coker(D,0) ——— 0 


| | 


0 ——> ker(D, 6/0) ——> 6/0 —_, 6/G ——— coker(D,6/0) ———> 0 


| 


0 0 0 
This gives rise, as before, to an exact sequence 
0 > ker(D, 0) > ker(D, ©) > ker(D,@/0) > coker(D, ©) > coker(D, 6) 

— coker(D, 0/0) > 0. 
The third and sixth terms, ker(D, ©/@) and coker(D, ©/0), are the obstructions 
to the maps . 

ker(D, ©) - ker(D, ©) 

coker(D, ©) > coker(D, 6) 

being isomorphisms. For instance, if the first map were an isomorphism, then 
every formal power series solution f of the homogeneous equation Df = 0 


would be automatically convergent in a neighborhood of the origin. 
We can prove the following comparison theorem. 


5.16.8. Theorem. One always has 
(1) coker(D, 0/0) = 0, and 
(2) dim ker(D, 0/0) = max (p — vay) — (m — v(a,,)). 


O<p<sm 


PRroor. The meaning of assertion (1) is that every f € © has a decomposition 
of the form f = Dg + h, with g e © andh e © To prove this, choose any h € © 
(for instance a polynomial) such that v( f — h) > ky — n. By Lemma 5.16.7, 
there is g e © such that Dg = f — h. 
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To prove assertion (2), recall that we already know that 
x(D, 0) =m — V(An)s 
x(D, ©) = max (p — o(a,)) 
<spsm 


From the exact sequence 
0 — ker(D, ©) > ker(D, ©) > ker(D, 0/0) > coker(D, ©) + coker(D, 0) +0 
we obtain 
0 = dim ker(D, 0) — dim ker(D, ©) + dim ker(D, ©/0) — dimcoker(D, ©) 
+ dim coker(D, ©) = dim ker(D, 6/0) + ¥(D, 0) — ¥(D, ©). 
Therefore, the assertion (2) holds. O 


Hence, in order that ker(D,©/O)=0 and that, as a consequence, 
ker(D, 0) = ker(D, ©) and coker(D, 0) = coker(D, ©), it is necessary and 
sufficient that m — v(a,,) = max{p — v(a,):0 < p < m}. In other words, one 
should have, for every p (0 < p < m) 


v(a,) > v(a,) + p — m. 


We express this fact by means of the following definitions. 


5.16.9. Definitions 

(1) We say the origin is a regular singular point for D if, for every p,O0 < p < m, 
v(a,) > v{a,,) + p—m 

(2) The index of irregularity of D at the origin is the nonnegative integer 


i(D) = max (p — v(a,)) — (m — v{a,,)). 


O<p<sm 


Remarks. (1) A classical example, due to Euler, of an irregular singularity 
is the following: 


2 of 


Df =z a 


One has i(D)=1 and one observes that o( 5 ntz™) = Zz, Therefore 


n>O 


y. niz"*! is a basis of ker(D, ©/0). 
n>0 

(2) One always has dim ker(D, ©) > m — v(a,,), which is a statement of 
Perron giving a lower bound for the number of independent convergent 
power series which solve the homogeneous equation Df = 0. 

(3) If we consider the equivalent matrix form of the operator 
d™ = a,-, d™ d 4 


a ; 
a mo et. + — — + —, we have the matrix 
dz Am az A,, az 


eed 
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it 0 
0 I 
0 

do 

a. 


The condition v(a,) > v(a,,) + p — m means that a,/a,, has a pole at origin of 
order v(a,,) — v(a,) < m — p. In particular, the matrix A has a pole of order 
at most m. If we compare with the discussion in the previous section we see 
that a regular singularity in the sense of Definition 5.16.9 is a regular Fuchsian 
singularity in the sense of §5.15. 

We turn now to a global index theorem. 


d* 
5.16.10. Theorem. Let Q be a connected open subset of CandD= 


as 
ock<m dz 
a differential operator of order m with coefficients in #(Q). We assume that the 
Betti number b, = dime H'(Q) < © and that the number v(a,,,Q) of zeros of 
a, in Q (counted with multiplicity) is also finite. Then D: A(Q) > A(Q) is 


an operator with index and its index is 


x(D, H(Q)) = ml _ b,) ~~ V(Am, 2). 


ProoF. Let Z be the set of zeros of a,, in Q and let QO’ = QO\ Z. Let Ker Dg. denote 
the sheaf of solutions of D in (’, that is, its fiber (Ker D), := ker{D: 0, > 6,} 


and KerDy. = |) (Ker D),. It is a sheaf of complex vector spaces. In {2’ we 
aes)’ 


have the exact sequence of sheaves 
0— Ker Dg - © 4650. 


The existence and uniqueness theorem ensures that Ker Dg. is locally iso- 
morphic to C”™. 


rt 


5.16.11. Lemma. Let D = Om Fm + -+++ + dy be a differential operator of order 


m with holomorphic coefficients in a connected open subset U of C such that 
dim, H'(U) = B, < « and a,, does not vanish anywhere in U. Then the operator 
D: 4(U) — A(U) has an index equal to 


x(D, H(U)) = mA — B,). 
Proor. We will use here freely the main results and notation from the theory 
of cohomology with supports ([{God], [Bre]). We shall denote by Dy the 


operator D acting in the space #(W). 
We can assume 0 € U. Let U* be the open subset of S? obtained from U 


; ; I , ; ; 
by the inversion z+» w = —. Using the same reasoning as in Theorem 3.3.1 we 
Zz 
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can find f, closed straight line segments in C, L,,..., L, , pairwise disjoint, 
joining a point of the boundary of the holes of U* to a point of the exterior 
boundary of U* in such a way that U*\(L, U-::U L,,) is simply connected. 
Furthermore, every L, is entirely contained in U* except for its endpoints. We 
can also find simply connected open sets U*, ..., Us, pairwise disjoint, 
such that L;. U* ¢ U* © U* and each U*\L, has exactly two connected 
components, which are also simply connected. It follows that we can find 
smooth Jordan arcs (in fact, arcs of circle or straight line segments) F,,..., Fy, 
pairwise disjoint, contained in U except for their endpoints, U\(F, U--: U F,) 
is a simply connected open set, and such that the corresponding simply 
connected open subsets U; of U are such that F; 7 U ¢ U,and U\ Khas exactly 
two connected components which are also simply connected. From the exact 
sequence of sheaves of vector spaces over U 


0+ KerD, >0 —% 030, 
with Ker Dy locally isomorphic to C”, we can obtain the following com- 


mutative diagram whose columns represent exact sequences of cohomology 
with supportsinF = |) F. 


i<j<8, 
0 0 0 


0—— I,(U,KerDy) ——— [,(U,0) —*—- I[,(U,0) 
0—— [(U,KerD,) ——- IT(U,0) ——- I(U,0) 
0 ——~» [(U\F,Ker Dy) ———> T(U\F,0) ——— T(U\F,0) 


| 


H‘(U,KerDy) ——> H1(U,0) —2> H(U,©0) 


Theorem 3.2.2 can be stated as saying that H'(U, ©) = 0. As usual, ru, ©) 
(resp. [,(U, ©)) represents the sections in U of the sheaf 0 (resp. sections with 
support in F). It is clear that ,(U, Ker D,) = I,(U, ©) = 0, since no nonzero 
holomorphic function can have support in F. Introducing these facts in the 
previous diagram, we obtain 
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0 0 0 


i 


0——+ [I(U,KerD,) ——> Ir(U,0) —%» T(U,0) 
0 ——» I(U\F,KerD,y) ——> T(U\F,0) —22> I(U\F,0) 


Hi(U,KerDy) ——> H}(U,0) —4> H(U,O) 


| | 


0 0 


Since U\F is simply connected, we have that [(U\ F, Ker D,) = C™. We 
can apply now the five lemma, as done several times before, and obtain the 
exact sequence 


0 + T(U, Ker Dy) > C™ > HE(U, Ker Dy) 
~ coker D, - 0 + 0 > coker D, > 0. 
Then, the alternating sum of the dimensions is 
dim. I'(U, Ker Dy) — m + dim, Hi(U, Ker Dy) — dime coker Dy = 0. 
To compute dim H}(U, Ker Dy) we use the excision theorem which states that 


H;(U,Ker Dy) = G_ Hp(U;, Ker Dy,). 


1<j<Ay 


Considering, for each j, sequences analogous to the preceding one, we obtain 


0 0 0 
0—— T(U,KerDy) —— T(U,0) —“+ r(u,0 ——0 
0 ——+ F(U,\F,, Ker Dy.) ——> T(U\F, 0) —“+ F(UA\F, 0) —— 0 
0——+ H}(U;,KerD,,) ——> Hi(U,,0) —“+ HA(U,0) 


| | 


0 0 
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and the exact sequence 
0 F(U;, Ker Dy,) = C™ > T(U\K, Ker Dy,) = C7" > Hp (U;, Ker Dy,) > 0. 
(Recali that U,\ F, has exactly two components.) Therefore, 
dime Hz,(U;, Ker Dy,) = m, 
dim, H;(U, Ker Dy) = mp,, 
and 
x(D, H(U) = dim T'(U, Ker D,) — dimcoker Dy = m — mB, = m(1 — B,). 


Hence the statement of the lemma is true. CT 


Let us denote by ¢,,..., Ox the points in Z = {z € Q:a,,(z) = 0}. Let A, 
be disks centered at ¢;, pairwise disjoint, A; SQ. Let Aj = A;n’ be the 
corresponding punctured disks. The map 

R: (MQ) > D (3(A;)/ H(A;)) 
SJS 
which to every u € #(’) associates the collection of classes (d,,..., #,) of ulA; 
modulo #(A,;) is a surjective map; if u; ¢ #°(Aj), 1 <j < M are given, the 
Mittag-Leffler theorem implies that there is a function u € #(Q’) and functions 
v; € A(A,;) such that u; = u — v, in Aj. Hence R(u) = (a,,..., dy). 
It is clear that ker R = #(Q), hence 
H(QYH(Q) = D (H(A) #A))) 


1<j<M 


via the map R. 
The previous lemma implies that 7(D, #(A;)) = m(1 — 1) = 0. We also 
have the following lemma. 


3.16.12. Lemma. 7(D, #(A;)) = m — v(a,,,¢)). 


ProoF. Clearly v(a,,,¢;) indicates the multiplicity of {, as zero of a,,. Let ; be 
the radius of A,. To simplify the notation, we set ¢ j = Oand eliminate the index 
j whenever it is clear. By definition of the disks A,, a,, does not vanish in 
A' = A, = B(O,r,;)\{0}. For 0 <r < nr, consider the diagram (cf. §5.16.2) 


0 ——— kerD, ——— E,(r) + E,(r) ————~ coker D, ——— 0 


0 ———> _kerD ——> #(A) —-—> (A) —“— cokerD ——— 0 


| 


0 0 0 
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where p is the restriction map and 9p is the induced map. Since the first 
three columns are exact, we have dimker D < dimker D,. Therefore, it is 
enough to prove the reverse inequality dimker D, < dim ker D to conclude 
that p: ker D — ker D, is bijective. If the last inequality were not true, let 
N = dimker D and u,, ..., uy,, be linearly independent functions in E,,(r) 
satisfying D(u,) = 0. These solutions have an analytic continuation to N + 1 
linearly independent solutions of 9/(A) by the reasoning of §5.16.5. Hence 
we have the contradiction that dimker D > N + 1. 
We are now going to show that 


dim coker D = dim coker D.. 


Let us start by showing that p : coker D — coker D. is injective: If p(n(u)) = 0 
for u € (A), it means that p(u) = D,( f) for some f € E,,(r). As earlier, f has 
an analytic continuation to the whole disk A and Df = u. Hence x(u) = 0. 
Therefore dim coker D < dimcoker D.,. 

To prove the equality of the dimensions we need to know that Im D,, the 
image of D,, is closed in E,(r) (and of finite codimension). Since D, is a compact 


ore 


d d 
perturbation of Om Fri it is enough to show that Om mi E,,.(") > E,(r) has 


2" 
a closed image, with kernel and cokernel of finite dimension (cf. §5.16.5). 
Classical functional analysis then shows the same holds for D,. 


rt 


d ; eo 
Let us now show that Om Fm has a closed image. Recall that if g is a 
holomorphic function in E,(r), then the integral over the straight-line segment 


[0, z] 


(zg —1"" 
F(z) := ——__— g(t) dt 
(2) | pr 9 


0,2] (m 


represents the mth primitive of g, vanishing, together with its (m — 1) first 


oe d . 
derivatives at z = 0. Suppose now that a sequence g, = a converges in 


E,(r) to a function g. The corresponding functions F,, converge in E,,(r) to F. 

; . d™ . oar: 
Hence, the image of E,,(r) in E,(r) under the map am is Closed. Now, if V is a 
closed subspace of E,(r), then a,,V is also a closed subspace of E,(r). The 
reason is that if (a,,:f,),>, converges to g in E,(r), f, e V, then using that 
a,(Z) = z°4b (2), b,(z) # 0 in O < |z| <r, we have 


Wh _ Fillo. = wee |fn(Z) _ Sif2)| S pam) | 1/Dllo.rll@m* Sn _ On’ Sxllo.r- 


Hence the sequence (/,),., converges to f e V andg = a,,: f. In conclusion, 
7] 


the image of E,,(r) in E,(r) under the map a is closed, and the same holds 


™dz™ 
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for Im D,. Moreover, D, is an operator with index 


Fe 


1D.) = x( a9 tre) = m — ola) 


Note that p(3f(A)) is dense in E,,(r). This can be shown the following way. 
Let f € E,,(r). For 0 < s < 1 let f(z) = f(sz). The function f, is holomorphic in 
B(O, r/s), hence f, € E,,(r). One has f(z) = s/f(sz). By the uniform continuity 
of f, 0 <j <m, for every ¢ > 0 there is an s, € ]0, 1[ such that ifs, <s <1 
we have 

f(z) —f%Dl<e (for every |z| < r,0 <j < m). 


This implies that f, converges to f in E,,(r) when s > 1. Fix now sé ]s,, I[. 
The Taylor series of f, converges uniformly in |z| < r, hence there is an n, such 
that 


< 6, 


P88, # 


F(z) — ¥) ay(s)2" 
where ||-||,,,- denotes the norm in E,,(r). Altogether we have 


< 2e, 


PR, F 


f= ¥ a2" 


which shows that even the polynomials are dense in E,,(r). 

We are now ready to return to the proof of the inequality 
dim coker D, < dimcoker D. Let us assume the opposite. Then, with 
v = dim coker D, we have 7,(u,), ..., 7,(u,4,) in coker D, which are linearly 
independent. Since Im D, is closed and u, ¢ Im D,, we can find 6 > 0 such that 
the balls B(u,,6) = {ue Eo(r): lu — ujlln,, < 0} are pairwise disjoint and do 
not intersect Im D,. The topology of coker D, is Hausdorff since Im D, is closed. 
Moreover, coker D, is finite dimensional, hence its topology is precisely the 
usual Euclidean topology. Therefore we can also choose 6 sufficiently small 
so that if v, € B(u,, 6) are chosen arbitrarily, the system 7(v,),..., m(v,,,) is still 
a basis for coker D,. By the density of p(3/(A)) in E,(r) we can assume 
v,€ H(A). None of these functions could be in Im D, if not v; = Df, and 
D,p(J;) = p(v;) € Im D, 7 B(u;, 6) which is impossible. Moreover, there cannot 


v+i 
exist constants 4,,..., Ay,, and fe #(A) such that Df = ¥ A,v,. If not, 
jr 


v+i 
we would have }° A,2,(e(v;)) = 0, which is also impossible. Therefore, the only 
1 


possibility left is that dim coker D, = dim coker D. 
It follows that D : #(A) ~ (A) has an index and 


x(D, 3(A)) = x(D,) = m — v(a,). 0 
Let us conclude the proof of Theorem 5.16.10. Since 


H(QY/ HQ) = GH ((Aj)/3F(A;)), 


i<jsm 
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we have 
UD, A(Q’Y/ A(Q)) = _ X(D, H(A;)/ H(A;)). 


Consider the following diagram, whose rows and columns are exact: 


0 0 0 
{ | { 
O> ker(D,#Q) 7- #2) 3 #Q) =  coker(D,#(Q)) 70 
{ { | 
0O> ke(D#@) - #2) 3% #@) -§ © coker(D,#(Q')) +0 
{ { 4 | 
0 > ker(D, H(QY/3H(OQ)) > HQVYHOQ) > HQY HO) > coker(D, HQVH(Q)) > 0 
t { | 
0 0 0 


It leads to the exact sequence 
0 > ker(D, #(Q)) > ker(D, #(’)) — ker(D, H(Q'VH(Q)) 
— coker(D, #(Q)) ~ coker(D, #(Q’)) > coker(D, #(O’)// H#(Q)) — 0. 
From the corresponding relation among dimensions 
0 = dim ker(D, #(Q)) — dim ker(D, #(Q’)) + dim ker(D, #(’)// #(Q)) 
— dim coker(D, #(Q)) — dim coker(D, #(Q’)) 
+ dim coker(D, #(Q’Y #(Q)), 


we obtain, 
1(D, A(Q)) = x(D, HO) — x(D, HQY A(Q)) 
= ¥(D, H(Q’)) — dX, x(D, F(A;)/ #(A;)) 


= m(1 — B,) — ey (x(D, #(A;)) — x(D, #(A;)) 


=m(1—B)+ Yo (nm vGm,65)) 
l<j<M 


= m1 — B, + M) — v{a,,, Q). 


Now b, = dim H1(Q) is the number of holes of Q, and B, = dim H'(’) is the 
number of holes of ’. It is clear that b, = B, + M. Hence 


x(D, H(Q)) = mL — by) — v(aq, 2) 


as asserted by the theorem. Ol 
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, a? 4 
dz iz? * “dz 
defining the Bessel punctions of order } in Since we have two independent 


COs 
“yl/2 


i 
5.16.13. Example. Let D = z? + (2 — 3) the operator in Q = C* 


solutions J,/2(z) = ? and J_12(2z) = 7 aie , which are not single-valued, and 


no linear combination of them is single-valued either, the space of holomorphic 
solutions of Df = 0 in C* must be I'(C*, ker D) = {0}. The index of the 
operator is, in this case, zero since b, = 1 and v(a,,C*) = v(z*,C*) = 0. One 
can conclude that D: #(C*) — 3#7(C*) is surjective. One can verify this fact 
directly by the method of variation of parameters as follows. 

The Wronskian w(z) of J,. and J_,,. is z*. The Green-Lagrange formula 
for a particular solution of the equation Df = g gives 


_ cos z {*sint sinz | 7 cost 
fz) = g(t)dt + = 
ed te ved we 


where | designates a primitive of the integrand. We want to show that f is 


g(t) dt, 


a single-valued function in C*. Change variables t = s*, then 


7 sin t v* sin(s?) 
G,(z)= | —<g(t)dt =2 2) q 
(z) | Soa | g(s*) ds, 
z Jz 
Gate) = | jaa =2 | * cos(s") g(s2) ds, 


and both integrands are Laurent series containing only even powers of s. 
Therefore G,(z) = /2zH 1 (2), G,(z) = /2zH (z), where H,, H, are single-valued 
holomorphic functions in C*. It follows that 


f(z) = —cos ZH, (z) + sin zH,(z), 


which is single-valued, holomorphic in C*, and solves Df = g. In other words, 
we have shown directly that D: #(C*) + #(C*) is surjective. 


EXERCISES 5.16 
2 


d* id 
1. LetQ=C*,D= 7 + ; a + (: o 4 the Bessel operator. For which values of 


the parameter p is dim coker D = 0, 1, 2? 


, a’ d 
2. LetQ = C,D = z? a3 7 (4z + Az*) — + (u — xz). For which values of x do we have 
dim ker D = 2? (Hint: Use Frobenius method from the previous chapter. Ans: 
K= —A,K = —2dA,andK = —3/.) 


2 


3. Let Q = C, find dim ker D and dim coker D when D = z aS 5 + pe — 2. 
Zz 
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Notes to Chapter 5 


The four subjects treated in this chapter, analytic continuation, Dirichlet series, 
Riemann surfaces, and differential equations in the complex domain, have long and 
separate histories, but their freshness and interest as sources of research problems and 
applications remain unabated. Moreover, as we have tried to convey, they are quite 
related to each other. We take the opportunity here to mention a few of these 
relationships and suggest further subjects of study. 

1. The classical theory of Dirichlet series, their analytic continuation, and location 
of singularities, is richer in the case where the exponents /, ~ n, i.e., then the Dirichlet 
series is approximately a power series (see e.g., [Di], [Man], [Ber], and [Po]). This is 
an unnecessary restriction, as we shall show in the following volume, where we explore 
the relations between singularities, analytic continuation, functional equations, and 
interpolation. 

2. Trying to give the reader a definite direction to proceed from the introduction 
to the theory of Riemann surfaces we gave in this chapter is almost impossible; there 
are too many choices. Nevertheless, we mention a few topics we feel the reader should 
be able to understand with the background provided by this book: (i) a deeper study 
of Riemann surfaces [Fo], [FK ], and [Gu]; (11) Teichmiiller spaces [Leh]; (iii) algebraic 
curves as an introduction to algebraic geometry [Gri2], [Cl], and [GH1)]; (iv) dif- 
ferential geometry of complex manifolds [We] and [Na2]; (v) discrete groups [Bea] 
and [Mas]; and (vi) the study of meromorphic functions in complex tori, i.e., elliptic 
functions and their relation to number theory [Lang]. We will come back to this last 
item in the next volume. 

3. The Schwarz-Christoffel transformations that we studied in Chapter 2 can be 
understood as part of the general fact that a branched covering, e.g., 2: B(0,1) > S? 
leads to a differential equation w” + gw = 0, written in terms of the Schwarzian 
derivative {x,z}, @ = ${z,z}. The local sections of x are quotients of a pair of in- 
dependent solutions of the equation (see [Hi2], chapter 10). 

4. The study of differential equations with singular points leads naturally to quite 
a few subjects that we have barely mentioned in the text. For asymptotic developments 
of solutions there is the excellent textbook [Ol]. There is a myriad of reasons to study 
special functions, especially hypergeometric functions and their properties. Two very 
different approaches are [Vil] and [Fi]. In the next volume we shall consider hyper- 
functions and infinite-order differential operators, as well as the relations between 
asymptotic developments and the analytic continuation of solutions of differential 
equations. The concept of resurgence, which has been developed in the last few years 
by [Ec] and others, arises also naturally when considering the analytic continuation 
of solutions of differential equations and functional equations. Finally, let us mention 
that differential equations in the complex domain also have very interesting relations 
with Nevanlinna theory [Hi2], [Ban], and [Ro] and with dynamical systems [Ar]. 

5. The proofs of the index theorems should convince the reader of the value of sheaf 
theory and homological algebra in complex analysis. Further illustrations appear in 
the theory of several complex variables, especially in the study of analytic varieties 
(i.e., complex manifolds with singularities, see [Hol ]). 

6. We are also confident that at the end of this volume the reader can turn to 
complex analysis in several variables and find out by himself the close relation between 
this subject and what we presented here. 
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Notation and Selected Terminology 


# (A) 


A x B:= {(a,b):ae A,be B} 


N := {0,1,2,...} 
N* := N\{0} 

Z 

Q 

R 

R* := R\{0} 

C 

C* := C\{0} 


(Za )n>1 
log* x := max(log x, 0) 


U Ai 


iel 


A+ B:={at+b:aeA,be B} 


This symbol is used to indicate that the 
left hand side is defined by the right 
hand side. 

We use this occasionally to indicate 
equality throughout a set. 

Denotes the number of points of the set 
A. Sometimes we write simply # A. 
Cartesian product of two sets A and B. 
Cartesian product ofa family A; of sets 
indexed by ieJ/; projection onto the 
ith coordinate. 

Set of non-negative integers. 

Set of natural numbers. 

Set of all integers. 

Set of all rational numbers. 

Set of all real numbers. 

Nonzero real numbers. 

Set of all complex numbers. 

Nonzero complex numbers. 

Sequence indexed by N*. 

For x > 0. 


Disjoint union of a collection of sets. If 
all A; < X, it means that A;7 A; = © 
whenever i # j and |) A; = \) 4;. 


ie] iel 
We use this when A, B are subset of C. 
It makes sense in any additive group. 


Notation and Selected Terminology 


Ja,b[ := {xe R:a<x<b} 


[a,b] := {xe R:a<x<b} 
Ja, b]:= {xe R:a<x<b} 
[a,b[:= {xe R:a<x<b!} 
Rez, Imz 

Z, |2| 


B(Zo,r) := {zEC:|z — Z| <r} 


B(zo,r) = {ze C:|z —z| <r} 


A 
A 
GA:= A\A 
Ao:=C\A 


S* := {(x, y,z)e RP: x?+y?4+27=1} 


0,,A 


ie 0) 


Exterior boundary of Q 
A discrete in Q 


Domain 

d(z, A) := inf{|z — a|:ae A} 

d(A, B) := inf{|a — b|: ae A,be B} 
V(K,&):= {ze C:d(z, K) < e} 
cv(A) 
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Open interval in the real line with end- 
points a, b. We allow a= —oo or 
b = 00. 

Closed interval in R. Here —co <a< 
b < ©. 

Semi-closed intervals in R. 


Denotes the real and imaginary parts 
of the complex number z. 

Denotes the conjugate (resp. absolute 
value) of zEC. 

The open (resp. closed) disk of center 
Zo and radius r,0 < r < oo. (Generally 
in the complex plane. In chapter 1 we 
use the same notation in R’). 

For A < C these symbols denote: 
Interior of A 

Closure of A 

Boundary of A 

Complement of A 

The symbol A is also used to denote 
closure when A is a subset of some 
topological space. In every instance 
this more general meaning is used, it 
will be clear from the context. 

It is the unit sphere in R°. We identify 
it to C U {co} via stereographic projec- 
tion. 

When A € C is considered as a subset 
of S*, this indicates the boundary of A 
relative to S? (Chapter 4). 

Also in Chapter 4, when ACQCC, 
this indicates the relative boundary of 
A in Q, i.e, (A A Q)\Q. 

Boundary of unbounded component 
of Q. 

This means that A has no acumulation 
points in Q. 

An open connected subset of C. 
Distance from the point z to the set A. 
Distance between two sets A and B. 
é-neighborhood of the set K. 

Convex hull of a subset A of C, ie., 
the smallest convex set containing 
A. 
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Acc B 


Exhaustion (K,,),., of Q 


Int(T) 
Ext(P) 

f:A>B 

Im(f) := {f(@:ae A} 
f\c 


fiareb 


f(z) = O(g(z)) when z > a 


f(z) = o(g(z)) when z-> a 
r>l 


fis us.c.in OQ 


fisls.c. in Q 


I Sy 


€(A, B) 
GQ) := GA, C) 
€a(Q) 


f is of class C*(Q) 


Notation and Selected Terminology 


A is relatively compact in B, i.e., A is 
compact, A ¢ B. 

A collection of sets such that K, cc 
Kis. VU K, =Q. 


n>1 
When I is a Jordan curve: 
Interior of T, 1.e., bounded component 
of I. 
Exterior of T, 1.e., unbounded compo- 
nent of T°. 
Denotes a function with domain A and 
values in B. 
When f is a function as above, the 
image of f- 
The restriction of f to a subset C of 
A. 
Denotes the specific assignment given 
by the function f. Sometimes this sym- 
bol is used to define the function f in 
terms of a concrete formula. 
For numerically valued functions, it 
means that there is a constant C such 
that | f(z)| < Clg(z)| for all values of z 
near a. 


It means that lim I(@) = 0. 

za g(Z) 
It means r sufficiently large, Le., r > ro 
for some value ro. 
It means f:Q—>[—oo,o[ is upper 
semicontinuous. 
It means f:Q>[—c, co] is lower 
semicontinuous. 
Upper (resp. lower) regularized of a 
real valued function, defined in 4.4.38, 
only used in Chapter 4. 
Set of all continuous maps from A into 
B. 
Set of all complex valued continuous 
maps in Q. 
Set of all real valued continuous maps 
in Q. 
For 1 <k < oo, it means that f has 
k continuous partial derivatives in an 
open set Q. For k = 0, it means f is 
continuous. 


Notation and Selected Terminology 


fe CQ) 


E,(Q), Ee °(Q), Ge" (Q) 


f*o 


f*g= gf 
supp(1) 


BQ) 


2 

1f@  .a 
eae ric) 
a, 
|x|] = xt + + XE 


Ox, OX, 
a, = (Voln) 
div F := = “+ se 
2% 
dm 
m(A) 
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It means that there is an open set V2 
Q, f e C*(V), Vdepends on 

Spaces of functions and differential 
forms with coefficients in C*(Q), de- 
fined in §1.2. When k = oo, the index k 
is omitted. 

Pullback (or inverse image) of a form 
w by a map f, see §1.2. 

Composition of two functions. 
Denotes the support of a function, mea- 
sure, or distribution. 

Denotes the space of functions f of 
class C® in the open set Q such that 
supp( f) << Q. 

Spaces of functions and differential 
forms in Q with coefficients in F(Q), 
defined in §1.5. 

Exterior differential, see §1.2. 

Wedge product, see §1.2 


Cauchy-Riemann operator, see §1.2. 


Complex differentials, see §1.2. 
Euclidean length of a vector x= 
(x,,...,X,) € R”. 

Scalar product of two vectors in R’. 


Gradient of a function of n variables. 
Also denoted Vo. 


Normal derivative. Here n denotes the 


exterior unit normal on a boundary 
0g. 


Divergence of a vector field F = 
(F,,...,F,). 


Laplace operator in R?. 


Lebesgue measure in R*. In Chapter 4 
we use m, to denote Lebesgue measure 
in R. 

Lebesgue measure of a measurable 
subset A of R*. 
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ds, |dz| 


C(y) 

do := ds/f(y) 
€(Q; a, b) 
6(Q; a) 

7, (92; a), 7,(Q) 
ap 


a 

[a] 

Eq 

d(y) 

Ind,(a) 

Z3(Q), B/Q), H7(Q) 
Z,(Q5 Z), By(Q; Z), Hy (Q; Z) 
Ind,(T) 

Res,,(T) 

I,(y) 

Joly) 


L{A) 
[G, G] 


Abelianized version of G 
ZA 

LA(C, IR) 

LR(C) 

LAC) 


BR? x R2,C) 


Notation and Selected Terminology 


Arc length measure on a rectifiable 
curve. The second notation is used ex- 
clusively in C. 

Length of a curve y. 

Normalized arc length measure (4.7.9). 
Family of all paths in Q starting at a 
and ending at b, §1.6. 

Family of all loops in Q, with base 
point a, §1.6 

Fundamental group of Q (1.6.8). 
Composition of paths: « followed by 
B. 

Inverse of a path. 

Homotopy class of a path (1.6.2). 
Constant path at a. 

Degree of the path y (1.6.23). 

Index of y with respect to a (1.8.1). 

de Rham spaces of cocycles, cobound- 
aries, cohomology (1.5.9). 

Spaces of 1-cycles, boundaries and 
homology in Q with values in Z, §1.9. 
Index of 6€ Z,(Q;Z) with respect to 
the hole T of 2 (1.10.6). 

Residue of w € Z'(Q) with respect to 
the hole T of Q (1.10.9). 

Integral of w € Z'(Q) along a contin- 
uous path y (1.7.5). 

Period map. Restriction of I, to @(Q; a) 
(1.7.9). 

Free group generated by A (1.6.17). 
Commutator subgroup of a group G 
(1.6.17). 

G/(G, G] (1.6.17). 

Family of all f:A->Z such that 
f(a) # 0 only for finitely many values 
of A (1.6.19). 

Space of all R-linear maps from C into 
R (§1.1). 

Space of all R-linear maps from C into 
itself (§1.1). 

Space of all C-linear maps from C into 
itself (§1.1). 

Space of all alternating R-bilinear 
maps (§1.1) of R? x R? into C (1.1). 


Notation and Selected Terminology 


M(n, C) 


GL(n, C):= {A € M(n,C), det A £0} 


SL(2, R) 


SU(1, 1) 
HE (Q) (Q open) 


HK) (K closed) 


MQ) 


Z(f), Pf) 


HQ)K = {f\K: fe HO)} 


a(Z,,2Z2) 
Aut(Q) 


M 
M(u,r) := sup u(z), 


|z|=r 


M(u,Z9,r):= sup u(z) 


fle =WWlinw 

lieu = ( [. (e)P'dm) 
ne 

[HI 

f 
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Space of all n <X n matrices with com- 
plex entries. Coincides with the space 
£ -(C") of C-linear maps of C” into 
itself. 

Invertible n < n matrices. 

Space of all 2 x 2 matrices with real 
entries and determinant 1. 

See Exercise 2.3.15. 

Algebra of holomorphic functions in 
the open set Qe C. 

Algebra of functions holomorphic in 
a neighborhood of the closed set K, 
§t.11. 

Space of meromorphic functions on Q 
(1.4.7) 

Set of zeros (resp. poles) of fe 4(Q) 
(2.4.7). 

Space of restrictions of functions holo- 
morphic in Q to the (closed) set K, §3.1. 


Derivative of a holomorphic function 
(2.1.13). 

nth derivative of a holomorphic func- 
tion (2.1.14). 

nth iterate of a function (2.2.9). 
Spherical derivative of a meromorphic 
function (Exercise 2.3.1). 

Chordal distance between two points 
in S? (Exercise 2.3.1). 

Group of (conformal) automorphisms 
of Q (2.3.9). 

Moebius group (2.3.12). 

Notation used for subharmonic func- 
tions, (mainly chapter 4). 


LE” norm ona set K € C, 


LL?’ norm onaset K <C. 


Total variation of a Radon measure on 
a (closed) set K, §3.1. 

Total variation measure of a Radon 
measure, see [Ru (6.1)]. 

Cauchy transform of a measure (resp. 
distribution) (2.1.5, 3.6.17). 
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A(Q) := F#(Q) 0 EQ) 


H1,uLlH 


A2(Q) = #(Q) 0 L2(Q, dm) 
SH(Q) 


J'(Q) 
Ty 


<T, p> (Te B'(Q), p € BQ) 
pr(f) 


Res(f, a) 


é 
Res(f) = — pv(f) 
b.(f), b-(f), bf) 


H(Q4), A(Q_), HQ) 


m(f; Zo) 


Z(I): = [V4 


V(t) 
I(V) 
KH (V(I)) 


A(f,z,1r) 
A(f,Z,1) 
v,(r) 

P,(8) 
P(f) 
PAP) 

W, 

g(z; 20> Q) 


U# 


Notation and Selected Terminology 


Space of holomorphic functions, con- 
tinuous to the boundary of Q (3.7.1). 
Orthogonal space to a subspace H; 
linear functional orthogonal to H, 
§3.1. 

Holomorphically convex hull (in Q) of 
compact set K cc Q, §3.1. 

Bergman space (4.8.7). 

Space of subharmonic functions in Q 
(Chapter 4). 

Space of distributions 1n Q, §3.8. 
Distribution associated to a function 
f € Lig(Q), §3.8. 

See §3.8. 

Cauchy principal value of f € .@(Q) 
(3.6.3). 

Residue of the function f at an isolated 
singularity a (2.5.3). 


Residue distribution (3.6.3). 


Boundary values in the sense of distri- 
butions; f holomorphic off the real 
axis (3.6.10). 

Spaces of holomorphic functions of 
slow growth on Q (3.6.11). 

For a holomorphic function f, the multi- 
plicity of 2) as a zero of f (3.5.5). 


Zero locus of I ideal © #(Q) (3.5.3). 


Multiplicity variety of an ideal (3.5.5). 
Ideal of a multiplicity variety (3.5.5). 
Space of holomorphic functions on the 
multiplicity variety V(J) (3.6.9). 

Area average, 4.3.1. 

Circular average, 4.3.1. 

Number of zeros of f in |z| < r (4.4.31). 
Poisson kernel for the unit disk (4.3.4). 
Poisson integral of f (4.3.5). 

Perron modification of f (4.7.1). 
Harmonic measure (4.4.7). 

Green function of Q with pole at Zo 
(4.7.8). 

Logarithmic potential of a measure yp 
(4.4.24). 


Notation and Selected Terminology 


Ur 

AE) 

I(u) 

C(E) 

V(E) = log(1/C(E)) 
t(E) 

p(E) 


C[z] 
C{z} 


C{[2]] 
Og, & 


0, € 


Ox, by 
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Riesz potential of order « of a measure 
p (4.9.6). 

Space of probability measures on E 
(4.9.1). 

Energy of uw € A(E) (4.9.1). 

Capacity of a compact set E (4.9.1). 
Robin constant (4.9.1). 

Transfinite diameter of a compact set 
(4.9.14). 

Chebyschev constant of a compact set 
E. 

Space of polynomials. 

Space of convergent power series 
(5.6.1). 

Space of formal power series (5.6.1). 
Space of germs of holomorphic (resp. 
C~) functions at a (5.6.1). 

Sheaf of germs of holomorphic (resp. 
C~) functions in C (5.6.1). 

Sheaf of germs of holomorphic (resp. 
C~) functions on a Riemann surface X. 
Permutation group of a set F (Chapter 
5). 

Group of automorphisms of a cover- 
ing map p (5.4.6). 

Abscissa of convergence (resp. abso- 
lute convergence) of a Dirichlet series 


Abel’s summation formula, 127 
theorem, 127 


abscissa of convergence for a Dirichlet 


series, 487 
of absolute convergence, 486 
admissible hole, 88 
open set, 88 
algebraic functions, 559, 565 


complete Riemann surface of, 563, 


570 
analytic capacity, 184 
Analytic continuation, 480 
of a germ f,, 526 
along a path, $25 
principle of analytic continuation, 
108 
analytic functional, 125 
Arakelian’s theorem, 275 
area average, 304 
Area theorem, 178 
argument principle, 55 
atlas, 515 
automorphic constants, 579 
factor, 592 
functions, 579 
matrix, 592 
automorphism of a domain, 131 
Avanissian’s lemma, 356 


barrier function, 394 
Barrow’s rule, 13 
Bergman kernel, 420 
projection, 421 
Bessel function J,, 147 
equation, 607 
Betti numbers, 34 
biholomorphism, 131, 516 
Borel-Caratheodory’s inequality, 
358 
Borel’s lemma, 21 
boundary, regular, 22 
piecewise regular, 27 
boundary values (in the sense of 
distributions), 256 
bounded sets in A(Q), 120 
branch point, 560 
branching order, 131 


canonical kernels, 374 

potential, 376 

product of genus q, 384 
capacity, 434 
Caratheodory’s theorem, 195 
Cartan-Boutroux’s lemma, 360 
Casorati- Weierstrass’ theorem, 140 
Cauchy-Goursat’s theorem, 102 


Index 


Cauchy-Riemann equation, 91 
inhomogeneous, 221 
Cauchy’s inequalities, 107 
integral representation, 99, 103, 104, 
105 
theorem, 94 
Cauchy transform of a measure, 99 
of a distribution, 261 
chart, coordinate patch, 513 
holomorphically compatible, 515 
Chebyschev constant, 446 
chordal distance, 134 
circular average, 304 
class of a holomorphic (or subharmonic) 
function, 352 
coboundaries, Bi, 33 
cocycles, Zi, 33 
commutator group [G,G], 49 
conformal map, 131, 516 
conformally equivalent domains, 192, 
516 
covering map, 510 
automorphism of, 510 
branched, 560 
morphism of, 510 
multiplicity (umber of sheets), 512 
universal, 550 
critical values of a map, 560 


§-equation, 213 
6-operator, 7, 245 
de Rham cohomology groups Hi, 33 
derivative of a holomorphic function, 
92 
differential forms, 5 
closed, 9 
exact, 9 
exterior differential, 8 
integration, 1-forms, 13 
integration, 2-forms, 28 
integration of closed forms along con- 
tinuous paths, 56 
along chains, 79 
locally exact, 82 
pullback, inverse image, 10 
wedge product, 3, 7 
Dini-Cartan’s lemma, 330 
Dirichlet problem, 310, 394 
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Dirichlet series, 485 
distributions, 279 
divided differences, 237 


Edge-of-the-Wedge theorem, 265 
entire functions, 91 

of exponential type, 353 
equilibrium, measure, potential, 441 
essential singularity, 141 
exhaustion (regular), 400 
exponent of convergence, 372 


fiber of a map, 508 

Fourier series, 146 

Fréchet space, 118 

free group generated by A, L(A), 49 

Fubini-Tonelli’s theorem, 303 

Fuchsian type equation, 602 

singularity, 594 

fundamental group, 45 

fundamental matrix of a differential 
equation, 587 

Fundamental Theorem of Algebra, 56, 
167 


Galois coverings, 544 
Gamma function, F, 499 
Gauss’ formula, 33 
theorem, 334 
genus of a measure » = 0, 373 
germs of holomorphic functions, 523 
of C@ functions, 523 
Green function, 398 
Green-Lagrange’s formula, 586 
Green’s formula, 32 


Hadamard’s Three-circles theorem, 338 
factorization theorem, 384 
Hankel contour, 503 
harmonic function, 305 
conjugate, 308 
measure, 399 
Harnack’s inequality, 312 
theorem, 313 
Hartogs’s lemma, 341 
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heuristic principle, 186 
holes, 85 
holomorphic function, 91, 516 
of slow growth, 257 
holomorphically convex hull, 217 
homology, 72 
boundaries, 71 
chains, 71 
cycles, 72 
support of a chain, 78 
homotopy, 43 
with fixed endpoints, 43 
free, 47 
Hopf’s lemma, 348 
Hurwitz’s theorem, 167, 172 
hyperbolic metric, 137 
hypergeometric equation, 611 
integrals, 534 


ideals, 237 

index of a chain, 78 
loop, 66 

indicial equation, 604 

infinite products, 380 

interpolation, 235 


Jensen’s formula, 336, 337 

Jordan curve, 24, 68 
exterior, Ext(y), 68 
interior, Int(y), 68 
theorem, 68 


Koebe’s One-quarter theorem, 182 


lacunary power series, 484 
Landau’s constant, 184 
theorem, 184 
Laurent series, 144 
Lelong number, 339 
lifting, 508 
of homotopic arcs, 508 
property for paths, 511 
Lindeldf’s subordination principle, 412 
Liouville’s theorem, 108 
locally uniform convergence, 118 


Index 


logarithmic potential of a measure, 
331 
logarithms, 50, 54, 93 
loops, 43 
spaces of loops C(Q;a), 43 


manifold (topological), 513 
Marty’s theorem, 176, 187 


maximum principle, for holomorphic 


functions, 110 

for harmonic functions, 312 

for subharmonic functions, 319 
Mergelyan’s theorem, 268 
meromorphic function, 141 
minimum modulus theorem, 362 
Mittag-Leffler’s expansion, 225 

theorem, 224 
Moebius transformation, 133 
monodromy theorem, 508, 525 
Montel’s theorem, 120 

normality theorem, 189 
Morera’s theorem, 101 
multiplicity variety, 237 

holomorphic function on a, 255 

of an ideal, 238 

vanishing on a, 237 
multiplicity of a zero, 131 


Nevanlinna growth function N, 369 
normal family, 176 
normally convergent sequence, 175 


open coverings, 16 

cocycle for covering, 535 
open mapping property, 109 
order of growth, 352 
order of a pole, 141 
Ostrogradski’s formula, 31 
overconvergence, 484 


partition of unity, 17 
paths, 12 
composition, 43 
degree, 51 
inverse, 43 


Index 


paths (cont. ) 
parametrization, 13 
spaces C(Q;a,b), C(Q;a), 43 
period map j,,, 63 
lattice, Im(j,,), 63 
Perron family, 392 
modification, 393 
Phragmen-Lindel6of principle, 458, 463 
Picard’s theorems, 185, 360, 554 
little, 185 
big, 189 
plateau function, 17 
Plemelj-Sokhotski’s formulas, 267 
Poincaré’s lemma, 9 
Poisson-Jensen’s formula for subhar- 
monic functions, 463 
for holomorphic functions, 464 
Poisson kernel, 309 
integral, 310 
integral representation formula, 309, 
399 
summation formula, 147 
polar sets, 319 
pole (singularity), 141 
Pompeiu’s formula, 98 
with weights, 289 
power series, 105 
radius of convergence, 106 
Taylor series, 106 
principal part of a Laurent series, 144 
principal value of an integral, 155 
Cauchy principal value map, pv: 
MQ) — D’Q), 249 
of a meromorphic function, 246, 
248 
Puiseux series, 567 


Rad6o-Cartan’s theorem, 471 

Radon measures, 214 

ramification index, 131 

real analytic function, 316 

regular point on the boundary of a disk, 
418 

removable singularity, 140 

reproducing kernel, 418 

residue distribution of a meromorphic 
function, 250 
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Residue theorem, 89, 90 
of a closed form, 90 
formula, 90, 151 
of a function, 148 
at oo, 148 
resolvent of a differential equation, 585 
Riemann mapping theorem, 174 
extension to the boundary, 194, 196, 
408, 428 
Riemann surface, 516 
of an algebraic function, 570 
complete, 563, 570 
elliptic, 553 
of the germ f,, 527 
hyperbolic, 553 
parabolic, 553 
Riemann zeta function, 502 
Riesz’ convexity theorem, 333 
decomposition theorem, 331 
potentials, 436 
Robin constant, 464 
Rouche’s theorem, 68, 69, 166, 167 
Runge’s theorem, 214 


Schwarz-Christoffel transformations, 
201 
Schwarzian derivative, 207 
Schwarz’s lemma for holomorphic func- 
tions, 111, 340 
subharmonic functions, 340 
Schwarz’s reflection principle, 102, 404, 
406 
sheaf of germs of holomorphic func- 
tions, 524 
C@ functions, 524 
meromorphic functions, 530 
simply connected set, 46, 512 
singular points for differential equa- 
tions, 613 
regular, Fuchsian, 594 
singularities, 138, 482 
classification, 140 
essential, 141 
isolated, 138 
pole, 141 
removable, 140 
spherical derivative, 136 
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standard function, 16 entire function of exponential type, 
stereographic projection, 134 353 
Stirling’s formula, 501, 505 minimal type, 353 


Stokes’s formula, 28 
subharmonic function, 319 


in the wide sense, 318 uniformization theorem, 553 
Szego kernel, 418 u.s.c. function, 300 
Taylor series, 106 variation of parameters, 590 


torus (complex), 517 
transcendental function, 93, 353 
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